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Abstract:

Introduction/purpose: In solving real-life fractional programming problems,
uncertainty and hesitation are often encountered due to various
uncontrollable factors. To overcome these limitations, the fuzzy logic
approach is applied to these problems.

Methods: The discussion focused on solving the fuzzy linear fractional
programming problem (FLFPP). First, the FLFP problem was converted
into a lexicographic optimization problem, which was then solved to obtain
the solution.

Results : A numerical example was presented to simplify the explanation of
the algorithm. While most researchers solve FLFPPs using the ranking
function method, this approach reduces the efficiency of the fuzzy problem.

Conclusion: This research contributes a comprehensive methodology for
addressing fuzzy linear fractional programming problems using the
lexicography method. The findings offer valuable insights for researchers,
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practitioners, and decision-makers grappling with optimization challenges
in settings where imprecise information significantly influences the decision
landscape.

Key words: linear fractional programming, lexicography method,
triangular fuzzy number.

Nomenclature: FLFP — Fuzzy Linear Fractional Programming
FFLP — Full Fuzzy Linear Programming
MOLFP — Multi Objective Linear Fractional Programming

Introduction

Linear fractional programming is an extension of linear programming
where the objective function is a ratio of two linear functions. The goal is
still to optimize this ratio subject to linear constraints. Fuzzy linear
programming is an extension that incorporates the concept of fuzzy set
theory into linear programming. In traditional linear programming, all
parameters are assumed to be precise and deterministic. In fuzzy linear
programming, some or all of the parameters, including coefficients and
constants, are allowed to be fuzzy numbers, representing uncertainty.

The objective function and constraints are formulated with fuzzy
coefficients and decision variables. The solution to a fuzzy linear
programming problem yields a fuzzy decision variable, providing a range
of possible values rather than a single precise value.

Zadeh (1965) has contributed to decision making in fuzzy
environment. Specifically, to the concept of decision making in uncertainty
and vagueness. This gives to FLFPP all parameters denoted as fuzzy
numbers. This technique aims at uncertainty and vagueness in the
problem, substituting crisp numbers with fuzzy ones. Consequently, LFP
transforms into FLFPP. A pivotal development in FLFPP was introduced
by Charnes & Cooper (1962). They successfully transformed LFPP to LPP
and got solutions using the Simplex method.

Li (2008) implemented a lexicographic method to solve the matrix
game with pay-offs represented by triangular fuzzy numbers.
Ebrahimnejad (2017) solved fuzzy transportation problems with triangular
fuzzy numbers using lexicographic ordering. Nan et al. (2010) defined the
ranking order relations of TIFNs, which are applied to matrix games with
payoffs of TIFNs. Prakash & Appasamy (2023) studied fully fuzzy spherical
linear programming problems, where spherical fuzzy numbers are utilized
as parameters. Hosseinzadeh Loffi et al. (2009) discussed full fuzzy linear
programming (FFLP) problems of which all parameters and variable are
triangular fuzzy numbers and the concept of the symmetric triangular fuzzy
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number and introduced an approach to defuzzify a general fuzzy quantity.
Sharma (2015) introduced a new ranking method proposed for L-R flat
fuzzy numbers which is based on the lexicographical ordering approach.
Pérez-Cafiedo et al. (2019) reviewed the established models and methods
in FLP, focusing on lexicographic methods for ranking fuzzy numbers
(FNs) in single and multi-objective LP, particularly within the context of
fuzzy linear assignment problems due to their significance. Demir (2023)
investigated the fabric dyeing process in a towel manufacturing factory
using the lexicography method. Safaei (2014) approached a new method
for solving fully FLFP problems. Dharmaraj & Appasamy (2023) applied a
modified Gauss elimination technique for separable fuzzy nonlinear
programming. Sivakumar & Appasamy (2024) solved LFPP by a
mathematical approach. Abdel-Basset et al. (2019) and Karthick et al.
(2024) proposed to solve the neutrosophic linear fractional programming
problem with triangular neutrosophic numbers.

Aim: The aim of this research is to propose a novel approach, termed
Fuzzy Linear Fractional Programming (FLFP), to address real-life
fractional programming problems characterized by uncertainty and
imprecision. The primary objective is to develop a robust methodology for
decision support in complex decision-making scenarios where parameters
exhibit fuzziness.

Novelty: This study introduces a hybrid framework that combines the
fuzzy set theory and linear fractional programming, offering a unique
solution approach to handle uncertainties in decision-making processes.
Unlike conventional methods that may reduce efficiency, the proposed
FLFP method aims to provide a more effective solution by incorporating
fuzzy coefficients within the objective function and constraints.

Contribution: The research contributes a comprehensive
methodology for addressing fuzzy linear fractional programming problems
using the lexicography method. By presenting a systematic approach to
navigating the complex landscape of fuzzy decision variables, this study
offers valuable insights for researchers, practitioners, and decision-makers
facing optimization challenges in settings where imprecise information
significantly influences decision-making processes. The presented
numerical example demonstrates the applicability and effectiveness of the
proposed approach, highlighting its potential to overcome limitations
associated with uncertainty and hesitation in real-life fractional
programming problems.

Here, the NLFP problem is transformed into an equivalent crisp multi-
objective linear fractional programming (MOLFP) problem which can be
solved by the linear programming technique.
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This research article is organized as follows: Section 2 is the
discussion about fundamental definitions; Section 3 introduces the
mathematical model and demonstrates the proposed method; Section 4
illustrates a suitable numerical example for the proposed method; and in
Section 5, some conclusion is pointed out at the end of this paper.

Preliminary concepts

Definition 1 (Zadeh, 1965)
If X is a universal set and x € X, then a fuzzy set A defined as, 4 =
{(x,uz(x)), x € X} where uz = membership function.

Definition 2 (Zadeh, 1965)
A fuzzy set A is called a fuzzy number if its membership function A:R —
[0,1] satisfies the following conditions:
- A is convex,
« A is normal, and
- A is piecewise continuous.

Definition 3 (Ebrahimnejad, 2017)
A fuzzy number 4 on R is said to be a triangular fuzzy number(TFN) if its
membership function A: R — [0,1] has the following criteria, and this TFN
graphical representation is presented in Figure:1:

X—aq

— a <x<a,

a-a,’

A —J ai—x

A(x) - 1—, a, <x< as
asz—as
0 otherwise.

The TFN is denoted as notationally by A = (a;,a,,a3). and F(R) is used
for the set of all TFNs.

Definition 4 (Demir, 2023)

Let <., be the lexicographic order relation in R3 and #; = (v}, v§, v}#*) and
7, = (vi,vs,v¥) two TFNs.We say that #; is relatively smaller than o, ,
which is denoted by #; < &, iff (v§, v — v¥, vl + v¥) <iox (V5, V5 — v, Vi +
v¥).We say that ¥, is relatively smaller than or equal to ¥, , which is
denoted by #; < 7, iff (v§, vl — v¥, vl + v¥) <o (W5, V4 — V¥, v + vY) and

Dy = T, iff vf = v§, v} — vl = v} — v}, vl + vl = v) + V¥
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Mathematical model

Linear fractional programming problem

The linear fractional programming problem is a mathematical
optimization problem that involves maximizing or minimizing a ratio of two
linear functions. It can be formulated as follows:

_ P() _ XjaPjXjtpo
MaxQ(x) - D(x) - Z?:l djxj+do

(1)

subject to

n

Z ajjxj <or=or=b;,i=123,...,m

j=1
and xj = 0. Here, x is the vector of variables to be determined, P(x) and
D(x) are vectors of known coefficients, and a;; is a known matrix of
coefficients.

Proposed method

The formulation of the FLFP problem with triangular fuzzy parameters
is articulated as follows: maximize the sum of products of ¢; and %; divided
by dj and X; over n, subject to constraints involving the sum of products of
a;; and X;, with X; representing non-negative triangular fuzzy numbers
(TFNs)forj =1,2,...,n
_ Step 1: Define & = (cj, c] ,¢.d; = (d), df,dY), a; = (ajj,af;,alt),
b; = (b}, bf,b}"), and X = (x xf’, xj"), transforming the FFLP problem into
an expression maX|m|Z|ng the sum of (C],C] )G )(x x x“) with
constraints on (au’ i u)(x xf’,xj*) and conditions on (x xf',xj') being

non-negative TFNs.
Step 2: Rewrite the FFLP problem by expressing the objective and
constraints in terms of new symbols (s si,s;j') and (mU, mi;, mj),

maintaining the relationship with (b}, bf, b*) and the non-negativity of TFNs
for each j.

Step 3: Convert the FFLP problem into a lexicographic optimization
problem by setting lex max criteria based on the central values, the
difference, and the sum of the lower and upper bounds of the sums

969

Karthick, S. et al, Fuzzy linear fractional programming problem using the lexicography method, pp.965-979



EVOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2024, Vol. 72, Issue 3

involved, aligning with the conditions set for equality, and inequality
constraints represented by the index sets l,, [, lge -

Step 4: Further articulate the lexicographic maximization with
additional constraints represented through the variables y;q,Vis, ¥is,
introducing the parameters ¢ and L to delineate the ranges for the
constraints, adhering to the specifications for [;, and [g,.

Step 5: Address the multi-level lexicographic fuzzy linear
programming (MLLFP) problem using classical methods for multi-objective
optimization to pinpoint an optimal solution.

Step 6: Assess Z};l% with the derived optimal solution to
]

determine the optimal fuzzy value of the FFLP problem, thus concluding
the methodological approach for solving FFLP problems with triangular
fuzzy parameters.

Numerical example: 1

The given problem involves FLFP, where the coefficients and
constraints are represented by fuzzy numbers. Fuzzy numbers here are
given in the form of triplets, which could represent, for example, the lower
limit, the most probable value, and the upper limit of an estimation. This
problem involves maximizing a fuzzy objective function subject to fuzzy
constraints. Let us construct a potential application problem that could be
represented by this mathematical formulation.

Application Scenario: Production Planning

Imagine a small manufacturing company that produces two types of
products: Product 1 and Product 2. The company is operating in an
uncertain environment where the profit margins, production costs, and
available resources (like raw materials, labor, and machinery time)
fluctuate within known ranges. These fluctuations are due to varying
market conditions, supplier reliability, and labor availability. The company
aims to maximize its profit margin while ensuring that production does not
exceed its fuzzy constraints, which represent the uncertain availability of
resources.

Variables: - ¥; = Quantity of Product 1 to produce. - ¥, = Quantity of
Product 2 to produce.

Objective Function: Maximize the fuzzy profit ratio Z:
5 _ (24,7)%1+(1,3,4)%,
T (1,2,3)%+(3,5,8)%,
This represents the goal of maximizing the ratio of total profit
(numerator, with uncertain profit margins for products 1 and 2) to total
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production costs (denominator, with uncertain costs for producing products
1 and 2).

Constraints: 1. Resource Constraint for Resource A (e.g., raw
materials):

(0,1,2)x%; + (1,2,3)%, < (1,10,27)

This constraint represents the fuzzy limitation of Resource A available
for production, where the availability is uncertain.

2. Resource Constraint for Resource B (e.g., labor hours):

(1,2,3)%; + (0,1,2)%, < (2,11,28)

This represents the fuzzy limitation of Resource B, reflecting the
uncertain availability of labor hours for production.

Application Problem Statement: A small manufacturing company is
looking to determine the optimal production levels of two products under
uncertain market conditions and resource availabilities. The company
wants to maximize its profit ratio, taking into account the uncertain profit
margins and production costs for both products, while also ensuring that
the production does not exceed the uncertain availability of raw materials
and labor hours. How should the company allocate its resources to the
production of these two products to achieve its goal?

This problem encapsulates the challenge of making strategic
decisions in an uncertain environment, typical of real-world situations
faced by businesses. The use of fuzzy numbers allows for a more flexible
and realistic modeling of uncertainties compared to traditional
deterministic models.

5 2,4,7)%1+(1,3,4)%
MaxZ — ( )~1 ( )~2
(1,2,3)%¥1+(3,5,8)%,

(2)
Subject to
(0,1,2)%; + (1,2,3)%, < (1,10,27)
(1,2,3)%; + (0,1,2)%, < (2,11,28)
From step 3 and step 4, we obatained the simplified form as

4x$+3x5 2xt—7x¥4xb—ax§ 2x+7x%4xb+4xS

2x§+5x5 " xt —3x¥+3xL —8x5 " x} +3x%+3xL +8xS

lexMaxZ = (

(3)
subject to
€y11 <10 —x{ — x5 < Ly;iq
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—Lyi1 + €y, < =26+ 2xf — x4 + 3x% < Ly,
—L(y11 + Y12) + €y13 < 28 — 2x}' — x5 — 3x}y < Lyy3
€Yy <11 —2x§ — x5 < Ly,
—Lyy; + €y < —26 — xb + 3x¥ + 2x¥ < Ly,,
—L(Y21 + ¥22) + €Y23 < 30 — x§ — 3xf — 2x¥ < Lys;

Steps 5 and 6 yield : ¥ = (1.23,2.11,1.23) ¥, = (0,0,0) and Z =
(2,2,2.33). But for the same problem, Safaei obtained the solution
7 =(1.34, 2, 2.31).

Result analysis

Comparing two fuzzy solutions involves analyzing their ranges,
central values, and the overall spread of the outcomes. Our solution is Z =
(2,2,2.33) and Safaei’s solution is Z = (1.34,2,2.31).

Central Value - Both solutions have a central value of 2, indicating
that at the most probable estimation, the outcomes are considered equal.
This central value suggests that both approaches agree on the most likely
efficiency or performance measure under the given conditions.

