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BIACHULMN:
MunuctapcTBo onbpaHe u Bojcka Cpbuje

M30ABAY:
YHuBepauteT onbpaHe y Beorpaay, BojHa akagemuja

YPEOHWLWTBO: ctpaHuLe unaHosa ypeaHuwTea y ORCID iD-y, Google Scholar-y, Web of Science ResearcherID-y,
Scopus Author ID-y n PUHL-y goctynHu cy Ha http://www.vtg.mod.gov.rs/urednistvo.html
[naBHW 1 OLTOBOPHYU YpeHUK

[p OparaH Mamyvap, YHuBep3uTeT oabpaHe y beorpaay, BojHa akapemuja, Beorpag, Cpbuja,
e-mail: dragan.pamucar@va.mod.gov.rs

YpeAHuk 3a obnact maTemaTuke, MexaHuke 1 padyHapckux Hayka

[Op OparaH Tpudkoswuh, YHuBep3suteT oabpaHe y beorpagy, BojHa akapemuja, Beorpag, Cpbuja
YpepnHuk 3a 0bnact enekTpoHuke, TeNeKoMyHuKauuja u MHHOPMaLMOHUX TEXHOMorvja

[p BobaH BoHyynuh, YHueepautet onbpaHe y Beorpapy, BojHa akagemuja, Beorpaa, Cpbuja
YpeaHuk 3a obnacT MalwmnHCTBa

[Op Bpanumup Kpctuh, YHuBepauteT onbpaHe y beorpapny, BojHa akapemuja, beorpag, Cpbuja
YpeaHuk 3a obnact matepujana u XeMujckux TeXHonoruja

[Op PapgosaH Kapkanuh, YHusep3autet ogbpare y Beorpaay, BojHa akagemuja, beorpag, Cp6uja
TexXHWYKN ypeaHuK

Mp Hebojwa Mahewa, YHuBepautet onbpaHe y beorpapy, BojHa akanemuja, Beorpaa, Cpbuja,
e-mail: nebojsa.gacesa@mod.gov.rs, tel. 011/3603-260, 066/87-00-123

YPEBVBAYKM OBOP:

[p UeaH M'yTmaH, Cpncka akagemuja Hayka U ymeTHocTu, Beorpaa, Cp6uja,

[Op Mpagumup MunosaHosuh, Cpnicka akagemuja Hayka u ymeTHocTu, Beorpaa, Cpbuja,

Op Bu-Xyan Xu, YHusepauteT Cyuoy, akynTeT 3a TEKCTUNHY M 04eBHY TexHuky, Cyuoy, Kuna,

[p OparaH Maweswnh, YHusep3auteT MoHalw, ®akynteT nHdopmaumoHux TexHonorvja, MenbypH, Ayctpanuja,

[p Crojan PapgeHoBuh, YHusepauteT y Beorpaay, MawwuHcku cakyntet, beorpag, Cp6uja,

[Op Mahug Tadana, YHueepauteT la Can, Ogerbete 3a NocnoBHe cucteme u aHanutuky, dunagenduja, CA,

[p BaneHtuH Mono., TexHnuku yHneep3nTeT y bepnuHy, Operbere 3a AnHamuky cuctema v usmnky Tpera, bepnuH, Hemauka,

[p Wankap Yakpaboptu, YHusepautet Jagasnyp, Ofgerbete 3a npon3BogHo MawwuHcTeo, Kankyta, MHauja,

Op Papy-Emun Mpekyn, YHueepauTeT MonutexHuka y Temuwsapy, Temuwsap, PymyHuja,

[p Jypruta AHTyLxeBu4m, TexHnukn yrueepsnteT MeanmuHac y Bunwycy, MpafesnHckn dakynteT, Bunwyc, utBanuja,

[p Bnagumup Metposuh, YHueepsuteT y Hosom Capy, ®akynteT TexHuykux Hayka, Hou Cap, Cpbuja,

[p. Capdapas XawemxaHu 3ondanu, Katonuyku yHnBep3autet Cesep, TexHuukn dakyntet, AHTodaracta, Yune,

Ip Cpehko JokcumoBuh, YHueepauteT y JyxHoj Ayctpanuju, Ageneja, Ayctpanuja,

[p Mapta3 Na3paH, Wkona 3a 6usHuc n mapkeTuHr ESIC, Magpug, Wnawnwja,

[Op MpaceHunt Yatepun, MHCTUTYT 3a uHxerwepctBo MCKV, Ogerberwe 3a MallMHCTBO, XoBpax, MHauja,

[p CteBaH bepbep, YHusepauteT y OknaHay, Onerberse 3a enekTpoTexHUKY 1 padyHapcko uHxersepcTso, Oknanz, Hosu 3enaHs,

[p ®aycro KaBanapo, YHusep3auteT y Monucey, Operbete 3a ekoHoMUjy - Oferbere 3a XUBOTHY CPEANHY 1 eHeprujy,
Kamno6aco, Utanvja,

Op Xamug M. Ceauuv, YrusepauteT Wexug Yampam y Axeasy, Oferbetbe 3a MalwmHcTBo, AxBas, MpaH,

[Op Xersko CteBuh, YHuBep3auteT y UctouHom CapajeBy, Caobpahajuu dakyntet, lo6oj, Penybnuka Cpncka, BuX,

[p Xamepn ®asnonaxrtabap, YHusep3auteT flamran, Oferbewe 3a MHAYCTPUCKO MHXerepcTBO, [lamraH, MpaH,

[p Japocnas Batpo6cky, YHuBepauTeT y LLuehuHy, ®akynTteT 3a ekoHoMUjy, prHaHcuje v MeHaymenT, LLuehuH, Morbeka,

[p Kpuctnaro ®paraca, YHusepauteT y bonown, Operbere 3a MHAYCTPUjCKO MHXEHEPCTBO, bonowa, Utanuja,

Ip Cpehko Ctonuh, TexHn4uku yHnBepanTeT y AXeHy, IHCTUTYT 3a npoLiecHy MeTanyprujy u peuuknvpare metana, AxeH, Hemauka,

[p Bojuex CanabyH, 3anagHonomMepaHCKku TEXHOMOLWKM YHUBep3uTeT y LLuehuHy, ®akynteT payyHapckux Hayka u
MHopmaLmoHux TexHonoruja, WyehwuH, Morbcka,

[p Nesa MeunpyTte-KaBanuayckuere, BojHa akagemuja Jiutsanuje ,leHepan Jonac Xemautuc®, BurbHyc, JlutBanuja,

[p Wapka MajepoBa, YHuBepauteT ogbpare y bpHy, Oferbete 3a Matematuky u dusuky, bpHo, Yewka Penybnuka,

[p ®atunx Euep, YHueepautet AcdmoH Kohatene, PakynTeT 3a ekOHOMUjy ¥ aAMUHUCTpaTUBHE Hayke, AdmoHkapaxucap, Typcka,

Op Munow bykuh, YHnepautet y beorpagy, Mawwxckn dakyntet, Beorpaa, Cpbuja,

[Op Xersko hyposuh, YHuBepautet y Beorpapy, EnektpotexHuyku dakyntet, beorpag, Cpbuja,

[Op EpHecto [.P. CaHTubaHe3 MoH3anes, YHuBepauteT y Tanku, Oferbere 3a UHAYCTPUjCKO UHXeHepcTBo, Tanka, Yune,

[p Oparad MapuHkosuh, TexHW4Kk1 yHuBep3nuTeT y bepnuHy, ®akynteT 3a MalLMHCKe U TpaHCMOpTHe cucTeme, bepnnn, Hemauka,

[p CtedbaHo BaneaHo, YHuepauteT Kope y EHn, Opferbetbe 3a Ba3ayxonnoBHW MHxewepuHr, EHa, UTanuja,

[Op Padan MagoHcku, YHusepauteT buHaH, LieHTap 3a nctpaxusame enektpuyHe eneprije, lN'yanriyoy, Kuna,