Upper Limit - The upper limit of this research’s solution is 2.33, slightly
higher than Safaei’s 2.31. Although the difference is minor, it indicates that
these authors’ solution allows for a slightly more optimistic outcome in the
most favorable conditions.

Spread and Uncertainty - Safaei’s solution demonstrates a wider
spread (1.34 to 2.31) compared to these authors’ solution (2 to 2.33). This
wider spread suggests a higher level of uncertainty or variability in the
outcomes considered by Safaei. A broader spread in the fuzzy solution
can indicate that the model accounts for a wider range of factors or
uncertainties affecting the optimization problem.

The graphical representation would illustrate the overlap between the
two solutions, highlighting their agreement at the central value but differing
in their consideration of possible variability and outcomes at the lower and
upper bounds.
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—— Safaei Z = (1.34,2,2.31)
1 Your Z = (2,2.2.33)

Membership Degree

Value

Figure 1 — Comparison of the fuzzy solutions

Future scope

- Extension to Non-linear Problems: One potential avenue for future
research is to extend the FLFP problem to handle non-linear optimization
problems. Incorporating fuzzy logic into non-linear fractional programming
could broaden the applicability of the proposed methodology to a wider
range of real-world decision-making scenarios.

- Multi-objective Optimization: Another direction for future research is
to extend FLFP to multi-objective optimization problems. Developing
methodologies to efficiently handle multiple conflicting objectives under
uncertainty could provide decision makers with more comprehensive and
informed decision support.

Advantages

- Improved Decision Support: The FLFP framework offers improved
decision support by incorporating the fuzzy set theory into linear fractional
programming. Decision makers can make more informed decisions in
environments characterized by uncertainty and imprecision.

- Adaptability: The FLFP model demonstrates adaptability and
versatility in handling diverse optimization challenges. Its ability to capture
the intricacies of real-world scenarios makes it well-suited for addressing
a wide range of decision-making problems.

- Efficiency: The application of the lexicography method provides a
systematic and efficient approach to navigate the complex space of fuzzy
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decision variables. This structured approach enhances the efficiency of the
decision-making process, particularly in multi-criteria environments.

Limitations

- Computational Complexity: One potential limitation of the FLFP
problem is its computational complexity, especially when dealing with
large-scale optimization problems. Future research may need to explore
techniques to enhance computational efficiency without compromising
solution quality.

- Data Dependency: The effectiveness of the FLFP problem may be
highly dependent on the availability and quality of data. Decision makers
should exercise caution when applying the model in contexts where data
availability is limited or uncertain.

Overall, the FLFP problem presents a promising approach for
addressing decision-making problems in uncertain environments, but
further research is needed to address its limitations and extend its
applicability to a wider range of optimization scenarios.

Conclusion

In this article, we proposed the fuzzy linear fractional programming
(FLFP) problem utilizing the lexicography method which presents a
promising solution for addressing decision-making problems characterized
by uncertainty and imprecision. By integrating the fuzzy set theory into
linear fractional programming, the model captures the real-world scenarios
where parameters exhibit inherent fuzziness.

The application of the lexicography method provides a systematic and
efficient approach to navigate the complex space of fuzzy decision
variables, offering a structured means of decision support in multi-criteria
environments. The mathematical formulation of the FLFP problem
demonstrates its adaptability and versatility in handling diverse
optimization challenges.

Through illustrative examples and case studies, the research
highlights the practical applicability of the proposed methodology,
showcasing its effectiveness in comparison to traditional linear
programming and linear fractional programming approaches. The findings
underscore the advantages of FLFP in providing more realistic and
nuanced solutions in the face of uncertainty.

This study contributes not only a novel methodology but also valuable
insights for researchers and decision makers dealing with optimization
problems in contexts where imprecise information significantly influences
decision outcomes. The proposed FLFP framework, with its integration of
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fuzzy logic and fractional programming principles, stands as a robust tool
for addressing real-world complexities and advancing the field of decision
support in uncertain environments.
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Problema de programacion fraccionaria lineal difusa utilizando el
método lexicografico

Sivakumar Karthick?, Appasamy Saraswathi?, autor de correspondencia,
Seyyed Ahmad Edalatpanah®

2 |nstituto de Ciencia y Tecnologia SRM, Facultad de Ingenieria y Tecnologia,
Departamento de Matematicas, Kattankulathur, Chengalpattu, Tamil Nadu,
Republica de la India,
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Aplicadas, Tonekabon, Republica Islamica de Iran

CAMPO: matqméticas, ciencias de computacion
TIPO DE ARTICULO: articulo cientifico original

Resumen:

Introduccidén/objetivo: Al resolver problemas de programacién fraccionaria
de la vida real, a menudo se encuentra la incertidumbre y vacilacién debido
a varios factores incontrolables. Para superar estas limitaciones, se aplica
el enfoque de légica difusa a estos problemas.

Meétodos: La discusion se centr6 en la solucion del problema de
programacion fraccionaria lineal difusa (FLFPP). Primero, el problema
FLFP se convirtié en un problema de optimizacion lexicografica, que luego
se resolvié para obtener la solucién.

Resultados: Se presentd un ejemplo numérico para simplificar la
explicaciéon del algoritmo. Si bien la mayoria de los investigadores
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resuelven los FLFPP utilizando el método de la funcion de clasificacion,
este enfoque reduce la eficiencia del problema difuso.

Conclusién: Esta investigacion aporta una metodologia integral para
abordar problemas de programacioén fraccionaria lineal difusa utilizando el
método de lexicografia. Los hallazgos ofrecen informacién valiosa para
investigadores, profesionales y tomadores de decisiones que enfrentan
desafios de optimizacion en entornos donde la informacion imprecisa
influye significativamente en el panorama de decisiones.

Palabras claves: programacion fraccionaria lineal, método lexicografico,
numero difuso triangular.

3agava HeyeTKoro ApoGHO-NMHERHOro NPorpaMMUPOBaHNSA C
MCMonb3oBaHeM rnekcukorpaduyeckoro Metoga

Cusakymap Kaptuk®, Annacamu CapacBaTn®, KOPPEeCNOHAEHT,
Celied Axmad dnanartnaHax®

2 SRM NHCTUTYT HAyKn N TEXHOSOTUNA,
WH)XeHepHO-TEXHONOrMYECKUA KoNneox, MmatemaTnieckui akynbTeT,
KaTtTtaHkonatyp, Yenrannatty, Tamunnag, Pecnybnvka UHous
6 AlaHOeraHCcK1in MHCTUTYT BbiCLLIEro 06pasoBaHus,
dakynbTeT NPUKIagHOM MaTeMaTUKK,
ToHekaboH, Vicnamckas Pecny6nvka NpaH

PYBPUKA TPHTW: 27.47.00 MaTemaTnyeckas knbepHeTuka,

27.47.19 ViccnegoBaHue onepauui,

28.17.31 MopenupoBaHune NpoLeccoB ynpasreHus
BWO CTATbW: opurmHanbHas Hay4Has ctaTes

Peswome:

BeedeHue/uenb: [lpu peweHuu peanbHbix 3ada4 OpobHOz20
rpo2pamMmMupO8aHUsi Hacmo 803HUKAKM HEYy8EPEeHHOCMb U COMHEHUS
U3-3a pasru4yHbIX HEKOHMPOIUPYyeMbIX ¢hakmopos. st moz2o 4ymobbi
rnpeodosiemb 3MuU 02paHUYeHUsi, K makuM 3adayaMm puMeHsemcs
nodxo0 HeyemkouU JI02UKU.

Memodbi: ObcyxdeHue bbio cocpedomoyeHo Ha peweHuu 3adadyu
He4Yemkoeo OpOobHO-r1uHeliHo20 rnpoepammuposaHusi (LP). CHavyana
3ada4ya FLFP 6bina npeobpasosaHa 6 3adayvy JieKcukoepaghuyeckol
onmumu3sayuu, Komopasi makum obpa3om bbina peuwleHa.

Pesynbmamesi:  [ns ynpowieHuss 00bscHeHusi anzopumma Obin
npedcmasneH apugpmemudeckul npumep. Hecmompss Ha mo uymo
bonbwuHcmeo uccredosamernel pewarom FLFPPS, ucnonbsys
mMemoO  paHxupyrowel ¢yHKyuU, 3mom o0xo0 CHuXaem
aghgpbekmusHocmb HevemkoUl 3adayu.

Bbieo0k!: [aHHoe uccriedosaHue rnipedcmasrissiem coboli KOMIMEKCHbIU
memod peweHusi 3aday Heyemkoeao OpObHO-UHElHO20
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rpoepamMMUpOo8aHUsi C UCMOMb308aHUEM JIeKCUKoegpaghuyecko2o memooa.
lMonyyeHHble pesynbmamel NpPedocmassisiom UEHHYK UHQOpMauuUro
uccrniedogamersisiM, npakmukaMm U JfuuyaM, MPUHUMaOWUM peuweHus,
Komopble cmarkugaromesi ¢ rpobremamu onmuMu3ayuu 8 ycriosusix,
Ko20a Hemo4Hasi UH(hopMayusi CyuecmeeHHO ernusem Ha [poyecc
npUHAMUS peweHud.

Krnoueebie crnosa: OpOo6HO-MUHelHOoe npoapaMmuposaHue,
JIeKcuKo2paguyeckuti Memod, mpeyaosibHoe HeYemKoe YucsIo.

Mpobnem chasm nuHeapHor pakynoHor nporpammpara nomohy
nekcukorpadpckor metoaa

Ulueakymap Kaptuk?, Anacamu CapacBaTn®, aytop 3a Npenucky,
Cajed Axmad EpanatnaHax®

a2 CPM UHCTUTYT 3a HayKy U TEXHOMOIWjY,

Bucoka wkona TexHuke n TexHonorunje, Ogcek maTemaTtuke,
KataHkynaTyp, Yexrannaty, TamunHagy, Peny6nuka UHguja

6 AjaHperaH MHCTUTYT 3a BUCOKO 0Gpa3oBakbe,
KaTepnpa 3a npumereHy MaTemaTuky,
ToHekaboH, Vicnamcka Penybnvka VpaH

OBNACT: maTemaTuka, padyHapcke Hayke
KATEFOPUJA (TWUM) YITAHKA: opurnHanHu Hay4Hu paj

Caxemak:

Yeod/uyurb: lNpu pewasary npobrieMa hpakyuoHo2 rpoepamuparba y
peasniHoM xusomy 4Yecmo dosia3u 00 HecuaypHOCMU U OKriesaHa 3602
pasnudumux ¢hakmopa Koje Huje moeyhe koHmponucamu. Kako bu ce
npesasuwrna osa ozpaHuyera, 3a 0eakee rpobriemMe rnpumersyje ce
rpucmyrn 3acHogaH Ha ¢basu Jioauyu.

Memode: [uckycuja ce ¢bokycupa Ha pewaesar-e npobrnema ¢hasu
JluHeapHo2 bpakyuoHoe rpoepamupar-a (FLFP). lNpeo je FLFP npobnem
npebayeH y npobriem riekcukoepaghcke onmumusayuje U Kao makas je
PeweH.

Pesynmamu:  [llpedcmaerbeH  je  HYMeEpU4YKU  MpumMep  Koju
rnojedHocmaersbyje objawrbere anzopumma. Lok eehuHa ucmpaxueada
pewasa FLFP npobneme kopucmehu memod paHaupar-a ¢hyHKyuja, 08aj
npucmyn pedykyje eghukacHocm ¢hasu rpobrema.

Sakrbyyak: 080 ucmpaxusare Oaje OOMPUHOC rymem ceeobyxsamHe
Mmemodoroeuje 3a pewasarbe npobriema ¢hasu iuHeapHoe hpakyuoHoz
npoepamuparba romohy rnekcukoepagckoe memola. Hanasu HyOe
OpazoueHe ysude 3a ucmpaxueade, rnpakmu4yape u OoHocuoue oosyka
Koju ce cycpehy ca npobrnemuma onmumu3auuje e0e HernpeyusHe
UHgopMayuje umajy 8esiuku ymuuaj npu oony4usarsy.

Kby4He peyu: JluHeapHo pakyuoHo rnpozpamuparse,
Jiekcukoepaghcku Memod, mpuaHaynapHu ¢ha3su 6poj.
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Abstract:

Introduction/purpose: This paper established a new mathematical frame-
work by uncovering the relationships between Kannan contractions and
interpolative Kannan contractions. The concept of unified interpolative
Kannan contractions was introduced in the framework of a relational met-
ric space. Additionally, the study aimed to broaden the concept of alpha
admissibility by incorporating specific relational metric ideas.

Methods: A detailed exploration of the properties and characteristics
of Kannan contractions and interpolative Kannan contractions was con-
ducted. The research introduced the concept of unified interpolative Kan-
nan contractions and formulated new fixed point results for these map-
pings.

Result: The study successfully established fixed point results for unified
interpolative Kannan contractions within the framework of relational met-
ric spaces. Additionally, an application of these results to solve a problem
concerning nonlinear matrix equations was provided, further emphasiz-
ing their significance.

Conclusion: The findings of this study significantly advanced the under-
standing of Kannan contractions and interpolative Kannan contractions,
offering a unified framework for their analysis. The introduction of unified
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interpolative Kannan contractions and the expansion of alpha admissi-
bility have broad implications for the field of mathematics.

Key words: unified interpolative Kannan contraction, R-admissible, re-
lational metric space.

Introduction

Kannan made a significant contribution to metric fixed point theory after
Banach’s influential fixed point theorem. While mappings satisfying the Ba-
nach contraction inequality are necessarily continuous, Kannan introduced
a novel class of contractions in 1968, addressing the intriguing question of
whether discontinuous mappings defined in a complete metric space and
satisfying specific contractive conditions could possess a fixed point.