Op AHa KocTos, MHcTUTYT 3a pynapcTBo 1 meTanyprujy, bop, Cpbuja,

[Op AnekcaHpap [opoxoB, HaumoHanHu eKoHOMCKY YHUBEP3WUTET, KaTeapa 3a MHopMaLMoHe cucTeme, XapkoB, YKpajuHa,

[Op 3opaH Mutposuh, YHueepautet y Bawoj llyun, EnektpotexHuyku dakyntet, bawa fyka, Penybnuka Cpncka, BuX,

[Op Bykuua JoBaHoswh, YHusepautetT Ong JdomunnoH, Hopdonk, CAL,

[Op Bojan 3pHuh, YHuBepauteT onbpaHe y Beorpaay, BojHa akagemuja, Beorpaa, Cpbuja,

Op Munenko Anapuh, YHneepauteT ogbpaHe y beorpaay, BojHa akagemuja, Beorpag, Cpbuja,

[Op Muxaen byuyko, YHuBep3uTeT onbpaHe y beorpaay, BojHa akagemuja, Beorpag, Cpbuja,

Op Camapyut Kap, HauvoHanHu nHcTutyT 3a TexHonorvjy, Operberse 3a matematuky, flypranyp, MHauja,

[Op Hukona ®abuaHo, YHuBep3uTeT y beorpaay, HCTUTYT 3a HykneapHe Hayke ,BuHua“, Beorpaa, Cpbuja,

[p Uarnap Kapamaca, AHagonujcku yHuBepauTeT, ®akynTeT 3a NocnoBHy aaMuHuUcTpaumjy, Eckuwexup, Typcka,

[p Pocen Mutpes, TexHuukn yHusepautet y Coduju, Coduja, byrapcka,

Ip Mygacup JoyHuc, YHUBEP3UTETCKN TEXHONOLWKN UHCTUTYT-PITIB, Bonan, MHawja,

[p Bojan MunaHosuh, YHuBepauteT ogbpaHe y beorpaay, Bojha akagemwja, Beorpaa, Cpbuja,

Op Wpuk MyxamensjaHos, [ipxxaBHU HadhTHU TEXHOIOLWKM YHUBEP3NTET y Yu, Yda, Pycka ®enepaumija,

Ip Nasen Otpucan, YHusepautet MNanauku, Onomoyu, Yewwka Penybnuka,

[p PapgosaH PapgoBaHoBwh, KpuMuHanuctuyko-nonuumjcku yHusepautet, beorpaa, Cpbuja.



http://www.vtg.mod.gov.rs/urednistvo.html

COBCTBEHHUKWN: MuHnctepctBo 060poHbl M BoopyxéHHble cunbl Pecnybnuku Cepbus
N3OATENBCTBO: YHuBepcuteT 060poHbl B 1. Benrpaa, BoeHHas akagemus

PEOAKUMNA: co ctpaHuuamm unexos pegakumm B8 ORCID iD, Google Scholar, Web of Science ResearcherID, Scopus Author
ID 1 PUHL, MmoxHO 03HakoMUTbCS Ha cainTe http://www.vtg.mod.gov.rs/redakcia.html

[MaBHbI 1 OTBETCTBEHHbIVA peaakTop

[-p Oparax Namyyap, YHuBepcutet ob6opoHsl B r. Benrpapa, BoeHHas akagemus, r. Benrpag, Cepbus,
e-mail: dragan.pamucar@va.mod.gov.rs

PepakTop B o6nactsix: MaTemaTuka, MexaHuka 1 nHcopmaTuka

[-p Oparax TpudkoBud, YHuBepcuteT obopoHsbl B . benrpaa, BoeHHasi akagemus, r. Benrpag, Cep6usi
PepakTop B 06nacTsix: 3NeKTpoHMKa, TENEKOMMYHUKaLUU U MHEHOPMALMOHHbIE TEXHOMOTUN

[-p BobaH BoHaxynuy, YHuBepcuteT o6opoHsbl B I. benrpaa, BoeHHas akapemus, r. benrpaa, Cepbusi
PepakTop B 06nacTu: MalwWMHOCTpOeHue

[-p Bpanumup Kpctuy, YuusepcuteT o6opoHbl B . Benrpaa, BoeHHas akagemus, 1. Benrpag, Cep6usi
PepakTop B o6nactsix: MaTepuanoBefeHue 1 XMMUYeckne TeXHONOornm

[-p Paposax Kapkanuu, YHuBepcuteT o6opoHsbl B r. benrpaa, BoeHHas akagemus, r. benrpap, Cepbus
TexHUYeCKni pegakTop

Kangnpat TexHuyecknx Hayk Hebonwa Mavewa, YHuBepcutet o6opoHsbl B r. benrpag, BoeHHas akagemus,
r. Benrpag, Cep6us, e-mail: nebojsa.gacesa@mod.gov.rs, Ten. +381 11 3603 260, +381 66 87 00 123

PEOAKLIMOHHAA KONNETNA:

[-p MBaH N'yTmaH, CepbGekas akagemusi Hayk M uckyccTs, r. benrpag, Cepbus,

[-p M'pagumnp Munosarosuy, Cepbekast akageMust Hayk 1 uckyccTs, r. benrpag, Cepbus,

O-p Dxu-Xyan Xu, YHusepcuteT Cyuxoy, dbakynbTeT TEKCTUNSA M Npon3BoacTBa oaexabl, r. Cyuxoy, Kutan,

[-p OparaH Maweswny, YHuBepcuteT MoHalw, dakynbTeT MHOPMaLMOHHbIX TeXHonorwii, r. MenbbypH, ABcTpanus,

[-p CrosH PapeHoBuY, Benrpaackuii yHUBEPCUTET, MaLUMHHOCTPOUTENBHLIN hakynbTeT, r. Benrpaa, Cepbus,

[O-p Mapxup Tadbana, YHuBepcuTteT Jla Canb, AenapTameHT BusHec-cuctem u aHanutukm, r. dunagendus, CLUA,

[-p BaneHTuH Monos, BepnnHCKnin TEXHUYECKUIA YHUBEPCUTET, AenapTaMeHT AMHAMMUKN CUCTEM U (DU3UKN TPEHUS,
r. bepnuH, lepmanus,

[-p WaHkap YakpabopTu, YHuBepcuteT [kanasnyp, AenapTamMeHT Npon3BOACTBEHHbLIX MaLUWH, . KanbkyTTa, NHaus,

[-p Pagy-Emun Mpekyn, MonutexHnyeckuin yHnsepcuteT Tumuwoapsl, r. Temuwyapa, PymbiHus,

[-p FOpruTta AHTy4eBMUMEHE, BUNBHIOCCKUIN TEXHUYECKNA YHUBEPCUTET UMeHMN ['eMMmMHaca, CTpoUTerbHbIN (hakynbTeT,
r. BunbHioc, Nutea,

[-p Bnagnumup MeTtposuy, HoBu-caackuii yHmBepcuteT, dakynbTeT TEXHUYECKNX Hayk, . Hosn-Cag, Cepbus,

[-p Capdapas Xawemxanu 3ondanu, Katonuyeckuin yHmBepcuteT ceBepa, TEXHUYECKWiA chakynbTeT, r. AHTodaracta, Yunu,

[-p Cpeuko Mokcumosuy, YHuBepceuTeT KOxHoi ABCTpanuu, r. Anenanaa, Asctpanus,

[-p Mapta3 WNasgaH, LWkona 6usHunca n mapkeTtuHra ESIC, r. Magpua, Vcnaxus,

[-p Npacengxut Yatepmku, MHcTuTyT nixeHepun MCKV, genaptaMeHT MaluMHOCTpoeHus, r. Xaopa, UHaus,

[-p CteBaH Bepbep, OkneHACKUI YHUBEPCUTET, AENapTaMeEHT ANEKTPOTEXHWUKM 1 KOMMbIOTEPHON UHXeHepun, r. OkneHs,
Hoeas 3enaHgus,

[-p ®aycto KaBanapo, YHuBepcutet Monuae, akoHomMuyeckuii hakynbTteT [lenapTaMeHT OKpYXaroLen cpelbl U aHepreTuku,
r. Kamnobacco, Utanus,

[-p Xamug M. Ceanaxu, YrusepcuteT LWaxuaa YampaHa B AxBase, AenapTaMeHT MaluMHOCTpoeHus, r. Axeas, MpaH,

[-p Kenbko CTeBuy, BocTouHo-CapaeBckuil yHUBEPCUTET, TPaHCMOPTHbIN dakynbTeT, r. [loboit, Pecnybnuka Cepbekas, bul,

[-p Xamepn ®asnonaxtabap, YHuBepcutet [Jamrana, AenapTaMeHT NpoMbILLNEHHO NHXeHepuu, T. JamraH, UpaH,

[-p Apocnas Batpobcky, LeunHckuin yHnBepenTeT, hakyrbTeT SKOHOMUKM, PUHAHCOB U MeHeXMeHTa, I. LeuuH, MonbLua,

[-p Kpuctnano ®paraca, bonoHckuin yHrBepcuTeT, AenapTamMeHT NPOMBbILLIEHHO MHXeHepuK, r. BonoHbs, Utanus,

[-p Cpeyko Ctonuy, TexHUYeckuin yHUBEPCUTET AXEHa, AenapTaMeHT MeTannypriuyeckux TEXHonommii n o6paboTku
meTannos, r. AxeH, FepmaHus,

[-p Boituex CanabyH, 3anagHo-lNMomepaHckuil TEXHONOTMYECKUIA YHUBEPCUTET B T. LLleunH, dakynbTeT KOMMLIOTEPHBIX HayK
1 MHPOPMALIMOHHBIX TexHonoruii, r. LeuuH, MonbLua,

[-p Vesa MenayTte-KaBanunayckvere, JlutoBckas BoeHHasi akagemus uMm. reHepana Monaca Xemaittuca, r. BunbHioc, utea,

[-p Wapka MaepoBsa, YHuBepcuteT 060poHbI B I. BpHO, hnanko-MaTemaTuyeckuin fenapTameHT, r. BpHo, Yewickas Pecny6nuka,

[-p ®atux Euep, YHusepcutet AdboH Kopxatene, ®akynbTeT AenoBoro agMMHUCTpUpoBaHus, r. AdboHkapaxucap, Typums,

[O-p Munow [xykuy, Benrpagckuin yHuBepcuTeT, MalMHOCTPOUTENbHLIA hakynbTeT, r. benrpaa, Cepbus,

[-p Xenbko [xypoBuy, Benrpanckuii yHUBEPCUTET, SNEKTPOTEXHUYECKNIA dhakynbTeT, r. Benrpaa, Cepbus,

[-p OpHecto [1.P. CaHTnGaHe3 MoH3anes, YHuBepcuteT Tanbku, AenapTaMeHT NPOMbILLNEHHON UHXeHepuy, T. Tanbka, Yunu,

[-p Aparad MapuHkoBuY, BEPNNHCKWIA TEXHUYECKUIA YHUBEPCUTET, hakynbTeT MALUMHOCTPOUTESbHBIX U TPAHCMOPTHBIX
cuctem, r. bepnuH, Fepmanus,

[-p CredbaHo BansaHo, YHuBepcutet Kope OHHa, AenapTaMeHT aBUaLMOHHO UHXeHepuu, r. JHHa, UTtanus,

[-p Pachan MapoHxcku, YHusepcuteT LisnHaHb, LieHTp aHepreTuyeckux nccnenosanwii, r. lyaHuxoy, Kutai,

[-p AHa KocToB, MHCTUTYT rOpHOI NPOMBILLNEHHOCTM U MeTannypruu, 1. bop, Cepbus,

[-p Anekcanap [lopoxoB, HaumoHanbHbIN 3KOHOMUYECKUIA yHUBEPCUTET, kadbeapa MHOPMaLIMOHHbIX CUCTEM, . XapbKoB, YkpanHa,

[-p 3opaH MutpoBuy, baHs-Jlykckuii yHuBepcuTET, aneKkTpoTexHuYeckuin dbakynbTeT, r. bans-Ilyka, Penybnuka Cep6ekas, bul,

[-p Bykuua VoBaHoBWNY, Yuusepcutet Ong JomuHuoH, r. Hopgonk, CLUA,

[-p Bosit 3pHuy, YHuBepcutet obopoHsl B r. Benrpan, BoeHHasi akagemus, r. benrpag, Cepbus,

[-p Munenko AHapuy, YHuBepcuteT o6opoHbl B 1. benrpaa, BoeHnHas akagemus, r. Benrpaa, Cepbus,

[-p Muxaen Byuyko, YHusepcuteT o6opoHbl B . benrpaa, BoeHHas akagemus, r. benrpaa, Cepbus,

[O-p Camapmxut Kap, HaumoHanbHbIn TEXHONOTMYECKUIA MHCTUTYT, AenapTamMeHT matemaTtuku, r. dypranyp, NHawns,

[-p Hukona ®abuaHo, benrpaackuii ynmepcutet, UHCTUTYT sgepHbix Hayk «BuHyax, r. benrpaa, Cepbus,

[-p Larnap Kapamaca, AHaTonuickuii yuusepcuteT, ®akynbTeT 4eNOBOro agMUHUCTPUPOBaHWUS, . ckuwexup, Typums,

[-p Pocen Mutpes, Coduiickuii TexHudeckuii yausepcuteT, . Codus, bonrapus,

[-p Myaacup VloyHuc, YHuBEpCUTETCKMIA TeXHONOrMYeckui MHCTuTyT-PITIB, r. Bxonan, NHaus,

[-p BosH MunanoBuy, YHuBepcuteT obopoHbl B I. Benrpag, r. benrpag, Cep6us,

[-p Npuk MyxameT3sHoB, YUMCKUI rocyapCTBEHHbIN HE(TAHON TEXHUYECKUI YHUBEpeuTeT, . Ya,
Poccuiickas ®epepauus,

[-p Masen Otpucan, YHusepcutet Manaukoro, Onomoyu, Yewckas Pecnybnuka,

[-p PapoBaH PagoBaHoBWY, YHUBEPCUTET KPUMUHANWUCTUKM W NONMLENCKOW NoaroTosku, r. benrpapa, Cepbus.
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Abstract:
Introduction/purpose: The aim of this article is to establish integral trans-
forms of the generalized Lommel-Wright function.

Methods: These transforms are expressed in terms of the Wright Hyper-
geometric function.

Results: Integrals involving the trigonometric, generalized Bessel func-
tion and the Struve functions are obtained.

263

Khan, M.S. et al., A study on integral transforms of the generalized Lommel-Wright function, pp.263-282


https://orcid.org/0000-0003-0216-241X
https://orcid.org/0000-0001-9297-2445
https://orcid.org/0000-0002-5563-4743
https://orcid.org/0000-0003-1645-2071
https://doi.org/10.5937/vojtehg70-36402

@i VOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2022, Vol. 70, Issue 2

Conclusions: Various interesting transforms as the consequence of this
method are obtained.

Key words: Generalized Lommel-Wright functions J(z), Hankel trans-
form, K-transform, Wright function, Whittaker function.

Introduction

The transform defined by the following integral equation

+oo
R () p) = g(p,v) = /O (px) 2K, (pa) f () d ™)

is called the k transform with p as a complex parameter and K, (px) is called
the Modified Bessel function of the third kind or the Macdonald function,
see (Mathai et al, 2010, p.53). The Hankel transform of a function f(x),
denoted by g(p, v) is defined as

+o0
g(p.v) = /O (p2)2 0, (p) f(2)dz, p > 0 0

where J, (pz) is called the Bessel-Maitland function or the Maitland-Bessel
function (Mathai et al, 2010, p.22 and p.56).