Kannan stated the following result.

THEOREM 1. Let (X, 0) be a complete metric space, and S be a self-map
defined on X. If S is a Kannan contraction (KC, for brief), meaning that
there exists a X in the interval [0, §) such that,

O(Sv,Su) < ANo(v,Sv) + 9(u, Sp)], forallv, e X, (1

then, S possesses a unique fixed point v € X, and for each v € X, the
sequence of iterates {S"v} converges to .

Kannan’s fixed-point theorem represents a notable extension of Ba-
nach’s remarkable work (Banach, 1922), leading to several generaliza-
tions, see (Debnath et al., 2021). Among these, a recent variant intro-
duced by Karapinar, termed as interpolative Kannan-type contraction (or
Kannan interpolative contraction), was demonstrated in Karapinar (2018).
To guarantee the existence of a fixed point in a complete metric space, this
contraction condition allows more flexibility in choosing the constants that
control the contraction rate and can also incorporate the distance between
points in the contractive condition. Additionally, it is worth mentioning that
many classical and advanced contraction concepts have been recently re-
examined through interpolation, see (Debnath et al., 2020; Hammad et al.,
2023; Jain & Radenovic¢, 2023; Jain et al., 2022; Karapinar, 2021; Karapinar
et al., 2018a,b, 2021).

In his work, Karapinar (2018) presents an example that falls outside the
scope of Kannan contractions but aligns with interpolative Kannan con-
tractions. This highlights an additional advantage of interpolative Kannan
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contractions over Kannan contractions. Despite existing research on the
subject, there is a notable gap in the literature concerning the converse
relationship, i.e., whether Kannan contractions imply interpolative Kannan
contractions.

Recent studies Nazam et al. (2023a,b) have suggested that Kannan
contractions do indeed imply interpolative Kannan contractions. However,
this paper diverges from this perspective and, through illustrative exam-
ples, establishes that not every Kannan contraction implies an interpola-
tive Kannan contraction. Consequently, this paper asserts that these two
classes of contractions are independent from each other. This comprehen-
sive understanding emphasizes the significance of both contraction types,
providing valuable insights into their practical applications.

Karapinar (2018) introduced the concept of an interpolative Kannan con-
traction as follows:

DEFINITION 1. A self-mapping S defined on a metric space (X, 0) is con-
sidered as an interpolative Kannan type contraction (IKC, for brief) if there
exists a pair of constant o, A € [0,1) with « # 0, satisfying

I(Sv,Sp) < N[o(v,Sv)* - O, Sp) %], forall v,u € X, and v # Sv. (2)

By employing the interpolative Kannan contraction, Karapinar (2018)
established a unique fixed point theorem. Subsequently, Karapinar et al.
(2018a) identified a limitation in the aforementioned result, highlighting that
fixed points obtained from the contractive condition (2) may not necessar-
ily be unique. To illustrate that not every Kannan contraction implies an
interpolative Kannan contraction, these authors examine the following ex-
ample.

EXAMPLE 1. Let X = [0, 1] and consider the mapping S : X — X defined
by Sv = £. Let 9 denote the usual metric.

Then, one can observe that, 9(Sv,Sp) = ilv — pl,0(v,Sv) =
¥, and d(u, Sp) = L.

For A = 2 € [0, }), one can verify that:

1 2 4
0(Sv,Sp) = ¢lv —pl < ¢ - = (v +p) = A-[0(v, Sv) + 0, Sp)].
This confirms that S fulfills condition (1). Now, the next task is to demon-
strate that S does not satisfy (2). Suppose if possible S satisfies (2),
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then two points are chosen, W and 19090, from the interval [0, 1]. Clearly,

100 # S (100) and 100 7é S (100)

Case I: When v = ;15 and p = {5, there have,
49 - A-99i-«
< @, =
Case ll: When v = 100 and p = 100, there exists,
49 - A - 992
= < a, o] — .
omg = 061 S1) < [0, Sv)* - A, Sp)' ] = S0 (4)

Since S satisfies (2) for all v, u € X\ F(S), from (3) and (4), there exists
a pair of constants A\, a € [0,1) with a # 0, such that

49

< XA -min{99'7* 99°}. (5)
Now, if A = 0, a contradiction of (5) is obtained. Therefore, A € (0,1), and
in such a case, there is

4
Tg < 2-min{99' "% 99°}.
However, this again leads to a contradiction, as expressed by the following
inequality

49

inf — >2- sup [min{99'7% 99°}].
A€(0,1) A a€(0,1) [min{ /]

Therefore, there does not exist any o« € (0,1) and A € (0,1) for which
equation (5) holds true for all v, u € X\ F(S). Thus, the initial assumption
is incorrect, and S does not satisfy condition (2).

Therefore, based on Example 1 and Example 2.3 of Karapinar et al.
(2018a), it can be inferred that conditions (1) and (2) are independent.
In the current study, these authors endeavor to establish connections be-
tween these conditions by extending them to a more generalized contrac-
tion condition in a relational metric space.

It is noteworthy that in relational metric spaces, one often considers
weaker properties such as R-continuous (not necessarily continuous), R-
complete (not necessarily complete), etc. In this setting, additional flexibil-
ity is beneficial in that the contraction condition need not be applied to every
element but rather to related elements only. Importantly, these contraction
conditions revert to their conventional counterparts when the universal re-
lation is taken into account.
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Preliminaries

Before presenting the main results of this paper, it is important to intro-
duce formal notations that will be used throughout. Let X be a non-empty
set, with a binary relation R. In this context, the pair (X, R) is acknowl-
edged as a relational set. Similarly, within the framework of a metric space
(X, 0), one designates the triplet (X,0, R) which constitutes a relational
metric space (RMS, for brevity). The collection of fixed points of the self-
mapping S is indicated by F'(S), and let Xz denote the set defined by,
Xr ={(v,p) € X% : (v,u) € Rand v, ¢ F(S)}. Furthermore, X(S,R)
is a subset of X, containing elements v such that (v, Sv) € R. These for-
malized notations ensure precision and consistency throughout the subse-
quent analyses and discussions.

DEFINITION 2. (Alam & Imdad, 2015) Let S be self-map on X, and (X, R)
be a relational set,
(1) any two elements v, u € X are considered R-comparative if (v, 1) €
R or (u,v) € R. This relationship is symbolically represented as
[v,u] €R,
(i7) a sequence {v,} C X satisfies the condition (v, vi+1) € R for all
k € Ny, is referred to as an R-preserving sequence.

(7i1) R is designated as S-closed when it satisfies the condition that if
(v, u) belongs to R, then (Sv, Sp) also belongs to R, forany v, € X.

(iv) R is referred to as 0-self-closed under the condition that whenever

there exists a R-preserving sequence {v;} such that v, 9, v, there
can always be found a subsequence {vy, } of {v} such that vy, , V]
belongs to R for all n € Ny.

DerINITION 3. (Alam & Imdad, 2017) (X, 0, R) is considered R-complete if
every sequence in X, which is both R-preserving and Cauchy, converges.

DEFINITION 4. (Alam & Imdad, 2017) A self-map S defined on X is termed
R-continuous at v € X, if any R-preserving sequence v 9, v, implies
Sy, i> Sv. Furthermore, if S exhibits this behavior at every point in X,
it is simply categorized as R-continuous.
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DEFINITION 5. (Alam & Imdad, 2018) Consider a self-mapping S defined on
X. Iffor every R-preserving sequence {v,} C S(X), with a range denoted
as F = {v, : n € N}, R|g is transitive, then S is designated as locally
S-transitive.

Samet et al. (2012) introduced the concept of a-admissible mappings,
which has been applied by various authors in numerous fixed-point theo-
rems.

DEFINITION 6. (Samet et al., 2012) Suppose S is a self-map on X, and
a : X x X — RT is a function. Then, S is considered a-admissible if
alv,p) > 1= a(Sv,Su) > 1forallv,pu € X.

In the following definition, this concept is generalized by incorporating
certain relational metrical notions.

DEFINITION 7. Let (X, R) be a relational set. A self-map S defined on X
is termed R-admissible if there exists a function ¥ : X x X — [0,+00),
satisfying the following conditions:

(r1) Y(v,pu) > 1forall (v,n) € R,

(r2) R is S-closed.

REMARK 1. From the above two definitions, it can be observed that if S is
«-admissible, it also holds that S is R-admissible when considering R =
{(v, 1) € X% :9(v,n) > 1}. However, it should be noted that the converse
is not necessarily true, as illustrated in the following example.

ExAmPLE 2. Let X = {0,1,2,3},9: X x X — R* by

2, (np)€{(0,1),(1,2),(2,3)}
Hvyp) =491 (vp) €{(0,2),(1,1),(2,1),(2,2)}
2=, otherwise.
and S : X — X is defined by SO0 =0,851 =2,582 =1, and §3 = 3.
In this example, it is evident that ¥(2,3) > 1, but ¥(S52,83) = ¥(1,3) # 1,
indicating that S is not ¥-admissible. Now, let us consider the binary relation
R defined as,

R ={(0,1),(0,2),(1,2),(2,1),(1,1),(2,2)}.

985

Vara Prasad, K.N.V.V. et al., Existence theorems for a unified interpol. Kannan contraction with an applic. on nonlin. matrix equ., pp.980-1003



@ VOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2024, Vol. 72, Issue 3

It is straightforward to observe that R is S-closed, and for all v, u € X with
(v, 1) € R, ¥(v,u) > 1. Therefore, S is R-admissible.

Let ¢, ¢ : [0,+00) — [0, +00) be two functions. Then the following condi-
tions are considered:

(C1) ¢ is u.s.c. such that ¢(0) = 0,
(Co) ¢isl.s.c.,

(Cs) 1, ¢ are non-decreasing,

(Ca) Y(t) > ¢(t), forall t >0,

(C5) hm sup o(t) < (c+), forall ¢ >0,
(Ce) hm Sup ¢(t) < liminf (¢).

Main results

This section introduce a novel concept of a unified interpolative Kan-
nan contraction condition and establish some fixed-point results for such
contractions. Through an example, it will be demonstrated how the unified
interpolative Kannan contraction condition extends the classical notions of
contraction mappings defined in (Kannan, 1968; Karapinar, 2018; Nazam
et al., 2023a).

DEFINITION 8. Let (X,0,R) be an RMS. A self-mapping S defined on X
is characterized as a unified interpolative Kannan contraction (UIKC, for
brief) if there exist functions 1, ¢ : [0,+0c0) — [0, +00), and a function ¥ :
X x X — [0, +00), along with a parameter o € (0, 1), such that

v, W)y (0(Sv, Sp)) < ¢ (2 (9(v, Sv), 0(u, Sp))),  forallv,u € Xg, (6)
where Q2 : R? — R be a function satisfying Q(v, ) < max {v, p, v*pu' =},

EXAMPLE 3. Let (X, d) be a metric space with X = [0,400) and 0 is the
usual metric, define the self-map S on X by,

o ifv<i
Sy =<7 -
{VQ’ i

Then, it is important to note that S is not a Kannan contraction (Kannan,
1968). This is evident that when considering v = % and p = 2, as there
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does not exist any A € [0,1) that satisfies (1). Additionally, for the same

values of v = £ and p = 2, there is no pair of A € [0,1) and a € (0, 1) for
which (2) holds. Consequently, S is not an interpolative Kannan contraction
(Karapinar, 2018). Now, let us define the binary relation R on X as,

R ={(v,pn) € X?: max{v,u} < 1}.

Observing the definition of R, it is evident that R is not an orthogonal re-
lation. It is important to recall that a binary relation R is considered as an
orthogonal relation if for any element 1, € X, either ( for all u, (vp, 1) € R)
or (forall , (1, 9) € R). As a consequence, the function S is nota (¢, ¢)-
orthogonal interpolative Kannan-type contraction (Nazam et al., 2023a).
However, it will now be demonstrated that S is indeed a unified interpola-
tive Kannan contraction. Consider 9 : X x X — [0,400) defined by

Iy, p) = {

Observing that 9(v,p) > 1 for all v,p € X with (v,n) € R, and that
(v, ) € R implies (Sv, Sp) € R, it follows that S is R-admissible. Suppose
there exist functions ¢, ¢ : [0, +00) — [0, +o0) defined by ¢(t) = &,

, ifv,pe|0,1],
, otherwise.

M= Do

Loife<i,
and, y(t) = {gt ift>1

9>
The aim now is to show that S satisfies (6). Consider the function 2 :
X x X — [0,400) defined as Q(v, ) = “52. For every v,u € Xg, the
following inequality holds,

o ot s = S (|4 - £))

3

= %P/ —

< & (20(,50). 00, 51)
=¢ (Q(a(y, SV)78(M7S:U))) :

Consequently, it is deduced that S is a unified interpolative Kannan con-
traction.
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REMARK 2. From Example 1, Example 3, and Example 2.3 in Karapinar
et al. (2018a), one arrives at the following conclusion

ke OIKC

UIKC |< (¥, )-OIKC

Now, let us proceed to establish this paper’s main results concerning
the unified interpolative Kannan contraction maps.

THEOREM 2. Consider the RMS (X,0,R) where R is a locally S-transitive
binary relation. Suppose that S is a unified interpolative Kannan contraction
and there exist functions v, ¢ : [0, +00) — [0, +00) satisfying conditions C;,
(1 =1,2,3,4). Under the following conditions:

(D1) S is R-admissible,

(D) there exists Y C X with S(X) C Y, such that (Y,0,R) is R-

complete,

(D3) X(S,R) is non-empty,

(Dy) either S is R|y-continuous or R is 0-self-closed,
there exists at least one v € X such that v € F(S).

Proof. Under the assumption (Ds), suppose that 1y € X (S, R). Define the
sequence {v,} of Picard iterates with the initial point vy, i.e. v, = S", for
alln € Ny. As (19, S1p) € R and S is R-admissible, using (r) it follows that
(8™, S yy) € R. Consequently, (v, v,11) € R for all n € Ny, and this
yields that the sequence {v,} is R-preserving and from (r2) there holds
Y (Vp,vnt1) > 1. Let 0, = 9(vn, vn11); applying contractive condition (1)
yields that

¥ (0n) < I(Wn1, ) (O(Svn—1,Svy))
< ¢ (UI(Wn-1,SVn-1),0(vpn, Sty)))
= ¢ (Q(0n—-1,0))
< ¢ (max {9n—1,00,05_1 - 0, "})
< 1 (max {Op—1,0n,05_ - aqla_a}) : (7)
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By the monotonicity of the function ) one obtains
Op < max {Op—1,0n,05_1 - 8}[6“} . (8)

Now suppose there exists n € N for which 0,1 < 0,, then from (8) it
yields that 9,, < 9,, a contradiction. Therefore 9,, < 9,,_1, now it can be
concluded that {v,, } is a non-increasing sequence and thus a non-negative
constant C exists such that, lim 0, = C+. Suppose if possible C' > 0,

n—-+00

then from (7), it can be deduced that
¢(0+) < lim inf¢(an) < lim sup ¢(an—1) < ¢(C+)a

but, from (C,) there exists (v) > ¢(v) for all v > 0, therefore C' must be
0,ie. lim 0, = 0. The next objective is to establish that the sequence

n—-+oo

{vn} is Cauchy. For the sake of contradiction, suppose it is not; then there
exists a positive real number ¢ > 0 along with sub-sequences {v,, } and
{vm, } of {v,,}, with ny, > my, > k, such that

O(Vm,,vn,) > €, forallkeN. 9)

Selecting n;, as the smallest integer exceeding m;, such that (9) holds, it is
deduced that
Oy, Vn—1) < €. (10)

Using triangular inequality and (9), (10) one obtains that

e < a(ymk’ Vnk) < a(mGa Vnk—l) + a(Vnk—ly Vnk)
<€+ 0(Vny—1,Vn,)-

on taking the limit & — +o0o0 and utilizing the fact that lim 0, = 0, one

n—-+o0o

gets
lim O(Vm,,Vn,) =€+ (11)

k—4o00

By using triangular inequality, one obtains that

la(l/mk“l‘l?l/nk“‘l) - 8(l/mk’ V”k)‘ < 8mG, + 6V'flk'
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Letting limit &k — +o0 in the above inequality and employing (11) yields the
following:

kggl-l a(ymk-i-l? Vnk+1) kgr—il—loo 8(mG, Vnk) =€+ (12)
Since {v,} € S(X) and {v,,} is R-preserving, the local S-transitivity of R
leads to the implication that (v, , v, ) € R. Thus, it can be deduced

¢(a(ymk+17ynk+1)) (mG7ynk) (8(Sl/m“SVnk))
( ( (mG7SmG) 8(ynk,81/nk)))
¢ (92

(O On,.))
Sqﬁ(max{@m O, 02 - Oh ).

Nk ~¥my,

Taking the limit as £ — +oo in the aforementioned inequality leads to the
conclusion that ¢ < 0, a contradiction. Hence, {v,} is the R- preserving
Cauchy sequence in Y. The R-completeness of the metric space (Y,0,R)
now guarantees the existence of a point v € Y such that, lim v, =~.

n—-+o0o

First, one assumed that S is R-continuous; one can deduce that

lim v,41 = lim Sy, = Sv. Applying the uniqueness of the limit, one
n—+oo n—+o0o

consequently establishes that Sy = ~, indicating that v € F(S).
Alternatively, let R|y is 0-self-closed. The fact that {v,,} is R-preserving
and {v,} — ~ can be utilized again. This implies the existence of a sub-
sequence {v,, } of {v,} with [v,,,~7] € R, forallk € Ny. If (v,,,,7) € R,
then since S is a unified interpolative Kannan contraction, there exists

V(0(SVn,; 87)) < 0 (Vn,, 1)Y(O(Svny, S))
< d(A(vny,, Svn, ), 9(7, S7)))
= A(Q(Ony, (7, S7)))
< ¢ (max {On,,0(7,87), 05, - 0(v,Sv)'°}),  (13)

on taking the limit ¥ — 400, in (13), one obtains

Y(0(7,87)) < ¢(9(v, S7))- (14)

Itis important to note that in equation (14), if (v, Sv) # 0, itis contradictory
to (Cy4). Similarly, if (v,v,,) € R, then by utilizing the symmetry of 9, we
once again encounter a contradiction of (Cy). Therefore, 9(v,Sv) = 0
implying v € F(S). O
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THEOREM 3. Consider the RMS (X,0,R) where R is a locally S-transitive
binary relation. Suppose that S is a unified interpolative Kannan contraction
and there exist functions 1, ¢ : [0, +00) — [0, +00) satisfying conditions C;,
(i = 3,4,5,6) and D;, (j = 1,2,3,4) holds. Then, there exists at least one
v € X such that v € F(S).

Proof. Following the steps of the previous theorem, one can obtain an R-
preserving and non-increasing sequence {v, } such that there exists some
C > 0 and v, converges to C+ as n — +oo. Suppose C' > 0, then (7)
implies that

¥(C+) < limsup (D)

n—-+o0o

< limsup ¢ (maX {37171, Oy Oy - a}L—a})

n—-+o00

< limsup ¢(k),
k—C+

a contradiction of (C5), thus C =0i.e. lim 0, = 0. Now, to establish that

n—-+0o
the sequence {v, } is Cauchy, one makes a counter assumption. Suppose

it is not Cauchy, then following the steps outlined in the previous theorem,
there exists a positive real number ¢ > 0, along with sub-sequences {v,,, }
and {v,,, } of {v,}, where n;, > my, > k, satisfying condition (12). Since
{vn} € S(X) and {v,,} is R-preserving, the local S-transitivity of R leads
to the implication that (v,,, ,v,,) € R. Thus, it can be deduced

¢(8(mG+u Vnk+1)) < ﬁ(ymk’ V"k)w(a(symwsynk))
< ¢ (max {0, , On,, 0%, - O *}),

on taking the limit £ — +oo in the above equation, it implies that

liminf(a) < %glilgg V(O Vimpsrs Vnesr )

a—re+
< limsup ¢ (max {0, , On,, 9% - Op “})

k—4o00 e
< limsup ¢(a).
a—0
This results in a contradiction of (Cs), thus establishing that the {v,} is
an R-preserving Cauchy sequence is in Y. Given that (Y,90,R) is an R-
complete metric space, there exists v € Y such that ngr—&r-loo v, = 7. If the
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self-mapping S is R-continuous, the desired conclusion can be derived, as
demonstrated in the previous theorem.

Alternatively, let R|y be 0-self-closed then utilizing the fact that {v,,} is
R-preserving and {v,,} — ~. This implies the existence of a sub-sequence
{vn, } of {v,, } with [v,,,,7] € R, for all k € Ny. One claims that 9(v, Sv) = 0.
Let us assume that 0(v,Sv) > 0, if (v,,,,7) € R, then since S is a unified
interpolative Kannan contraction, there exists

w(a(vnm,&y) Vs V)Y (O(SVn,, §7))
¢ (Q2(0(vn,,, Svn, ), 0(7,57)))
¢ (€2 (On,., 0(7,57)))
(max{@nk,a v, S8v), O 0(7,87)1_0‘})

) Nk

< w (max { Oy, 0(7,S7), 05 - 0(v,Sv)'™*}),

by using (C3) and taking the limit as k¥ — +o00, one deduces 9(v,Sv) <
d(v,Sv), which leads to a contradiction. Furthermore, if (v,v,,) € R,
then by utilizing the symmetry of 9, one encounters again a contradiction.
Hence, 0(v, Svy) = 0, implying v € F(S) O

THEOREM 4. Consider the RMS (X,0,R), where R is a locally S-transitive
and S-closed. Suppose the conditions D;,(j = 1,2,3,4) hold and there
exist the functions 1, ¢ : [0,4+00) — [0,+00) satisfying the conditions C;,
(1=1,2,3,4) or (i = 3,4,5,6), such that,

B(O(Sv, Sp)) < 6 (2 (0(, Sv),0(u, Sp))),  forallv,pe Xr  (15)

Then there exists at least one v € X such that v € F(S).

By considering the specific values of the functions ), ¢, 2, and v, in
Theorem 4, one can derive the following relational theoretic versions of
Kannan fixed-point results and Interpolative Kannan fixed-point results re-
spectively.

COROLLARY 1. Let (X,0,R) be an R-complete RMS, where R is a locally
S-transitive and S-closed. Suppose that the conditions D;,(j = 1,2,3)
hold and there exists a parameter 0 < X < %, such that

O(Sv,Sp) < A[o(v, Sv) +0(p, Sp)], forallv,p e Xg.

Then there exists at least one v € X such that v € F(S).
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COROLLARY 2. Let (X,0,R) be an R-complete RMS, where R is a locally
S-transitive and S-closed. Suppose that the conditions D;,(j = 1,2,3)
hold and there exists a pair of constants a, A € [0, 1) with o # 0, satisfying

A(Sv,Sp) < A [0(v,Sv)™ - G(u,S,u)l_a] , forallv,ue Xg.

Then there exists at least one v € X such that v € F(S).

An application

In this section, the authors have applied their research findings to derive
a result concerning the existence of solutions for a nonlinear matrix equa-
tion. In this context, let the set denoted as M (n) encompasses all square
matrices with dimensions of n x n, while #(n), P(n), and K(n), respec-
tively represent the sets of Hermitian matrices, positive definite positive,
and semi-definite matrices. When there is a matrix C from #(n), one uses
the notation ||C||4. to refer to its trace norm, which is the sum of all its sin-
gular values. If there are matrices P and Q from #(n), the notation P = Q
signifies that the matrix P — Q is an element of the set I(n), while P - Q
indicates that P — Q belongs to the set P(n). The upcoming discussion
relies on the significance of the following lemmas.

LEMMA 1. (Ran & Reurings, 2002) If X € H(n) satisfies X < Z,, then
| X < 1.

LEMMA 2. (Ran & Reurings, 2002) For n x n matrices X = O andY = O,
the following inequalities hold:

0 < tr(XY) < || X|tr(Y).

Examine now the following nonlinear matrix equation,

X=A+) > Cr(x)c (16)

i=1 k=1

In the above equation, A is defined as a Hermitian and positive definite
matrix. Additionally, the notation C; refers to the conjugate transpose of
a square matrix C; of size n x n. Furthermore, 1}, represents continuous
functions that preserve order, mapping from #(n) to P(n). It is noteworthy
that 7(O) = O, where O represents a zero matrix.
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THEOREM 5. Consider the nonlinear matrix equation expressed in (16) and
assume the following:

(Hy) there exists A € P(n) with 375, 377, C:Yi(A)C; = 0;

(Hy) forevery X,Y € P(n), X XY implies

ZZCka(X)Cj < Z ZC;TI@(Y)CJQ

Jj=1k=1 j=1k=1

(H3) 25—, CiCs < NI, for some positive number N, and for all X, Y €
P(n) with X <Y, the following inequality holds
maxy(tr(7x(Y) — 71(X))) <

" <X S c_;rk(m) (” 05 c;,yk(m].) ,
j=1k=1

j=1k=1

1 1

Xmax
2]Vi) u v 2 u v 2
tr| X — A= > Cime(X)e; ey —A=D0 D> er me(y)e
j=1k=1

j=1k=1

Then, there exists at least one solution of the nonlinear matrix equation
(16). Moreover, the iteration

X, = A+) Y CN(X, )G, (17)
j=1 k=1
where X, € P(n) satisfies Xo < A+> %, >, C;1%(X0)C;, Convergence
towards the solution of the matrix equation, in the context of trace norm
|- [ler-

Proof. Let T : P(n) — P(n) be a mapping defined by

TX)=A+) D C1(X)c;, forall X € P(n).
j=1 k=1

Consider R = {(X,Y) € P(n) x P(n) : X < Y}. Consequently, the fixed
point of ¥ serves as a solution to the nonlinear matrix equation (16). It is
pertinent to mention that R is T-closed and ¥ is well-defined as well as
R-continuous. From condition (1) there is > %, >~} _, C;73(X)C; = 0 for
some X € P(n), thus (X, T(X)) € R and consequently P(n)(¥,R) is non-
empty.
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Define 9 : P(n) x P(n) — R* by
IX,Y) =X =Y, forall X,Y € P(n).
Then (P(n),0,R) is R-complete RMS. Then

1T(Y) = X)[[er = tr(Z(Y) — T(X))

=1 k=1

= Z Z t’r’(CjC; (7(Y) - T(X)))

j=1 k=1

=tr ((i@-c}‘) v (Tk(Y)Tk(X)>)
j=1 k=1

> cc;

Jj=1

< x v x max ||(Ve(Y) — V(X)) |ler

< Zx maX{HX X[, Y — T o,

DN |

IX = XI5 - Y - <Y 3 }
1

= 5 QX = TX[ler, [Y = FY ler)) (18)

Now, when considering 1 (v) = v, ¢(v) = 5, then equation (18) becomes
P(O(TX,2Y)) < ¢ (2(0(X, T(X)),0(Y,%(Y)))) -

Consequently, upon fulfilling all the hypotheses stated in Theorem 2, it can
be deduced that there exists an element X* € P(n) for which T(X*) = X*
holds good. As a result, the matrix equation (16) is guaranteed to possess
a solution within the set P(n). O

ExAamMPLE 4. Consider the nonlinear matrix equation (16) for u = v = 2, and
n =3, with 71(X) = X1, 1H(X) = X3, i.e.,

X =A+CIXi1C +CiX5C, +CiX1Co+CiX5C, (19)

where
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0.177855454222667
0.001123532012243
0.144562121365390

A

[0.222353216521933
0.277652136521619
10.144563125462493

C1 =

[0.255541232145296
0.074456321236541
10.155462136521421

Cy =

0.001123654123643
0.177856213654500
0.133214526352116

0.104402312563210
0.122365475632174
0.111232145236838

0.177563214532317
0.222351452365355
0.133652123652627

0.144563214565439
0.133214521452362
0.266521364125960

0.077854213651530]
0.066321541236599
0.244512365214147 |

0.277854621452056 ]
0.100321256321427
0.199663251400003 |

By taking N = g the conditions specified in Theorem 5 can be validated
numerically by evaluating various specific values for the matrices involved.
For example, they can be tested (and verified to be true) for

[0.285221251452362
0.192072365214523
10.232862136541254

X =

[0.385224563214521
0.192076541236541
10.232861236541256

Yy =

0.123815632145236
0.219152365214523
0.172062136521452

0.123811236521452
0.319150000000000
0.172061236521452

0.016912136521452]
0.026932365214569
0.096802123652145 |

0.016912365214896 |
0.026931236541526
0.196823652145230 |

To ascertain the convergence of { X, } defined in (17), one commences
with three distinct initial values.