The Wright hypergeometric function defined by the series (Srivastava &
Manocha, 1984):

P
oo 11 Tlay + Ajk) 2

=y = , (3)

k=0 H F(,@j + Bjk)k!
j=1

(alv A1)7 ) (alh Ap);
p’QDq

z

(b1, B1)..., (Bq, By)

where the coefficients A,....4, and By,....B, are positive real numbers

such that . )
1+Y Bj—) A;>0, (4)
j=1 j=1
can be slightly generalized (3) as given below.
P
(oa,1), .., (ap, 1); ljlr(aj) at, .., Op;
p¥q 2= %qu Z| )}
(ﬁla]-)""(ﬁib]') HIF(B]) ﬂla"'aﬁq
J:
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where , F; is the generalized hypergeometric function defined by (Srivas-
tava & Manocha, 1984; Rainville, 1960)

AL+ Aps X (@) ooy () 2"
pFq [ Z] = Z 3 -
Bl?"‘?/Bq k=0
qu(ab"'?ap;Bla“"7ﬂq;2>7 (6)

where (1)), is the well known Pochhammer symbol (Srivastava & Manocha,
1984).

The series representation of the generalized Lommel Wright function as
(Kachhia & Prajapati, 2016);

S +ZOO kF(k‘—l—l)( )2k:+u+2)\
v kOF/\+k+1mF(V+ku+)\+l)k"
(z € C/(=00,0], me N, v, e C,u>0). (7)

Also, we have the following relations of the generalized Lommel Wright
functions with trigonometric functions and the generalized Bessel function
J'\(z) and the Struve function as follows:

Jll/lw(z) = \/Z sin(z) (8)
Ji’ll/g,o(z) = \/ZCOS(Z) 9)

T (z) = T4 ,(2) (10)
T a(2) = Hy(2). (1)

The following known results of Mathai and Saxena (Mathai & Saxena,
1973):

/JFOO:L"‘;_IJ (am)dx—w R(n) < RO) <3/2, a>0 (12)
0 ! ra+52) o ’
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+o0
/ 2?7 K, (ax)de = 2°72a70T(6 + 1) /2, (13)
0

(@ £7)/2

(2a)T(6 + 1/2)° (14)

+oo
/ 22~ exp(—at) K, (azx)dz =
0

(1/2 + o+ 8)I(—n — 6)

r1/2+a-mn) - (19)

400 T
/ 2 Lexp(1/2 2)Wiya)(2)dz =
0

+o0o
/ 20 Lexp(—1/2 x) My (7)d =
0

T'(2m + )T (m + 6 + 1/2)T(n — 0)

T(m—0+1/2)0(m+n+1/2) (16)

oo T+ 1)/24 a)T(6 + 1)
/O P W @) Wi ) = gt PEBICE D7)

Various generalizations and cases of the Lommel-Wright function have
been investigated. For details, see (Paneva-Konovska, 2007; Menaria et
al, 2016; Mondal & Nisar, 2017; Srivastava & Daoust, 1969; Kiryakova,
2000).

Integral formulas involving the Lommel-Wright functions have been de-
veloped by many authors. See e.g., (Choi & Agarwal, 2013; Choi et al,
2014; Jain et al, 2016; Chaurasia & Pandey, 2010). In this sequel, here,
we aim at establishing a certain new generalized integral formula involving
the generalized Lommel-Wright function J"" () interesting integral formu-
las which are derived as special cases. 7

Main results

This section deals with the evaluation of integrals formulas involving the
Lommel-Wright function defined in (7) and the integrals involving the pro-
duct of the Bessel function of first kind, the Kelvin‘s function and Whittaker
function (Whittaker & Watson, 2013) with the generalized Lommel-Wright
function.
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THEOREM 1. Let z € C/(—00,0], m € N, v, A € C,u > 0. Then the Hankel
transform of the generalized Lommel-Wright function defined in (7) is given

by
/+<>O 2P~V (az) JH (b 2Y)dz = 1<b>y+2)\ <2>P+w("+2)‘) X
0 v 2\2 a
(1,1), (LEotgra2ed ),
2¥m+2 A+ 1,1), 00, A+ 1,1), (04 A+ 1, po), (Rt t2ud)y ),

()@ e

Proof. On using (7) in the integrand of (1) which is verified by uniform con-
vergence of the involved series under the given conditions, we get

+o00
/0 z”_lJn(az)Jlff’/(n(bzw)dz =

> n 2n+v+2A +o00
—-D)"T'(n+1)(b/2 w(2nt
§ : ( ( ) ( )( / ) )n‘/o ptw(2n+v+2X)—1 777( )] )

ot Ad+n+1)"T(v+A+np+1

Now using (12) in the above equation we get

+00 V42X ptrw(v+2X0)
/0 zp_lJn(az)Jl’:’/\m(bzw)dz = (1/2) <b/2> (2/@) X

too L(n+1)I(n+p+wv 42w + 2wn)/2( - 62/4) (4/a2>
ZF(/\+n—i—1)mF(V—i—)\+nu+1)F(2+n—p—wu—2w)\—2wn)/2 n!

n=0
1/b v+2A 9 pHw(v+2X)
A

+ptwrt2wA
(1,1), (W

)

A+ 1,1), e, A+ 1,1), (0 + A+ 1, ), <(2+’7*(f’+;””+2w”) , —w) ;

1

O

2Vm+2 |:

THEOREM 2. Let z € C/(—0,0], m € N, v,A € C,u > 0. Then the K-
Transform of the generalized Lommel-Wright function defined in (7) is given
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by

+o0 1/b V42 92 ptw(v+2X)
/0 zp_lKn(az)Jf’fl(b 2Y)dz = 1 <2> () X

a
(1 1) (p+wz/+2w)\:|:n

2Ym+1 [ (A+1,1):...:(A+1,21),(ulA);+ 1, 1); <_4b2> (;)w] (20)

Proof. On using (7) in the integrand of (2) which is verified by uniform con-
vergence of the involved series under the given conditions, we get

+oo
/0 zpflKn(az)JLf’;n(bzw)dz =

nF n+1)(b/2)2n+u+2)\
«T )\—i-n—i-l )"+ A+ np+1

+oo
)n' / Zp+w(2n+y+2)\)_1Kn(aZ)dZ.

Now using (13) in the above equation we get

400 V42X ptw(v+2X)
/0 2 Ky (az) I (02)dz = <1/4> (b/2) <2/a> X

L D+ DL (p - wv + 2wl + 2wn>/2< - b2/4>n (4/a2)mu

D

n=0

F'A+n+1)"T'(v+ A+ nu+ 1)n!

1/b V42X 9 ptw(v+2X)
10

(1’1)7(p+wu+2w)\:l:n’w); _b2 4\¥
2me1 [ A 11)s o O 1 1), (04 A 1, ) <4> <2> ] @)
]

THEOREM 3. Let z € C/(—0,0], m € N, v,A € C,u > 0. Then the K-
Transform of the generalized Lommel-Wright function defined in (7) is given

by
2aﬁ<b/2>

+o00
p—1 o ,m w _
/o 2P~ exp( az)Kn(az)JW\ (b z¥)dz = (Ba)rruon X

" (1,1), (p + wv + 2w £ 1, 2w);
2P N+ 1,1), 0, A+ 1,1), (v A+ 1, 0), (p+ w4 20A + 1/2, 2w);

268



(s )| @

Proof. On using (7) in the integrand of (3) which is verified by uniform con-
vergence of the involved series under the given conditions, we get

+o00o
/ 2Pl exp(—az) Ky (az) J*Y (b2)dz =
0 )

nF n+ )(b/2)2n+u+2/\
«T )\—I—n—i—l )" (v + X+ np+ 1)n!

+oo
/ RN p (0K, (az)dz. (23)
0

Now using (14) in the above equation we get

2av/e(v/2) .

“+o00
p—1 o M w _
/0 2P~ exp( az)Kn(az)JW\ (b2")dz = (2a)p+w(y+2)\) X

oo F(n—l—1)F(p+wy+2w)\:|:77+2wn)(4(4 G )"
F A+n+ )"+ A+nu+1)(p+wr + 2w + 1/2,2w)n!
_ 2ay/m(b/2)V A
T (2a)ptwv+2y)

" (1,1), (p + wv + 2w £ 0, 2w);
IR N+ 1,1), 0, A L), (v 4 A+ 1), (p + wr + 20\ + 1/2,2w);

()] @

O

THEOREM 4. Let z € C/(—00,0], m € N, v,A € C,u > 0. Then the pro-
duct of the Whittaker function and the generalized Lommel-Wright function
defined in (7) is given by

v+2A
—+00 <w/2>
-1 Hym 0 —
/0 P exp(az/Q)Wn,a(az)Jyy/\ (w 2”)dz = (@ AT (12 L0 —1)

[ (L,1),(1/2xa+p+ vl +2X0,20),(—n — p — v — 20\, —20);

W1 Ot 1,1y A+ 1, 1), (4 A+ 1, p2):
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()| &
Proof. Putting az = z,adz = dras z — 0,z — 0and z — 400,z — 400

and using (7) in the integrand of (4) which is verified by uniform conver-
gence of the involved series under the given conditions, we get

400
/ 2 Lexp(az/2)W, olaz) M (w2)dz =
O k)

v+2A , \ "
(w/2> +00 I'(n+1) (4(;2’)9>

(a)p 0020 L= DA+ n+ )M (v + X+ np + 1)nl *

+oo
/ w021 o (3 /YW, o () da.
0

Now using (15) in the above equation we get

(w/2)y+2)\
() D (1/2 2 a — 1)

+o0o
/ 2 Lexp(az/2)W, o(az) M (w2)dz =
0 )

*i” {F(n+1)r(1/2ia+p+9u+2w+29 n)L(—=n — p— v — 20X — 20 n)

= F'A+n+1)"I(v+ X+np+1)n!

V42X
v )
X = X
<4(a2)0> ] (@)t 2ID(1/2 & o — )
(L), (1/2xa+p+0v+20X20),(—n — p — vl — 20\, —20);
A+1L1),..,(A+1,1),(v+ A+1,p);

(@)

O

3Vm+1 [

THEOREM 5. Let z € C/(—00,0], m € N, v\ € C,u > 0. Then the pro-
duct of the Whittaker function and the generalized Lommel-Wright function
defined in (7) is given by

+o00
/ 2P exp(—az/2) My o(az) I (w 2¥)dz =
0 k)

270



v+2A
<w/2> (1/a)?@ 290 (200 + 1)

(a)PT(a+n+1/2)
" (L1),(a+p+1/24+0v0 +2X0,20),(n— p—v0 — 20\, —20);
ST N+ 1,1), ., A+ 1L, 1), (v + A+ 1, ), (@ — p— v — 200+ 1/2, —20)

=)

Proof. Putting az = z,adz =dras z — 0,z — 0and z —» 400,z — 400
and using (7) in the integrand of (5) which is verified by uniform conver-
gence of the involved series under the given conditions, we get

V42X
oo (w/2> (1/a)0(1/+2)\)
/ 2P~ exp(—az/2) M, a(az)J“f\n(wz@)dz = X
0 ’ v (a)p

X

o0 Nn+D<@%0

2;FQ+n+1WT@+A+nu+UmX

“+oo
/ 2P H0(2ntr+20)—1 exp(—ﬂj/2)Mn,a(x)dl"
0

Now using (16) in the above equation we get

+o0
/0 2Pl exp(—az/Q)Mma(az)Jgfl(wze)dz =
(w/?)”+2’\(1/&)9(”+2)‘)F(2a + 1)
(a)PT(a+n+1/2)

i‘) T(n+ DD(a+ p+ 0+ 20\ +1/2 420 n)T(n — p — v — 20X — 20 n)
FA+n+1)"I(v+A+nu+ 1)(a—p—0v—20\—2n0 +1/2)n!

" v+2A
<w/2> (1/a)?@ 21 (200 + 1)

—w? \"

<40ﬁ)9> ]" (a)T(a+n+1/2) -
" (L), (a+p+1/2+1v0+2X0,20),(n — p— v — 20\, —26);
P2l N+ 1,1),, A+ 1,1), (v A+ 1, 0), (o — p— O — 20X +1/2, —26)

()]
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O

THEOREM 6. Let z € C/(—00,0], m € N, v,A € C,u > 0. Then the pro-
duct of the Whittaker function and the generalized Lommel-Wright function
defined in (7) is given by

<w/2> V+2)\(1/a)9(l/+2/\)

(a)?
(1, 1), (ZH2IEL 4 6 0), (p+ O(v + 2)) +1,26);
A+ 1,1), 0 A+ 1,1), (v + A+ 1, ), 2(1 4 £H2LE20 4 ) gy,

)

Proof. Putting az = z,adz = dras z — 0,z — 0and z — 400,z — 400
and using (7) in the integrand of (6) which is verified by uniform conver-
gence of the involved series under the given conditions, we get

V42X
- (w/2) e
/0 2P, o (a2)W) 0 (a2) Jl’f”;n(wze)dz = Bk X

+oo
/0 zpflw,%a(az)W_ma(az)Jﬁ’;n(w dz =

3UVm+2

+o0 I'(n+ 1)(@)

;F()\+n+1)mf(v+/\+nu+1)nlx

“+oo
/0 gPHOCn 2=ty (W, o (z)da.

Now using (17) in the above equation we get

+oo 3 . w/2)Y 12X (1 /q)0 (v +2X)
/0 2P 1W_,7,a(az)W,7,a(az)Jlj’/\ (wze)dz:( /2) (C(L)/{ ) X

X T(n + DE(ZHHEBEEED 4 0)D(p + Ov + 207 + 20 n) (5745)"

S T+ 1+ 1T (v + A+ np+ 1)20(1 4 X024 4y

v+2A
) (w /2> (1/a)?0+2Y X

(a)




(1,1), (2L & g) (o + 6(v +2) +1,20);
A+ 1,1), 0, A+ 1,1), (4 A+ 1, 1), 2(1 4 222D 4 ).

()] =

O

3UVm42

Special cases

In this section, we get some integral formulas involving a trigonometric
function and the generalized Lommel-Wright function as follows:

COROLLARY 1. Ifwe take m = 1, =1, =0and v = 1/2 in (1) and then
by using (8), we derive the following integral formula:

p+w/2
0+°o 2P~/ ] (az) sin(b 2)dz = <b/4> ﬁ(g) X

(%‘Hﬂ/{w); e N w] a1
1‘”2[<3/z,1>,<<“"‘<§+“’/”>,—w>;<4><a2> - G

COROLLARY 2. Ifwetake m =1,u=1,A=0andv =1/2in (2) and then
by using (8), we obtain:

/0+°° 2P7027VE (az) sin(b 2¥)dz = <b/8> ﬁ<z)p+w/z )

N CACAIE T
lwl [ (3/2’ 1), 4 aQ . (3 )
COROLLARY 3. Ifwetakem =1,u=1,A=0andv =1/2in (3) and then
by using (8), we obtain:

i (—az)K,(az) sin(b 2*)dz = | ——20 ) «
o z exXp(—az nlaz)sSmio z Z = (2a)P+w/2

(p+w/2£n,2w); —b?
12 { (3/2.1), (p +w/2 + 1/2,2u): <4<4a2>w)] - 89)
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COROLLARY 4. I[fwetake m =1,u=1,A=0and v = 1/2in (4) and then
by using (8), we obtain:

+oo
/ 2792 exp(az/2) W, o(az) sin(w 2%)dz =
0

w/2\/m
<<a>p+w/2<r<1/2 Ta- n))) .

(1/2+a+p+60/2,20),(n—p—0/2,-20); [ —w?
(3/2.1) ()| 09

COROLLARY 5. Ifwetake m =1,u=1,A=0and v = 1/2in (5) and then
by using (8), we obtain:

211

+oo
/ Lp—0/2-1 exp(—az/2) M, q(az)sin(w dz =
0

(w/2ﬁ(1/a)9/2f(2a + 1)) y
(a)P(C(a +n+1/2))

(a+p+0/2,20),(n—p—0/2,-20); [ —w?
2¥2 [ (3/2,1), (o — 0 + 1/2,—20): <4(a2)9>} (35)

COROLLARY 6. Ifwetakem =1,u=1,A=0andv =1/2in (6) and then
by using (8), we obtain:

+oo /2
2P=0/2- az az)sin(w 2z’ )dz = w/2y(1/a) /
[ (W singu )0 = (YT

p+6/2+4+1 o . a2
2%[(2 +a,0),(p+0/2+1,20); x <4(w )] (36)

(3/2,1),2(1 + 2552 £ 9,0); a2)?