1

&= 0 0
U=|0 & 0

0o 0 +

0.500354112000372

Vo = 10.022141236541532
0.054621236525374
0.100963214521244

Wy = 10.255632122000784

0.111232152412246

0.454632123005061
0.151234561235184
0.045213625456758

0.066321213621732
0.210032145632300
0.080032356212332
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0.398954120000949
0.104256348563137
0.103456212563418

0.005445632123530
0.288632512325983
0.177521363201611



|
=
o
T

Error, 1og(|[Xn+1—Xall,)
AN
[6)]

-20+

—-25F

—— initial value U0
initia value VO
——o6— initial value WQ

8 10 12 14
Iterations

Figure - 1 Convergence behavior

After conducting 15 iterations, the subsequent approximation of the positive
definite solution for the system presented in (16) is as follows:

0.683105295072446
U =~ Uis = |0.342270819335426
0.548632937935167

with error 1.92601 x 1011,
0.683105295076171

V = Vis = [0.342270819338060
0.548632937937984

with error 1.1608 x 1011,

0.342270947152747 0.548634067670387
0.468237110722328 0.450115496162419
0.450115485036356 0.678165537273724

0.342270947155381 0.548634067673204
0.468237110724480 0.450115496164750
0.450115485038687 0.678165537276339
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0.683105295075270 0.342270947154744 0.548634067672523
W~ Wis = |0.342270819337423 0.468237110723960 0.450115496164186
0.548632937937303 0.450115485038123 0.678165537275706

with error 5.3354 x 10712,
Figure 1 is a graphical illustration of the convergence phenomenon.
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CAMPO: matematicas
TIPO DE ARTICULO: articulo cientifico original

Resumen:

Introduccién/objetivo: Este articulo establecié un nuevo marco
matematico al descubrir las relaciones entre las contracciones
Kannan y las contracciones Kannan interpolativas. El concepto
de contracciones Kannan interpolativas unificadas se introdujo
en el marco de un espacio métrico relacional. Ademas, el estu-
dio tuvo como objetivo ampliar el concepto de admisibilidad alfa
incorporando ideas métricas relacionales especificas.

Meétodos: Se realizé una exploracién detallada de las propieda-
des y caracteristicas de las contracciones Kannan y las contrac-
ciones Kannan interpolativas. La investigacion introdujo el con-
cepto de contracciones Kannan interpolativas unificadas y for-
muld nuevos resultados de punto fijo para estas asignaciones.

Resultados: El estudio establecié con éxito resultados de punto
fijo para las contracciones unificadas Kannan interpolativas den-
tro del marco de los espacios métricos relacionales. Ademas,
se proporciond una aplicacion de estos resultados para resolver
un problema relacionado con ecuaciones matriciales no lineales,
enfatizando aun mas su importancia.

Conclusion: Los hallazgos de este estudio han permitido avan-
zar significativamente en la comprensién de las contracciones
Kannan y las contracciones Kannan interpolativas, ofreciendo
un marco unificado para su analisis. La introduccién de con-
tracciones unificadas Kannan interpolativas y la expansion de la
admisibilidad alfa tienen amplias implicaciones para el campo de
las matematicas.

Palabras claves: contraccion interpolativa unificada de Kannan,
‘R-admisible, espacio métrico relacional.

Teopemsl cyLecTBOBaHWUS YHUMDULNMPOBAHHOIO
WHTEPMONSALMOHHOIO CoKpalleHns KaHHaHa ¢ npumeHeHnem
HENUHENHbIX MaTPUYHBIX YpaBHEHUI

Komu H. B. B. Bapa lNMpacag?, Buraii Muwipa®, KoppecnoHAeHT,
CmosiH PapeHoBuy®

& bunacnypckuii yHymeepcuTteT INypy Macugac Buwsaeugbanais,
MaTteMaTuyeckunii akyneTeT, . Bunacnyp, Pecnybnuka NHans

5 Benrpagckui YHUBEPCUTET, MaLLMHOCTPOUTENbHBIN hakynbTerT,
r. benrpaa, Pecnybnuka Cepbus




PYBPUKA 'PHTW: 27.25.17 MeTpuueckas Teopus oyHKLNA
B[O CTATbW: opurnHanbHas Hay4Hasi cTaTbs

Pesrome:

BeedeHue/uenb: B 0aHHOU cmambe bbiriu 0603HaYeHbl HO8bIe
MamemMamuyeckue pamKu, Oceeljarouile 63alUMOCBS3U MeX-
Oy cokpaweHusmu KaHHaHa U UHMepPMonsiUUOHHbIMU COKpa-
weHusimu KaHHaHa. KoHuenuusi yHUQUUUPOBaHHbIX UHMep-
rMonAyUOHHbIX CoKpauwjeHuli KaHHaHa bbinna eeedeHa 8 pamkax
PEnsyUoOHHO20 Mempu4yeckoz2o npocmpaHcmea. [lomumo mo-
20, Uenbio uccrnedosaHusi bbIno passumue KoHUenuyuu anbga-
donycmumocmu 3a cHem BKIIOYEHUS] KOHKpemHbix udeli 8 om-
HOWeHUU omHocuUmersibHbIX rnokasamered.

Memoosi: Ebino nposedeHo nodpobHoe uccredosaHue
ceolicme U xapakKmepucmuk cokpaweHull KaHHaHa u UH-
mepnrionayuu cokpauwieHul KanHaHa. B xode uccnedoeaHusi
bbia npedcmasnieHa KOHUEenuusi yHUUUUposaHHoU uHmep-
nonAyuu cokpauwleHuli KaHHaHa u cghopmynuposaHbl HOBble
pesynbmamsl ¢ (hUKCUPOBAHHBIMU MOYKaMU.

Pesynsmamei: MiccnedosaHue darno ycriewHslie pe3yribmamal ¢
ukcuposaHHOU mo4Kol O yHUDUUUPOBaHHbIX UHMEepPMors-
UUOHHbIX COKpauwieHuli KaHHaHa 8 pamKax pefsiyuoHHbIX Mem-
puyeckux npocmpaHcms. [Nomumo moeo, bbirio npedcmasneHo
rpuMeHeHue amux pesyribmamos 07151 peweHusi 3adaqu, Kacaro-
welicsi HenuHeUHbIX MampUYHbIX ypasHeHUU, mem caMbiM r100-
yepkueas UX 3Ha4umMocme.

Bbigodbi:  Pesynbmambl daHHO20 uccredogeaHusi 3Hadumerib-
HO yriydqwiunu noHUMaHue cokpauieHuti KaHHaHa u uHmepnons-
UUOHHbIX coKpaweHul KaHHaHa, npedcmasug eOuHy OCHO8Y
0515 ux aHanu3a. BeedeHue yHUUUUPOBaHHbLIX UHMEPNoNsayu-
OHHbIX COKpauwleHuli KaHHaHa u pacwupeHue dorycmumocmu
anba-0ornycmumMocmu WUPOKO NPUMEHSIIOMCcs 8 obriacmu ma-
memamuku.

Kntouesnsie criosa: yHuqbuuupoeaHHoe UHMepnosiayuoHHoe
cxamue KaHHaHa, R-Oonycmumoe, periAyUOHHOE Mempu4ye-
CKOe rnpocmpaHcmeo.
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Teopeme nocTojarwa 3a jeQUHCTBEHY MHTEPNONaTUBHY
KaHaHOBY KOHTpaKLujy ca npuMeHamMa Kog HeEMMHeapHUx
MaTpUYHUX jeaHaumHa

Komu H. B. B. Bapa Mpacag?, BuHaj Muwpa®, ayTop 3a npenucky,

CmojaH PapgeHosuh®

@ Mypy Macupac Buwsasuajanaja, Onoerbete MateMaTtuke,
Bunacnyp, Penybnuka NHawvja

5 YuuBepauTeT y Beorpaay, MalumHcku akynTer,
Beorpag, Peny6nuka Cpbuja

OBNACT: maTtemaTtunka
KATEFOPWJA (TWM) YNAHKA: opurMHanHu Hay4Hu pag

Caxemak:

Yeod/uurb: Osum padom ycriocmaesbeH je Ho8u Mamemamuy-
KU oKeup omkpusar-em o0Hoca u3mehy KaHaHose KOHmMpakyu-
je u mezose uHmMepnonamusHe KoHmpakuuje. KoHuenm o06-
jeduweHe uHmepnonamueHe KaHaHogse KoHmpakuuje yesedeH
je y oksupy penayuoHoz mempu4koe npocmopa. [loped mo-
ea, cmyduja je umana 3a yurb 0a npowupu KoHuenm asnga-
npuxeamsbugocmu yepahusarem crieyubuyHUX perayoHUxX
mMempu4kux udeja.

Memode: [emarbHO ucmpaxueare ceojcmasa U Kapakmepu-
cmuka KaHaHoge KOHmMpakuyuje u He208e UHMmepronamueHe
KOHmMpakuyuje burnu cy u paHuje pasmampaHu. O8um ucmpaxu-
sar-eM ygeleH je KOHUuenm yHuguyupaHe uHmepronayuje Ka-
HaHO8e KOHMpaKuyuje Yume cy hopmMynucaHu Ho8U pe3yrnmamu
QUKCHE mayKe 3a HUX.

Pesynmamu: Cmyduja je ycriewHo riomepduna pesynmame
OuKcHe madke 3a yHughuyupaHe uHmepnonamusHe KaHaHose
KOHmpakuyuje y oKkeupy pesiayuoHuUx Mempuykux npocmopa. llo-
ped moea, npuMeHa osux pe3ynmama 3a pewasare rnpobre-
Ma Koju ce mu4e HerluHeapHUX MampuYyHUX jeOHaduHa o0amHo
Haenawasa HUx08 3Hayaj.

Bakrbyyak: Hanasu ose cmyduje 3HayajHO cy yHanpedunu He-
0080/bHO pasymesar-e KaHaHO8UX KOHMpaKyuja U He208UXx UH-
meprnonamugHUx KoHmpakuyuja, Hydehu jeduHcmeeH okeup 3a
Uuxosy aHanuay. Yeod y yHugbuyupaHe uHmeprionamusHe Ka-
HaHo8e KOHmMpaKuuje u npowuper-e anga-npuxeamsbusocmu
uma WUpoKy npumMeHy y obrnacmu mamemamuke.




KrbyyHe peyu: yHuguyupaHa uHmepnonamueHa KaHaHoga KoH-
mpakuuja, R-0orycmue, penauyuoHu MempuyKu npocmop.
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Abstract:

Introduction/purpose: The aim of this paper is to establish some exis-
tence results of a fixed point for a class of expansive mappings defined
on a complete S-metric space.

Methods: An iteration scheme was used.

Results: Some existing results of mappings satisfying contractive con-
ditions are expanded to expansive ones, providing a new condition ex-
pressed in one variable under which the existence of a fixed point holds.
Conclusions: This work provides new tools to fixed point theory together
with their applications.
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Introduction and preliminaries

One of the most important instruments to treat nonlinear problems with
the aid of functional analytic methods is the fixed point approach. Metric
fixed point theory provides essential tools for solving problems emerging
from various areas of mathematical analysis, such as variational and linear
inequalities, equilibrium problems, complementarity problems, optimization
and approximation theory, as well as problems of proving the existence of
a solution of integral and differential equations. The first important result
of fixed points in metric spaces was the well known contraction mapping
theorem, established by S. Banach in his dissertation and published for the
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firsttime in 1922. Later, some generalized metric spaces have been studied
to obtain new fixed point theorems.

In 2006, Z. Mustafa and B. Sims (Mustafa & Sims, 2006) introduced the
notion of G-metric spaces as a generalization of ordinary metric spaces,
and analysed the topological structure of G-metric spaces. In this first pa-
per, the authors developed some fixed point results for various classes of
mappings in the setting of a G-metric space. For this and more details,
the reader can see (Abbas et al., 2016; An et al., 2015; Dosenovic et al.,
2018; Vujakovi¢ et al., 2023). In 2012, S. Sedghi, N. Shobe and A. Aliouche
(Sedghi et al., 2012) introduced S-metric spaces as a generalization of G-
metric spaces and metric spaces, and proved several fixed point results in
the setting of S-metric spaces. For other results, see (Mojaradiafra, 2016;
Mojaradiafra & Sabbaghan, 2021; Sedghi & Dung, 2014). In 1984, (Wang
et al., 1984), introduced the concept of expanding mappings and proved
some fixed point theorems in metric spaces. For more details on expanding
mappings and related results, we refer the reader to (Mohanta, 2012; Mo-
jaradiafra et al., 2020; Mustafa et al., 2010). This paper establishes some
existence results of a fixed point for a class of expansive mappings in S-
metric spaces. Some existing results from G-metric and S-metric spaces
are extended. The contribution of this paper is in providing new tools to
fixed point theory together with their applications. Let us recall some basic
definitions and properties of S-metric spaces.

DEFINITION 1. (Sedghi et al., 2012) Let X be a non-empty set. An S-metric
on X is a function
S: X x X xX — [0,+00] that satisfies the following conditions for all
z,y, 2,0 € X:

(S1) S(z,y,z) =0ifandonly ifx =y = z,

(S2) S(z,y,2) < S(x,z,a) + S(y,y,a) + S(z, z,a).
The pair (X, S) is called an S-metric space.

ExamPLE1. 1. Let X =R™and || - || anorm on X, then
S(x,y,2) = lly + 2z —2z|| + |ly — z|| is an S-metric on X.
2. Let X =R™and ||-||anormon X, then S(xz,y,2) = ||z — z|| + ||y — 2||
is an S-metric on X.

3. Let X be a nonempty set, d is ordinary metric on X, then
S(z,y,z) =d(z,z)+d(y,z) is an S-metric on X.
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DEFINITION 2. (Bakhtin, 1989) Let X be a nonempty set. A b-metric on X
is a function d : X x X — [0, +oo[ if there exists a real number b > 1 such
that the following conditions hold for all z,y,z € X.

B1 d(z,y) =0ifandonly if x =y,
B2 d(x,y) = d(y,x),

B3 d(z, z) < bld(z,y) + d(y, 2)].
The pair (X, d) is called a b-metric space.

We will prove that every S-metric space (X, S) will define a b-metric
space (X, d).

PRoPosITION 1. (Sedghi & Dung, 2014) Let (X, S) an S-metric space and
let

d(z,y) = S(z,2,y)
forall z,y € X. Then
1. d is a b-metric on X,
2.z, —» xin (X,S) ifandonly if z, — z in (X, d),
3. (zn,) is @ Cauchy sequence in (X, S) if and only if (z,,) is a Cauchy
sequence in (X, d).

DEFINITION 3. (Sedghi et al., 2012) Let (X, S) be an S-metric space. For
r > 0 and x € X, we define the open ball Bs(z,r) and the closed ball
Bg[z,r] with the center = and the radius r as follows

Bs(x,r) = {ye€X:S(y,y,z)<r} (1)
Bglz,r] = {ye€X:S(y,y,z) <r}. (2)

The topology induced by the S-metric is the topology generated by the base
of all open balls in X.

DEFINITION 4. (Sedghi et al., 2012) Let (X, S) be an S-metric space.
1. A sequence (x,,) converges tox € X if S(zp,zn,x) - 0aSn — +o0.
That is, for each ¢ > 0, there exists ny € N such that for all n > nyg
one gets S(xy, xn,x) < €. We write x,, — x for brevity.

2. A sequence (x,) is a Cauchy sequence if S(x,,x,, ;) — 0 as
n,m — +oo. That is, for each ¢ > 0, there exists no € N such
that for all n,m > ny one gets S(zy, Tp, Tm) < €.




3. The S-metric space (X, S) is complete if every Cauchy sequence is
a convergent sequence.

LEMMA 1. (Sedghi et al., 2012) Let (X,S) be an S-metric space. If the
sequence (x,,) in x converges to x, then x is unique.

The next three lemmas are well known, see for example (Sedghi et al.,
2012).

LEMMA 2. In an S-metric space, there exists
S(z,z,y) = S(y,y, ),

forall z,y € X.

LEMMA 3. Let (X, S) be an S-metric space. If z,, — x and y,, — y then
S(xTM $n, yn) — S(':Uv .’L', y)

LEMMA 4. (Mojaradiafra et al., 2020) Any S-metric space is Hausdorff.

DEFINITION 5. Let (X, S1) and (Y, S3) be S-metric spaces. A map

f X — Y is called continuous at x € X if for every ¢ > 0 there exists
0 > 0 such that

Si(z,z,y) < ¢ implies that So(f(x), f(x), f(y)) < e, or

f(Bs,(x,0)) C Bg,(f(x),€).
The next result is also known, see (Sedghi et al., 2012).

LEMMA 5. Let (X, S) be an S-metric space. The map f : X — X is contin-
uous at z € X ifand only if f(x,) — f(x) whenever z, — x.

DEFINITION 6. Let (X, S) be an S-metric space. Amap T : X — X is said
to be a contraction if there exists a constant 0 < k < 1 such that

STz, Tx,Ty) < kS(z,x,y), forall z,y € X.

THEOREM 1. Let (X, S) be a complete S-metric space and T : X — X be
a contraction. Then T has a unique fixed point.
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DEFINITION 7. Let (X, S) be an S-metric space and T be a self-map on X.
Then T is called an expansive map if there exists a constant a > 1 such
that for all x,y € X, one gets

STz, Tx,Ty) > aS(z,z,y).

The constant a is called the expansion coefficient.

REMARK 1. Expansive map on an S-metric space does not need to be con-
tinuous.

THEOREM 2. (Mojaradiafra et al., 2020) Let (X, S) be a complete S-metric
space, and let T : X — X be an onto continuous mapping satisfying

S(Tx, Tz, T?z) > aS(x,x, Tx) (3)

forall x € X, where a > 1. Then T has a fixed point in X.

EXAMPLE 2. (Mojaradiafra et al., 2020) Let
T:(R,S) — (R,S) be defined by

4x forx <2
T(z) = ==
() {4:c+3f0rx>2,

where S(z,y, z) = max{|z — z|, |y — z|}. Then (R, S) is a complete S-metric
space and T is an expansive map with the coefficient a = 2.

Main results

Ouir first main result is as follows:

THEOREM 3. Let (X, S) be a complete S-metric space. LetT : X — X be
an onto mapping such that,

S(Tz,Ty,Tz) > aN(z,y,z) (4)
for all x,y, z, where a > 1 and

S(x,y, Txz),S(Tx, Ty,y),S(Tx, Ty, x),S(Tx, Tx,y),
S(z,z,2),8(Tz,Tz, T?x), S(T?y, T?x,Tz), S(Tx, Ty, 2),
S(z,y,2),S(Tx, Tx,z),S(Ty, Ty,y), S(T?x, T?y, Tz),
S(Tz,Tx,z),S(Ty, Ty, x),S(Tz, Tz, T?y)

N(z,y,z) = min

()




Then T admits a fixed point.

Proof. Letzy € X, since T is onto then there exists an element z; satisfying
x1 € T~ '(xg). Continuing in this way, one gets a sequence (x,), where
z, € T"Yxp_1). If 2, = 2,1 for some n, then z,, is a fixed point of T
Assume z,, # x,,_1 for every n € N, then from (5) one obtains

S(xn—lp Tn—1, xn—2) = S(Txnv Ty, Txn—l) > CLN(JIn, Tn, In—l)a
where

N(xp, TpyTp—1) = (6)

S(xn, n, Txyp), S(Txy, Tan, xn), S(Txn, Ty, ),
S(Txp, Txn, ), S(Tn-1,Tn-1,2n), S(Tn_1, Trn_1,T?zs),
= min S(T?xy, T?xp, Tan 1), S(Txn, TTn, Tn-1), S(Tn, Tn, Tn_1), ,
S(Txp, Txn, ), S(Txn, Tapn, 2n), S(T?20, T? Ty, Ton_1),
S(Tzp, Txn, 2n-1), S(Txn, TTn,t0), S(Txn 1, T2y 1, T1,)

SO
N(l‘n,lﬂn,l’nfl) — (7)
S(xn’ T, l'n—l)y S(l‘n—la Tn—1, !Tn)y S(CCn_l, Tn-1, !Tn)v
S(mnfly Tn—1, -Tn)a S(mnfly Tn-1, -Tn)v S(l‘an, Tn-2, $n,2),
= min S($n72,xn727$n72),S(l'nfl,xnflamnfl)as(l'n,xnal‘nfl), ,
S(-rnfb Tn—1, xn)a S(-rnfly Tn—1, xn)a S(-fnf% Tn—2, xnf2)7
S(.’L’n_l, Tn—1, xn—1)7 S(':Un—b Tn—1, xn)7 S(':Un—Q? Tn—2, .’L'n_g)
then

S(l'nfly Tn—1, xn72) > CLS(.’En, Tn, xnfl)a

this implies that

[u—

S(xnymnaxn—l) < *S(xn—lvxn—lyxn—Q)' (8)

S

Setk = é then k& < 1. By induction one obtains

kS($n,1,$n,1,ﬂ?n,2) (9)

kQS(wn—% Tp-2, xn—S)

S($n, Tn, ZEn,1)

IN N
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IN N

1S (xy, 21, 20).

Then, by (52) and Lemma 2, we get for all n,m € N; n < m,

2S($mal‘m’1’mfl) +S(l‘n,{l}n,$m71) (10)

25(«777717 Ty xm—l) + S(xm—la Tm—1, xn)

S(Zym, Ty Tn)

< 2S($maxm>$m—1) + QS(xm_1,$m_1,l'm_2)
+ S($n7$n7$m—2)
= 25<mmaxm7$m—1> +25(xm—17$m—1axm—2)
+ S(CEme,I‘me, fl:n)
< 2 Z S(xi, @i, xi—1) + S(Tnt1, Tntt, Tn),
1=n—+2
by (10), we obtain
S($m7$ma$n) < 2 Z S(xiawiaxifl) + S(xn+1axn+1axn) (11)
i=n-+2
< 2 Z k1S (2, w1, 20) + S (21, 21, T0)
=n-+2
it 1— km—n—l "
< 2k ﬁS(m,xl,xo)—i—k S(x1,x1,20)
kn+1
< 2 S(z1,x1,20) + k" S (21, 1, 20),

1—-k

so, S(zm,Tm,xn) — 0a@s n,m — +oo and (z,) is a Cauchy sequence.
Since (X, S) is complete, then there exists u € X such that (x,,) is conver-
gent to w.

We need to show that Tu = u, lety € T~!(u), for n such that x,, # u, we
get

S(xn, zn,u) = S(Trns1, Trni1, Ty) > aN(Tpt1, Tnt1,y), Where

N(ﬂfn+1,$n+1ay) = (12)




($n+17xn+1;xn) S($n>$naxn+1)7S($n7xn7xn+1)7

(:U xmxn-l-l) S(y y,xn+1),S(Ty,Ty,xn_1),

(x'ﬂ 1, Tn— 17Ty> S(xn,xn,y),S(mn+1,xn+1,y), )
(xfmxnaxn—l—l) S(an,xn,ﬂ?nﬂ),S($n—179€n—1,Ty),
S(xmxnay)?S(xnaxmxn-‘rl)vS(Tvayvxn—l)

S
S
S

= min

taking the limit as n — 400 we obtain S(u,u,y) < 0, which implies that
Ty = u = y; hence u is a fixed point of T.
]

Our second result is given by

THEOREM 4. Let (X, S) be a complete S-metric space and letT : X — X
be an onto S-continuous mapping. Assume that there exist nonnegative
reals a,b,c,d,e, f,gwithb < 1,anda+b+c+d+e+ f+ g > 1 such that
STz, Ty, Tz) > (13)
> aS*(z,y, 2) + bSHT?x, T?y, 2) + ¢S*(Tx, Ty, x)+
+dS*(Tz, T?y, Tx)S?(y, x, Tx) + eS%(2, Tx,y)S? (2, Tz, y)+
+ fS?(2, Tz, T%))S*(Tx, Ty, y) + 9S*(T?x, T?z,y)S? (y, z, Tx),

forall x € X, then T has a fixed point in X.