COROLLARY 7. Ifwe take m = 1,u=1,A=0and v = —1/2 in (1) and then
by using (9), we derive the following integral formula:

/0+°° 27021 T (a2) cos(2)dz = <Z> (2/a> ﬂ—w/2><

(n+p;w/2’w); ;bz i w
i [ (1/2.1), (2=l ), < 1 ><> L

274




COROLLARY 8. Ifwetake m = 1,u=1,A=0andv = —1/2in (2) and
then by using (9), we obtain:

+00 2 p—w/2
/ 2727 (a2) cos(z)dz = 1/4ﬁ<a> X
0

(2= w); (=B (AN

%1 [ (1/2,1); 14 )\a2) | (38)
COROLLARY 9. Ifwetake m = 1,u=1,A=0andv = —1/2in (3) and
then by using (9), we obtain:

/+Oo 2P~ 02 1 oxp(—az) Ky (az) cos(b 2% )dz = __2am X
0 P K — \(2a)p—w/2

(p —w/2 £, 2w); —b’
W2 [ (1/2.1). (p — w/2 + 1/2, 20) (4<4a2>w>] - 89)

COROLLARY 10. Ifwe takem = 1,u=1,A=0andv = —1/2 in (4) and
then by using (9), we obtain:

+oo
/0 2P exp(az/2)W, o(az) cos(w 2%)dz =
ﬁ
(matma—m)

(1/2+a+p—0/2,20),(n—p+6/2,-20); [ —w?
(1/2,1); <4(a2)9>] (40)

COROLLARY 11. Ilfwe take m = 1,u = 1,A=0andv = —1/2 in (5) and
then by using (9), we obtain:

291

+oo
/ 2P0 exp(—az/2) My o (az) cos(w 2%)dz =
0

(ﬁ(l/a)—e/zr(za + 1)) y

(a)P(T(a+n+1/2))

(a+p—0/2+1/2,20),(n—p+0/2,—20); [ —w?
(1/2,1)7(04—0—1-94-1/2,—20); < )] : (41)

212 {
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COROLLARY 12. Ifwetakem = 1,u=1,A=0andv = —1/2 in (6) and
then by using (9), we obtain:

" e _ (VA
/0 2P0/2 "Wh.a(az)W_y o(az) cos(w 2%)dz = ((a)0> X

(%iaﬁ),(p—e/Q%—l,%); —w?
m[ (1/2.1),2(1 + 222 1 ) <4<a2>9>' 42)

COROLLARY 13. If we take m = 1 in (1) and then by using (10), we derive
the following integral formula:

400 V42X ptw(v+2X)
/0 2Ty (az) TN (b 27)dz = (1/2) <b/2> (2/a> x

(17 1)(Wa w);

A+ L 1), (v 4+ A+ 1, ), ((BRletort2ed)y ),
—b2\ [ 4\
() |- e
COROLLARY 14. If we take m = 1 in (2) and then by using (10), we obtain:
400 v+2A ptw(v+2X)
/ 27K (az) T (b 22)dz = (1/4) (b/2) <2/a> X
0 b

(171),(M,w); ;b? 4 “’}
21/}2[(/\4-1,1),(1/—20—/\-1—1,/0; ( 4 ><a2> - (44)

213

COROLLARY 15. [If we take m = 1 in (3) and then by using (10), we obtain:

. 2a/7(b)2)YT2A
_ ,1 w
[ e el i a0 e = (SRR )

(L,1), (p+ wv + 2wA £ 1, 2w);
A+ 1,1, (v+A+1p),(p+wv+2N) +1/2,2w);

(s )| “

COROLLARY 16. If we take m = 1 in (4) and then by using (10), we obtain:

WS[(

+oo
/ 2P exp(az/2)Wn7a(az)J5’>} (w 2%)dz =
0 ?

276



(w/2)”+2’\
<<a>ﬂ+9<v+2k> (T(1/2%+a-— n>>> -

(L1)(1/2+ a+p+0v+20X20),(n—p—0v— 20X\, —20);
A+11), (v + A+1,p);

(@)

COROLLARY 17. If we take m = 1 in (5) and then by using (10), we obtain:

3U2 [

+oo
/0 2P exp(—az/Z)Mn,a(az)Jl’:’)} (w 2%)dz =
(<w/1>”+”(1/a>"<”+2*>r<2a + 1>> <
(a)?(T(a+n+1/2))

), (a4 p+0v+20XN+1/2,20),(n — p— Ov — 20\, —20);
A+L1),(v+A+1p),(a—p—0v—20\+1/2,—20);

(i) o

COROLLARY 18. If we take m = 1 in (6) and then by using (10), we obtain:
oo 2 V42X 1 O(v+2X)
/ zp_IWn,a(aZ)an,a(az)J,j’,\l(w 2)dz = (w/2)"*(1/a) <
° (a)?
(1,1), (22 4 o 0), (p+ 0(v +2)) + 1,26); ( —w? >] 48

393 [ (1’(

313

A+ 1,1), (v + A+ 1, ), 201 + 22 4 ) )\ 4(a2)f

COROLLARY 19. If we take m = 1,u = 1 and A = 1/2 in (1) and then by
using (11), we derive the following integral formula:

J57%0 2= (az) Hy (b 2%)dz = (1 /2) <b/2>y+1 (2 /a> re X

(1, 1)(aretertw . i w
293 [ (3/271)7(y+3/271)’(Ew)’_w); < 2 )(;ﬁ) ] .(49)

COROLLARY 20. Ifwe take m = 1,u = 1and X\ = 1/2 in (2) and then by
using (11), we obtain:

/0+°° 2P K (a2)Hy (b 2)dz = <1/4> (b/2> v41 (2/a> ptw(v+1) )

~—
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v et (7)) ] o

COROLLARY 21. Ifwe take m = 1,u = 1 and A = 1/2 in (3) and then by
using (11), we obtain:

+o0o _ w 2aﬁ(b/2)y+1
/0 =P lexp(—aZ)Kn(aZ)Hll(bz )dZ = <(2a)P+w(V+1)> X

(1,1), (p+wv +w £ n,2w); —b?
23 [ (3/2.1), (v +3/2, 1), (p + w(v + 1) + 1/2, 2u): (4<4a2>w>] - B

COROLLARY 22. Ifwe take m = 1,u = 1 and A = 1/2 in (4) and then by
using (11), we obtain:

- ) B (w/z)u+1
/0 2P Vexp(az/2)Wy o (az)H,(w 2%)dz = <<a)p+0(u+1)(r‘(1/2 toa— "7)))

‘ (LD)(1/)2+a+p+60v+6,20),(n—p—0v—0,—20);
a2 (3/2,1), (v + 3/2,1);
2

)

COROLLARY 23. Ifwe take m = 1,u = 1and X\ = 1/2 in (5) and then by
using (11), we obtain:

+oo
/ 7 Lexp(—az/2) M, o(az)H,(w 2%)dz =
1

((w/%v“(l/a)"(”“)F(?a + 1>) x
(a)(T(a+n+1/2))
(L), (a+p+0v+60+1/2,20),(n—p—0v—0,—-20);
(3/2,1),(r +3/2,1),(ac — p— v — 0+ 1/2,-20);

)

COROLLARY 24. Ifwe take m = 1,u = 1 and A = 1/2 in (6) and then by
using (11), we obtain:

393 [

(w/2)u+1(1/a)9(u+1)> y

/+O° 2PTIW, a(a2)W oy o(az)Hy(w 2%)dz = (
; nala2)Wonalaz)H, (ay

278



UL 3/2,1), (v +3/2,1), 200+ 00D gy, \4(a2)f ) |
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WCCNEAOBAHUE MHTEMPAJIbHBIX MPEOBPA3OBAHUI
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Moxammad Caud Kxan®, Cupasyn Xak®,
Moxappam Anu Kxan®, Hukona ®abuaHo"

2 YHuBepcuTeT MeamuUmHCkux Hayk Cedpako Makrato,
Kadenpa MaTemaTuku 1 NPUKNagHoW MatemMaTuky,
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6 . C. YHuBepcuUTeT, AenapTaMeHT NpUKNafHbIX Hayk,
r. Lnkoxabaa, Puposabaa, wrat Ytrap-MNpagew, Pecnybnvka NHamsa

® YHueepcutet Ymapy Mycbl Ap’ Aaya, Kadegpa matemaTtuku u
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Pesrome:

BeedeHue/uens: Lenbio 0aHHOU cmambu sierisemcsi ycmaHo-
erleHUe UHmMeezparnbHbIX rnpeobpasosaHuli 0606WeHHOU hyHK-
yuu Jlommens-Patima.