Proof. Let 2y € X, since T is onto there exists z; € T~!(x(). Continuing
in this way, we get a sequence (z,,), where z,, € T~ !(x,_1).
If, x,, = x,,_1 for some n, then we obtain z,, as a fixed point of T. Hence,
without loss of generality, we may assume that z,, # =, for every n € N.
By (13), we get

S4(xn_1,93n_1,:zn_2) = S4(T$n,Txn,Ta:n_1)
aSH(xp, Tny Tp_1) + S (Tn_2, T2, Tn_1)
+eSMxp 1, Tp_1,Ty)
dS*(xp_9,Tpn_2,2n_1)S*(Zp, Tn, Tn_1)
eSQ(wn,l,xn,l,azn)SQ(xn,l, Tpn—1,Tn)

5?2 :cn_l,xn_l,xn_g)SQ(afn_l,xn_l,:cn)

(
+ gSQ(xn—% Tn—2, $n)52($n7 Tn, xn—l),

+ + + + WV

hence, by Lemma 2 we obtain

(a+¢)S"(@n, T, Tno1)+ (14)
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+ (d +e+ f+ g)SQ('rna Tn, xnfl)sa(xnfl» Tn—1, 557172)_
- (1 - b)S4(xn—17$n—17xn—2) S 07

which is equivalent to
(a+c)r4+(d—i—e—|—f+g)r2—(1—b)SO, (15)

where

S(:Ena Tn, l’n,]_)
S(Tn—1,Tn-1,Tn—2) '
Let f : [0,400[— R be the function given by

T =

fr)=(a+e)r!+(d+et f+g)r’—(1-b)=0,
then, using assumptions, we get f(0) =b—1<0and f(1)=a+b+c+
d+e+f+g—1>0.
One can deduce that, there exists k£ €]0, 1] for which inequality (15) holds

whenever r < k, and hence
S($n7$naxnfl) ks(l‘nflal’nfbxn72)

k2S(xn—2’ Ln—2, xn—S)

VAN VAN VAN VAN

kn_ls(ajl) T, IO)a

then, by (52) and Lemma 2, we get for all n,m € N; n < m,

S(Tmy Ty xn) < 28(Tm, Ty Tm—1) + S(Tn, Tny Tin—1) (16)
25(Tms Ty Tm—1) + S(Tm—1, Tm—1, Tn)
< 25(imy Ty Tm—1) + 28 (Tm—1, Trm—1, Tm—2)
+ S(Tp, T, Tm—2)
= 25(Tm, Tm, Tm-1) + 25 (Tm—1, Tm—1, Tm—2)
+ S(Tm—2,Tm-2,%n)
m
< 2 Z S(zi, ziyxi—1) + S(Tnt1, Tnt1, Tn),
i=n+2

by (16), we obtain

S(xm7xm7w7’b) < 2 Z S(xz‘,l'i,ﬂfi_l)+S($n+1,xn+1,(£n) (17)

i=n-+2
1012



m
S 2 Z ki_15<$1,$1,$0)+k‘nS(.%'1,$1,{L‘0)
i=n+2

2kn+1 1— km—n—l

1—k
kn+1

IN

S(x1,x1,x0) + E"S(z1, 21, 20)

< 2
- 1-k

S(x1,x1,20) + k™S (21,71, 70),

S0, S(Zm, Tm,xn) — 0 @S n,m — 400 and (z,) is a Cauchy sequence, and
by the completeness of (X, ), there exists u € X such that (z,,) converges
to u. By continuity of 7', we get

T(xy) = xp—1 — Tu,
thus © = T'u. We conclude that u is a fixed point of T'. O
We state our third result in the sequel.

THEOREM 5. Let (X, S) be a complete S-metric space and letT : X — X
be an onto continuous mapping satisfying

S(T'xaT:%TZ) Z 015<T$,Ty,$) + C2S(TZ7T2y?Tx) + C3S(ya Y, Ty)+ (18)
S(Ty, 2, T%*x) + S(z,Tx,y) + S(T%x, T%, 2)

+cyS(Tx, Tz, Tz) + cs

3
e [S(z, Tz, T?y) + kS’(TQ?g)J7 Tz,Tx)+ S(x,y, z)} N
Lo [S(T%Ty,y) +S(T2, T2, Ty) + S(y, v, 2)}
7 ’
3

where cq, co, c3, ¢4, 5, cg, c7 @re non negative reals that verify
c1t+cateztestest+egt+er>1, and3 —3co — 3cq — 2¢5 — 2c6 — 7 > 0,
then, T has a fixed point in X.

Proof. Replacing y by « and z by T'z in (18), we obtain

S(Tz, Tz, T?2z) > STz, Tx,z) + c2S(T%x, T?x, Tx) (19)
+ e3S(z,x,Tx) + e4S(Tx, Tz, T?x)
L. |:S(Tl‘, Tz, T%z) + S(Tx, Tz, z) + S(T?z, Tz, Tx)
5

3
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S(Tz, Tz, T?x) + S(T?x, T?x,Tx) + S(x, 2, Tx)
3
S(Tz,Tx,z)+ S(T%x, T?x,Tz) + S(x, z, T:L')}
3 )

+ 66|:

+ C7|:

without loss of generality, we may assume that T'(z) # T2(x), then (19)
entails

S(Tx,Tx, T?x) > (c1+ G5t or

)S(Tx, Tx, )

¢s + cg + c7

3

Ce + C7
3

cs + Cp
3

+ (c2+ VS(T?z, T?x, T'x)

+ (ecs+ )S(z, 2z, Tx)

+ (ea+ VS(Tz, Tz, T%x). (20)

Using Lemma 2, we obtain

(1 — (e + g + @f% 4 Cofcoten)) (T Ty, T?) >
(c1 + 3+ =Fer 4 @xen) S(z, 2, Tx), (21)

which implies that

(3 =3¢y — 3cq — 2¢5 — 2¢6 — ¢7)S(Tx, Tx, T?x) > (3¢1 + 3¢3 +
+cs5 + 6+ 2¢7)S(x, z, Tx), (22)

hence

S(Tw, Tx T2:U) S 3c1 + 3c3 + 5 + ¢ + 2¢7

S(x,z,Tx). 23
— 3 —3co —3c4 — 2¢5 — 2¢6 — 7 (2,2, Tx) (23)

Setting, a = ¢1 + ¢o + ¢3 + ¢4 + ¢5 + ¢ + ¢7, then by assumption we obtain
a > 1. So, (23) becomes condition (3); therefore, the result follows from
Theorem 2. O]

Now, we give an example illustrating our result in Theorem 5.
ExAMPLE 3. Let X = R be the set of real numbers. Define

S(a2) = {

Oifr=y==z
max{|z|, |y, |z|} otherwise.

Then (X, S) is an S-metric space.

Assume
1014



Tﬂ::{ ﬂ:clfa:<0,

%xifoU-
We get
2z ifz <0
2 o )
Tz {%fifx>o.
—2zifr<0
T — T = . ’
—2zifx <0
2,0\ (72, — ’
S(Tl’,Tl'aTl')_|T :E’_{ %xifxzo-
Set 61:%762:%103:%104:%165:4770106:2370andc7:%,SO

conditions of Theorem 5 are verified; hence T admits a fixed point in R.
One can see that the fixed point here is zero.
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Resumen:

Introduccién/objetivo: El objetivo de este articulo es establecer
algunos resultados de existencia de un punto fijo para una clase
de mapeos expansivos definidos en un espacio S-métrico com-
pleto.

Métodos: Se utilizé un esquema de iteracion.

Resultados: Algunos resultados existentes de mapeos que sa-
tisfacen condiciones contractivas se expanden a resultados ex-
pansivos, proporcionando una nueva condicion expresada en
una variable bajo la cual se cumple la existencia de un punto
fijo.

Conclusién: Este trabajo proporciona nuevas herramientas a la
teoria del punto fijo junto con sus aplicaciones.

Palabras claves: punto fijo, espacio S-métrico, mapeo expansi-
vo.
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Pesrome:

BeedeHue/uens: Lenbs daHHOU cmambU — 8biS8UMb pesyribma-
mbI O Hau4uu Hernod8UXXHOU MOYKU 8 KJlacce pPacuiupsiroUUXCS
omobpaxeHul, orpedeneHHbIX 8 MOSIHOM S-Mempu4YeCcKOM rpo-
cmpaHcmee.

MemoOdni: B uccnedogaHuu ucrnob3o8aHa umepauyuoHHas cxe-
ma.

Pesynbmamel: B daHHOU cmambe pa3eepHymbl HEKOmopble U3
cywecmsyrwux pesylbmamog pacliupsioujuxcs omobpaxe-
Huli, komopble 6biu G0MNoIHeHb! HOBbIMU CXUMAarWUMU YCIlo-
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8USIMU, 8bIpakeHHbIMU 0OHOU nepemMeHHOU, npu Haau4uu Hero-
O8UXXHOU MOYKU.

Bbieodbi: B daHHoU cmambe ripedcmasneHsi criocobbl rnpume-
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Abstract:

Introduction/purpose: The Collatz conjecture has been considered and
the stopping time needed for the recursive transformation to end has
been investigated.

Methods: A statistical analysis on the stopping time has been used.
Results: The statistical approach shows that the probability of finding
an infinite stopping time, that is a violation of the Collatz conjecture, is
extremely low.

Conclusion: Picking precisely one particular atom in the Universe is still
more favorable, by more than 61 orders of magnitude, than encountering
an infinite total stopping time.

Key words: Collatz conjecture, recurrences, statistical analysis, curve
fitting.

Introduction and definitions

The Collatz conjecture starts from a very simple function. For N € N
define C(N) as

N .
C(N) = : if N even, (1)
3N +1 if N odd.
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This function applied recursively creates a sequence. Translating C'(N)
to a sequence {a;};cn, applying recursively the operation starting from a
positive integer N, one could write a; as follows:

0 — N fori =0 @)
C(ai_l) fori >0 s

so that a; is obtained by iterating the application of C for i times,
C(C(C(...C(ap)))) , written as a; = C(N)".
Starting the sequence from N = 12, for instance, one has:

12,6,3,10,5,16,8,4,2,1,
while the same procedure for N = 3333 leads to

3333, 10000, 5000, 2500, 1250, 625, 1876, 938, 469, 1408, 704, 352, 176, 88, 44,
22,11,34,17,52, 26, 13,40, 20, 10, 5,16, 8,4,2,1 .

In both cases, the sequence ends in the same manner with the number
1. The number of steps necessary to end the sequence started with N,
that is, to reach number 1, is called stopping time. The conjecture of Col-
latz, stated almost a hundred years ago in 1937 (MacTutor, 2024), is that
for every N € N the stopping time is finite. Up to now, there is no proof of
the conjecture, or a counterexample disproving it. There is a huge amount
of literature on the subject; for a short list, see, for example (Applegate
& Lagarias, 1995a,b; Fabiano et al., 2021, 2023; Guy, 2004; Kurtz & Si-
mon, 2007; Lagarias, 1985; Weisstein, 2024) and the references therein.
Empirical evidence, that is, numerical simulation, confirms the conjecture
that the stopping time is finite for every N, and that there does not exist
another ending sequence except from the one described above with the
final number 1.

In this work, some results obtained for the stopping time and its conse-
quences will be discussed.

Total stopping time

Collatz transformations (1) and (2) show that even numbers generate
smaller numbers. In particular, powers of 2, 2¥, have the shortest total
stopping times equal to &. Odd numbers clearly add more steps to the




sequence, thus increasing total stopping times. Therefore, even numbers
generated from N tend to shorten the sequence, while odd numbers gen-
erate larger numbers that increase the stopping time. Let us define E(N)
as the number of even numbers generated by the sequence starting from
the value N, and O(N) as the number of odd numbers generated in the
same sequence. Define the total stopping time T'(IV) as

!

T(N) = max T(N') (3)
for N, N’ € N, being the largest stopping time for all numbers smaller or
equal to N, which clearly has the property that T'(N) = E(N) + O(N). To
provide some examples, the Collatz sequences for the first few numbers
of N are, respectively,

N =3:
3,10,5,16,8,4,2,1,

thatis, F(3) =5, O(3) = 3, s0 T(3) = 8.

N =4

4,2,1,

E4) =2, O(4) = 1, and T'(4) = 8 because the loop of N = 3 is longer
than the one of V = 4.

N =5:

5,16,8,4,2,1,

E(5) =4, O(5) = 2,and T'(5) = 8 once again for the same reason of the
case N = 4.

From Collatz transformations (1) and (2), one could write the relation

9P(N) _ 30(N) . N . Res(N), (4)

where Res(NV) is called the residue, and is defined as

Res(N) = [ <1+30(1N)> (5)

0<i<T(N)

where H/ means that the product is taken on all odd values of C(N)'.
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The coefficient R is defined as

_ E(N)
“ o) ©)

sometimes the inverse of R is called “completeness”. The following theo-
rem could be stated:

THEOREM 1. Forevery N e N, N > 1:

~ 1.58 . (7)

Proof. Looking at egs. (4) and (6) and taking the logarithm, it is possible to

write

E(N) _In(3) _(n(N)+InRes(N)) _ In(3) @)
O(N) ~ In(2) O(N)1n(2) n(2)

O

The investigation shall now proceed further on the behaviour for large
N of the residue (4). From eq. (1), C(N) > N/2, therefore

Res(N) <[] <1+3%i>.

0<i<T(N)

Rewriting the upper bound on the residue in the following manner

! 2i
Res(N) < exp Z In <1 + 3Ni> (9)
0<i<T(N)
and taking the limit, one ends up with the result
Nl_l)IEOO In(Res(N)) =0. (10)

The value of R (6) therefore could assume a range of values between
In(3)/1n(2) and k, for N = 2%, N > 2. The minimal value is reached in the
case of an infinite total stopping time, while the value of % is reached when
N equals powers of 2, 2*. Conversely, the completeness has values in the
range [1/k,In(2)/In(3)).

Our analysis starts from the results shown in Figure 4a of (Fabiano et
al., 2021, 2023) and further extends the analysis adding more points from




3000
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2000 | / E
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500 | / i

n (n=log(N))

Total stopping times

Figure 1 — Total stopping time as a function of n = log(N), compared to a linear fit

numerical analysis and also using the available data for the largest total
stopping times discovered up to now (Roosendaal, 2024) for N of the order
of 1020,

Figure (1) shows the plot of the total stopping time as a function of n, n =
log(NN), together with a linear fit of the curve. There is clearly a behaviour
with increasing n that reproduces remarkably well a linear function, from
the fit 139.2n — 249.8 with the correlation coefficient » = 0.9972 quite close
to 1. Thus, the total stopping time does not departure significantly from its
minimal value encountered for the discussed case of powers of 2, a purely
linear function of log(N).

As aresult, it is possible to infer that the behaviour of the total stopping
time for large N is proportional to its log, that is,

T(N) ~ log(N) . (11)

Figure (2) presents the ratio of even to odd numbers for large N, for-
mula (6), of the total stopping time when applying the Collatz procedure. It
is apparent that this ratio decreases with growing N while seemingly ap-
proaching an asymptotic value larger than zero.
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Figure 2 — Even to odd ratio for the total stopping time as a function of n = log(N)

The statistics from the data of Figure (2) gives for the average of R and
its standard deviation:

R+ op = 1.65485 £ 0.00272805 (12)

We assumed that the results of eq. (12) represent a normal distribution.
The hypothesis on the values of R being normally distributed has been
supported by many tests effectuated on the data set, like Kolmogorov—
Smirnov, Pearson x?2, Shapiro-Wilk, Anderson—Darling and Kuiper, which
did not contradict it.