Memodbi: Omu npeobpasosaHusi 8bipaxkaromcesi 8 mepmuHax
aunepeeomempuyeckol ¢pyHkyuu Patima.

Pesynbmamel: B pe3ynbmame rony4yeHbl uHmeaparsibl ¢ mpu-
20HOMempu4yeckumu, 0b6obuweHHbIMU ¢byHKyusamu beccens u
Cmpyee.

Bbigo0bi: Becniedcmeue npumeHeHus daHHO20 Memoda rnosy4a-
omcs pa3nuyHble UHMepecHble npeobpa3osaHusi.

Knouesbie croga: 0606weHHble yHKyuu Jlommensa-Patima
J(z), npeobpa3osaHue XaHkens, K-npeobpa3osaHue, hyHKUUs
Patima, ¢pyHkyusi Yummekepa.

CTYONJA O UHTEIPANTHUM TPAHC®OPMALINJAMA
FEHEPANM30OBAHE ®YHKLWJE JTOMENA N PAJTA

Moxamed Caud Kan?, Cupasyn Xax®,

Moxapam Anu Kan®, Hukona d®abnaHo"

2 YHMBep3uTeT 3apaBcTBEHUX Hayka Cedbako Makrarto,
[enapTmaH 3a matemMaTuky 1 NpUMeHeHy MaTemaTuky,
la-PaHkyBa, Penybnuka JyxxHa Adppuka

5 YuuBepauteT J. C., Operbetbe 3a npumerseHe Hayke, LLInkoxab6ag,
duposzabag, Ytap Npagew, Penybnuvka NHauja

® YHuBepauTeT Ymapy Myca Wapapya, [lenaptmaH 3a MaTemaTuky 1
ctatuctuky, Katcnna, CasesHa Penybnuka Hurepwja

" YHuBepauTeT y Beorpaay, IHCTUTYT 3a HykneapHe Hayke "BuHuya’-

MHCcTUTYT of HaumoHanHor 3Havaja 3a Penyonuky Cp6ujy, beorpag,
Peny6nuka Cpbuja, ayTop 3a npennucky

OBNACT: matemaTuka
BPCTA YJIAHKA: opurnHanHu HayyHu pag

Caxxemak:

Yeod/uurs: Lurb oeoe pada jecme ycriocmaerbatk-e UHmeapari-
HUX mpaHcghopmalyuja 2eHepanusogaHe yHKyuje flomena u
Pajma.
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Memode: lnmezpanHe mpaHcgopmayuje uspaxeHe cy nomohy
Pajmoee xurnepeeomempujcke gyHKUUje.

Pesynmamu: [obujeHu cy uHmeezparu Koju yKiby4yjy mpu2oHo-
mempujcke, eeHeparnu3oeaHe becernose u Cmpyseose byHKUU-
Jje.

Bakpyyak: Kao nocneduye oge memode dobujajy ce pa3He 3a-
HUMIbUBe mpaHcgopmayuje.
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Abstract:

Introduction/purpose: The newly developed probability-based multi —
objective optimization (MOO) has introduced a novel concept of preferable
probability to represent a preferability degree of a candidate in
optimization in order to overcome the inherent shortcomings of subjective
and “additive” factors in the previous MOO methods. In this paper, the
new method is extended to include robust optimization for material
engineering. Furthermore, energy consumption in a melting process with
orthogonal array design and the robust optimization of four different
process schemes in machining an electric globe valve body are taken as
examples.

Methods: The arithmetic mean value of each performance utility indicator
of the candidate contributes to one part of the partial preferable probability,
while the deviation of each performance utility indicator from its arithmetic
mean value of the candidate contributes to the other part of the partial
preferable probability quantitatively. Furthermore, following the procedures
of the newly developed probability-based multi-objective optimization
(PMOO), the total preferable probability of a candidate is obtained, which
thus transfers a multi—objective optimization problem into a single—
objective optimization problem.

Results: The optimal control factors of lower electric energy consumption
with robustness are bundled steel, loose steel, and uncleaned steel of
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12.5%, 50% and 37.5% by weight, respectively, in this steel melting
process. This case is closely followed by the scenario of 50 wt% bundled
steel, 50 wt% loose steel, and O wit% uncleaned steel. The robust
optimization of four different process schemes for machining an electric
globe valve body is scheme No. 1.

Conclusion: The extension of probability-based multi-objective
optimization while considering robustness is successful, which can be
easily used to deal with the optimal problem with dispersion of data to get
objectively an optimal result with robustness in material engineering. The
extension of probability-based multi-objective  optimization  while
considering robustness will be beneficial to relevant research and process
optimization.

Key words: multi-objective optimization, probability theory, preferable
probability, material engineering, robustness.

Introduction

Recently, the probability-based multi—objective optimization (PMOO)
method was developed (Zheng et al, 2021) in an attempt to solve the
inherent problems of personal and subjective factors in previous multi—
objective optimizations (MOOs). The new concept of preferable
probability was introduced to represent a preferable degree of a
candidate in optimization. In PMOO, all performance utility indicators of
candidates are divided into two types, i.e., beneficial or unbeneficial
types according to their functions in the selection; each performance
utility indicator of the candidate makes its contribution to a partial
preferable probability quantitatively, and furthermore, the product of all
partial preferable probabilities makes the total preferable probability of a
candidate in the viewpoint of probability theory, which is the unique
decisive index in the selection process and thus transfers the multi —
objective optimization problem into single—objective optimization. PMOO
was also extended to the application of the multi-objective orthogonal test
design method (OTDM) and the uniform design method (UDM) as well,
where appropriate achievements have been obtained (Zheng et al, 2021,
Zheng, 2022).

In general, quality improvement of products and optimization of
processes are continuously demanded by manufacturers. In 1980s,
Taguchi once contributed a discipline and structure to the design and
assessment of experiments so as to raise the quality of products by
means of design optimization with efficient cost (Roy, 2010). In Taguchi’s
method, a formal way is incorporated to include noise factors in the
experiment layout, which aims to make products and processes
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insensitive to the influence of uncontrollable (noise) factors. He created
an orthogonal experiment design to study the effects of noise factors with
smaller size of experiments, which results in a favorable performance
with the mean close to the target and reduced variation around the mean
(Roy, 2010). The main point is to focus on the prechosen target for the
output response with great extent and less variability. The controllable
factors are called control factors. It is assumed that the majority of
variability around the target is due to the existence of a second set of
factors called noise factors or variables. Noise factors are uncontrollable
in the product design or process operation (Myers et al, 2016). As a
result, the term robust parameter design entails designing the system so
as to get robustness (insensitivity) to inevitable changes in the noise
variables. Taguchi suggested using a factor called “signal - to - noise
ratioc” (SNR) to characterize robustness. Taguchi suggested some
primary SNRs. The three specific commonly used goals are: 1). the
smaller the better; 2). the larger the better; 3). the target is the best.

Taguchi suggested a SNR for cases in which the response standard
deviation is related to the mean linearly. For this case, Taguchi’'s SNR for
“the target is the best” condition is given by

SNR = — 10log(j*/ s?) (1)

where the SNR is to be maximized; ¥ is the mean value of the test points,
and s is the standard error.

In fact, for a set of actual experiments or processes, the mean value
of the test pointsy and the standard error s are independent factors in
general.

While, in Eg. (1), the SNR condenses the two factors into one factor,
the optimization of the maximum of the SNR is not equivalent to the
optimizations of the both minima of s and y closing to the target at the
same time. What is worse is that in the cases of “the smaller the better”
and “the larger the better’, the expressions of SNRs suggested by
Taguchi even excluded the factor of the standard error. This point was
criticized by many statisticians (Box, 1988; Box & & Meyer, 1986; Welch
et al, 1990, 1992; Nair et al, 1992) though the essence of the SNR in
Taguchi’s approach to robust parameter design is to propose an easy-to-
use performance criterion which takes the process mean and variance
into consideration. Statisticians further suggested taking both response
mean and variance into account by using separate models. Therefore, for
robust optimization, the optimization of the both minima of s and ¥
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closing to the target should be conducted with individual models at the
same time.

In this paper, the new PMOO method is extended to include robust
optimization of dispersion of data in material engineering due to the
advantage of impersonality of the PMOO method, where both the
response mean y and the variance s are taken into account by using
separate models. Furthermore, energy consumption in the melting
process with orthogonal array design and robust optimization of four
different process schemes in the machining process of the electric globe
valve body are studied as examples.

Extension of the probability-based multi—objective
optimization method to include robustness

In PMOO, all performance utility indicators of candidates are divided
into beneficial or unbeneficial types according to their functions in the
selection where each performance utility indicator of the candidate
makes its contribution to a partial preferable probability quantitatively,
and furthermore, the product of all partial preferable probabilities makes
the total preferable probability of a candidate in the viewpoint of the
probability theory, which is the unique decisive index in the selection
process and transfers the multi-objective optimization problem into a
single—objective optimization problem (Zheng et al, 2021; Zheng, 2022).

In traditional MOO, the performance indexes of candidates are
assumed to be well determined without any uncertainty. However, this is
not always the case; for example, if we perform one experiment for ten
times, we could get ten experimental data in general and both the
arithmetic mean value of the ten data and the mean deviation can be
taken as representatives for these experiments; In some other cases, the
performance indexes and attributes are often vague, which results in un-
exact numerical values instead of well determined data. In order to
assess such problems containing uncertain elements, a proper approach
is still needed. Taguchi created a formal way to include noise factors
(Roy, 2010), but it is puzzling. Here we propose an extension for the
newly developed PMOO to include the dispersion of data so as to
establish probability-based multi-objective robust optimization.

In general, an uncertain element X; has the form of Eq. (2),

X = X £6X;; 2)

1]
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In Eq. (2), )Tij represents the arithmetic mean value of the uncertain

element Xj, and X is the mean deviation of the performance index Xj.

The arithmetic mean value X;; represents the main function of the
performance of a candidate, which quantitatively contributes one part of
partial preferable probability according to its type of being either
beneficial or unbeneficial relating to their functions in the selection.

For the beneficial type of performance, it contributes one part of
partial preferable probability linearly in a positive manner; as to the
unbeneficial type of performance, it contributes one part of partial
preferable probability linearly in a negative manner (Zheng et al, 2021;
Zheng, 2022).

Under condition of the uncertain element X, the beneficial type of

the arithmetic mean value )Tij of the uncertain element X; makes one
part of the performance index according to

Pi=a,;X;,i=12,...,mj=1,2, .., m 3)

ij
In Eq. (3), Pijx represents one part of the partial preferable probability
of the beneficial utility index X;;; n is the total number of candidates in
the candidate group involved; m is the total number of the performance
utility indices of each candidate in the group; «j: is the normalized factor
of the j-th utility index of the candidate performance indicator,

a;;; = 1/(nX;), X;is the arithmetic mean value of the utility index of the
performance indicator in the candidate group involved,

= 1<
i=1

For the unbeneficial type of performance, )Tij makes one part of its
partial preferable probability of the performance according to

Piu=Bu(X e + Xjmin — Xy) i=12,,0j=1,2, ..,m. (5)

In Eq. (5), Xjmax and X;,.;,represent the maximum and minimum
values of the performance utility indices X;; of the candidate performance
indicator in the group, respectively, and S is the normalized factor of the
j-th utility indices of the candidate performance indicator,

By =UIN(X, iy + X, ) =X ]

jmin
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The mean deviation 6X; is the unbeneficial type of the performance
index in assessment in general, which has the characteristic of “the lower
the better”. The mean deviation 6X; contributes the other part of the
uncertain element Xj, Pi2, which is assessed according to Eqg. (6),

Pi2 = B2 (X + X jin —0Xy),1=1,2,...,n;j=1,2, .., m. (6)

In EQ. (6), oXjmax and oXjmin represent the maximum and minimum
values of the performance utility indices o6X; of the candidate
performance indicator in the group, respectively, and £ is the normalized
factor of the j-th utility indices of candidate performance indicator,

By =L gy + 0K ) ~NX 1.

The entire partial preferable probability of the uncertain element Xjis
the arithmetic mean of both parts, or square root of their product, i.e.,

Pi = (Pir + Pi2)/2, or Py = (PijpxPi2)°°. @

The entire partial preferable probability P; includes all information of
the uncertain element X; comprehensively, which is the overall
representative of the uncertain element X;j in the selection process
competitively.

Moreover, the total / comprehensive preferable probability of the it
candidate in a multi-objective optimization problem is the product of its
partial preferable probability P; of each utility index of the candidate
performance indicator in the overall selection due to the “simultaneous
optimization” of multiple objectives in the viewpoint of probability theory
(Zheng et al, 2021), i.e.,

m
PiZPil'PiZ"'PimZHPij- (8)
j=1

The total preferable probability of a candidate is the uniquely
decisive index in the overall selection process competitively, which
transfers a multi—objective optimization problem (MOOP) into a single —
objective optimization one. The main characteristic of the new probability-
based multi-objective optimization is that the treatment for both
beneficial utility index and unbeneficial utility index is equivalent and
conformable, which is without any artificial or subjective scaling factors
involved in the process.

jmin
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Application of the extended PMOO to assess an
optimal problem with dispersion of data in material
engineering

In the following study, the entire partial preferable probability of the
uncertain element X; takes the arithmetic mean of both parts of Eq. (7).

1) Robust optimization for saving electric energy
consumption of a foundry

Electric furnaces are generally used in foundries widely, including
cupola furnaces, rotary furnaces, and induction furnaces. The induction
furnace is usually utilized to melt a massive amount of steel. The
electricity consumed for melting 1 ton of metal is in the range of 600—680
kWh/ton (Deshmukh & Hiremath, 2020). Deshmukh et al reported an
orthogonal array experiment for the optimization of the process
parameters in the melting process in the foundry with a “Signal to Noise
Ratio” effect (Deshmukh & Hiremath, 2020). The study was focused on
varying the process parameters so as to reduce consumption of electrical
energy and get an optimization robust property (Deshmukh & Hiremath,
2020). An L9 orthogonal array was used to conduct the design
experiment for control factors: bundled steel, loose steel and uncleaned
steel in wt %, see Table 1.

Nine experiments were performed five times to reflect the variations
that might be caused by noise factors. Table 2 shows the tested data of
electric energy consumption from these designed experiments.

Table 1 —Control factors in experiment design

Tabnuya 1 — KoHmpornbHbie ghakmopbl rpu MpoeKkmuposaHuU 3KcrnepumeHma
Tabena 1 — KoHmponHu ¢ghakmopu npu npojekmosarby ekcriepumeHma

Scheme Bundled steel Loose steel (% | Uncleaned steel (%
(% by weight) by weight) by weight)

1 12.5 375 50

2 33 33 33

3 37.5 12.5 50

4 50 0 50

5 12.5 50 37.5

6 50 12.5 37.5

7 50 50 0

8 33 33 33

9 37.5 50 12.5
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Table 2 — Test data of electric energy consumption from these experiments

Tabnuua 2 — [JaHHble 0 mompebrieHuU 351ieKmpo3Hep2UU 8 pe3yribmame
3KCrepuMeHmos

Tabena 2 — Nodayu 0 ympouwKy enekmpuyHe eHepauje u3 HagedeHuUX eKcr