The distance of R from the value of In(3)/In(2) is given by 25.6181
times the standard deviation o, thatis, R — 25.61810 = In(3)/In(2). The
probability for this event to happen is smaller than 107143,

As a comparison term, the number of atoms in the Universe is of the
order of 1032, meaning that picking precisely one particular atom in the
Universe is still more favorable, by more than 61 orders of magnitude, than
encountering an infinite total stopping time. The current agreement for a
discovery in particle physics should have at least a five sigma, 50, discrep-
ancy with the already known physics of the Standard Model. Such an event
has a probability to occur of less than 1075.




This result coming from statistical analysis infers that the probability of
finding an infinite total stopping time is extremely tiny, being “zero” when
compared to other already very small quantities encountered in Science.

It must be stressed however that this result for the finiteness of the total
stopping time cannot rule out the possibility of existence of some values of
N that under the Collatz procedure enter a different kind of loop not ending
with 1.

References

Applegate, D. & Lagarias, J.C. 1995. Density bounds for the 3z + 1 problem. I.
Tree-search method. Mathematics of Computation, 64(209), pp.411-426. Available
at: https://doi.org/10.1090/S0025-5718-1995-1270612-0.

Applegate, D. & Lagarias, J.C. 1995. Density Bounds for the 32+ 1 Problem. II.
Krasikov Inequalities. Mathematics of Computation 64(209), pp.427-438. Available
at: https://doi.org/10.1090/S0025-5718-1995-1270613-2.

Fabiano, N., Mirkov, N. & Radenovi¢, S. 2021. Collatz hypothesis and Planck’s
black body radiation. Journal of Siberian Federal University. Mathematics &
Physics, 17(3), pp.408-414 [online]. Available at:
https://www.mathnet.ru/eng/jsfu/v17/i3/p408 [Accessed: 4 April 2024].

Fabiano, N., Mirkov N., Mitrovi¢, Z.D. & Radenovi¢ S. 2023. Chapter 3: Collatz
Hypothesis and Kurepa’s Conjecture. In: Advances in Number Theory and Applied
Analysis, pp.31-50. Available at: https://doi.org/10.1142/9789811272608 _0003.

Guy, R.K. 2004. Unsolved Problems in Number Theory, Third Edition. Springer
Science & Business Media. ISBN: 978-0387-20860-2.

Kurtz, S.A. & Simon, J. 2007. The Undecidability of the Generalized Collatz
Problem. In: Cai, JY., Cooper, S.B. & Zhu, H. (Eds.) Theory and Applications of
Models of Computation. TAMC 2007. Lecture Notes in Computer Science, 4484.
Berlin, Heidelberg: Springer. Available at:
https://doi.org/10.1007/978-3-540-72504-6_49.

Lagarias, J.C. 1985. The 3z+1 Problem and its Generalizations. The American
Mathematical Monthly, 92(1), pp.3-23. Available at:
https://doi.org/10.1080/00029890.1985.11971528.

MacTutor. 2024. Collatz conjecture. MacTutor [online]. Available at:
https://mathshistory.st-andrews.ac.uk/Biographies/Collatz [Accessed: 4 April
2024].

Roosendaal, E. 2024. On the 3z + 1 problem [online]. Available at:
http://www.ericr.nl/wondrous/delrecs.html [Accessed: 4 April 2024].

Weisstein, E.W. 2024. Collatz Problem. MathWorld—A Wolfram Web Resource
[online]. Available at: https://mathworld.wolfram.com/CollatzProblem.html [Ac-

cessed: 4 April 2024].
1025

Fabiano, N. et al., Some considerations on the total stopping time for the Collatz problem, pp.1019-1028


https://doi.org/10.1090/S0025-5718-1995-1270612-0
https://doi.org/10.1090/S0025-5718-1995-1270613-2
https://www.mathnet.ru/eng/jsfu/v17/i3/p408
https://doi.org/10.1142/9789811272608_0003
https://doi.org/10.1007/978-3-540-72504-6_49
https://doi.org/10.1080/00029890.1985.11971528
https://mathshistory.st-andrews.ac.uk/Biographies/Collatz
http://www.ericr.nl/wondrous/delrecs.html
https://mathworld.wolfram.com/CollatzProblem.html

Eﬁ VOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2024, Vol. 72, Issue 3

Algunas consideraciones sobre la detencion del tiempo total
para el problema de Collatz

Nicola Fabiano?, autor de correspondencia, Nikola Mirkov?,

Stojan Radenovic®

@ Universidad de Belgrado, Instituto de Ciencias Nucleares "Vin¢a” -
Instituto Nacional de la Republica de Serbia,
Belgrado, Republica de Serbia

® Universidad de Belgrado, Facultad de Ingenieria Mecanica,
Belgrado, Republica de Serbia

CAMPO: matematicas
TIPO DE ARTICULO: articulo cientifico original

Resumen:

Introduccién/objetivo: Se ha considerado la conjetura de Collatz
y el tiempo de parada necesario y se ha investigado la detencién
del tiempo necesaria para que finalice la transformacién recursi-
va.

Meétodos: Se ha utilizado un analisis estadistico de la detencién
del tiempo.

Resultados: El enfoque estadistico muestra que la probabilidad
de encontrar una detencién del tiempo infinito, es decir, una vio-
lacion de la conjetura de Collatz, es extremadamente baja.

Conclusioén: Escoger precisamente un atomo particular en el El
universo es aun mas favorable, en mas de 61 6rdenes de mag-
nitud, que que encontrar una detencién del tiempo total infinita.

Palabras claves: Conjetura de Collatz, recurrencias, analisis es-
tadistico, ajuste de curvas.
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Konnamua u uccnedoeaHo epemsi ocmaHO8KU, Heobxodumoe
01151 3a8epuWeHUsI PEKYPCUBHO20 rpeobpa3oeaHus.

MemoOsi: Bbbin ucnonb308aH cmamucmuyYeckul aHanu3 epemMe-
HU OCMaHo8KU.

Pesynbmamei: Cmamucmu4yeckuli nodxo0 rokasbieaem, 4mo
8eposSIMHOCMb Haxox0eHuUs1 beCKOHEYHO20 8peMeHU OCmMaHo8-
KU, mo ecmb HapyueHusi auriome3abi Konnamua, 4pe3ebidaliHo
mana.

Bb1800: Bblibop UMeHHO 00HO20 KOHKpEMmMHO20 amoma 6o Bce-
NleHHoU bornbwezo Ha 61 nopssdok eeposimHee, YeM 8eposim-
HOCMb CMOMKHYMbCS ¢ 6ECKOHEYHbBIM 06U UM 8peMeHeM ocma-
HOBKU.

Kntouessie crnosa: aunomesa Konnamua, PEKYPPEHIMHOCMb,
cmamucmuyeckuli aHasu3, No02oHKa K,OUGOL7.

Heka pasmaTparsa 0 yKynmHOM BpeMeHy 3aycTaBrbama 3a
Konauos npobriem

Hukona ®abwnaHo®, ayTop 3a npenucky, Hukosa Mupkos?,

CmojaH PageHosuh®

@ YHuBep3auTeT y beorpagy, HCTUTYT 3a HykneapHe Hayke “BuHya” —
HaunoHanHu nHctutyT Penybnuke Cpbuije,
Beorpaga, Penybnvka Cpbuja

5 YHuBepauTeT y Beorpaay, MalumHcku hakynTer,
Beorpaa, Penybnuka Cpbuja

OBJTIACT: matematuka
KATETOPWJA (TUM) YNAHKA: opurMHanHu Hay4Hu pag

Caxxemak:

Yeod/uurb: PasmompeHa je Konauyoea npemrnocmaseka u ro-
mpebHo 8pemMe 3a 3aycmass/bare PEKyp3usHe mpaHcgopmayu-
je.

Memode: KopuwheHa je cmamucmuyka aHanu3sa epemMeHa 3ay-
cmaesbamsa.
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Pesynmamu: Cmamucmudku npucmyn riokasyje 0a je eepo-
eamHoha npoHanaxema b6ecKoHa4yHO2 epeMeHa 3aycmaessba-
Ha, wmo Hapywasa Konayosy xuriomesy, u3y3emHo HUCKa.

Bakrpyyak: Beposam+oha odabupa mayHo jeOHo2 amoma y ue-
JIOKYrHOM yHuUgep3yMy je 3a suwe 00 61 peda senuyuHe 8epo-
eamHuja 00 Haunaxera b6pojHoe Hu3a ca becKoHa4yHUM epeme-
HOM 3aycmassbarba y Konayosom npobnemy.

KmbyyHe peuyu: Konauoea xurniomesa, rioHas/baka, cmamu-
cmuyka aHanusa, arnpokcumauuja Kpuse.
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Abstract:

Introduction/purpose: This article introduces the concept of revised fuzzy
cone contraction by using the concept of a traiangular conorm and Revised
Fuzzy Cone contractive conditions.

Methods: This article established new Revised Fuzzy Cone Contraction
(RFC-C) type unique coupled Fixed Point theorems (FP theorems) in
revised fuzzy cone metric spaces (RFCMS) by using the triangular property
of RFCMS.

Results: The obtained results on fixed points in revised fuzzy cone metric
spaces generalize some known results in the litrature and present
illustrative examples to support the main work.

Conclusion: The RFC contractive conditions generalize some important
contraction types and examine the existence of a fixed point in revised fuzzy
cone metric spaces. In addition, the Lebesgue integral type mapping is
applied to get the existence result of a unique coupled fixed point in RFCMS
to validate the main work.

Key words: revised fuzzy metric, revised fuzzy cone, fixed point.
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Introduction

In the year 1965, Zadeh (Zadeh, 1965) introduced the concept of
fuzzy sets which permit the gradual assessment of the membership of
elements in a set. To use this concept in topology, Kramosil & Michalek
(1975) introduced the class of fuzzy metric spaces [FMS]. After that,
George & Veeramani (1994) modified the concept of fuzzy metric spaces
and defined a Hausdorff topology on this fuzzy space. After that In 2015,
the notion of fuzzy cone metric space (FCM space) was introduced by
Oner et al. (2015). Grabiec (1988), gave the well-known Banach
contraction principle in the case of fuzzy metric spaces, in the sense of
Kramosil and Michalek.

Indeed, Huang & Zhang (2007) rediscovered the idea of a Banach-
valued metric space. Indeed, many mathematicians proposed it, but it
became popular after Huangand Zhang's study. By adopting the theory
that the underlying cone is normal, they demonstrated the convergence
properties and some FP-theorems. In 2015, Oner et al. (2015) gave the
idea of a fuzzy cone metric space (FCM-space), and they also presented
some fundamental properties and “a single-valued Banach contraction
theorem for FP with the assumption that all the sequences are Cauchy.”
After that, Li et al. (2021) settled some generalized fuzzy cone contractive
type FP-results neglecting that “all the sequences are Cauchy” in a
complete FCM-space. And later, Jabeen et al. (2020) presented some
common FP theorems for three self-mappings, by taking into consideration
the idea of weakly compatible in FCM-spaces with an integral type
application.

Chen et al. (2020), gave the idea of coupled fuzzy cone contractive-
type mappings. They proved “some coupled FP-theorems in FCM-spaces
with non-linear integral type application.” Latterly Rehman & Aydi (2021)
presented the concept of rational type fuzzy cone contraction mappings in
FCM-spaces. They used “the triangular property of fuzzy metric’ as a
fundamental tool and proved some common FP-theorems and give an
application. Guo & Lakshmikantham (1987) proved “coupled FP results for
the nonlinear operator with applications”. Later, Bhaskar &
Lakshmikantham (2006) present some coupled FP-theorems in the
context of partially ordered metric spaces, and this work is also presented
by Lakshmikantham & Cirié (2009). The concept of a cone metric space is
introduced by Huang & Zhang (2007) and they also proved FP results.
Some more fixed point results in a cone metric space and Fuzzy Metric
spaces can be found in (Jankovi¢ et al, 2010; Javed et al, 2021;




Kadelburg et al, 2011; Karapinar, 2010; Rezapour & Hamlbarani, 2008;
Shamas et al, 2021) and the references therein.

Alexander Sostak (2018) additionally represented the idea of George-
Veeramani Fuzzy Metrics Revised [RFMS]. Presently, Olga Grigorenko et
al. (2020) introduced “On t-conorm primarily based Fuzzy (Pseudo)
metrics”. In 2023, Muraliraj et al. (2023) proved some common coupled
FP-results for commuting mappings in FMS. Muraliraj & Thangathamizh
(2021b) introduced the concept of a Revised fuzzy modular metric space
[RFMMS]. Moreover, Muraliraj & Thangathamizh (2023a) tend to prove
that a Revised fuzzy cone topological space is pre-compact if and
providing each sequence in it is a Cauchy subsequence. Further, we tend
to show that X; x X, may be a complete Revised fuzzy cone topological
space if and providing X; and X, are complete Revised fuzzy cone metric
areas. Finally, it is tried that each divisible Revised fuzzy cone topological
space is second calculable and a mathematical space of a separable
Revised fuzzy cone topological space is separable. Some more t-conorm
results in various metric spaces can be found in (Kider, 2020, 2021;
Muraliraj & Thangathamizh, 2021a, 2022, 2023b; Oner & Sostak, 2020;
Parakath Nisha Bagam et al, 2024; Muraliraj et al, 2024) and the
references therein.

This paper presents some unique coupled FP findings in RFCMS by
taking the idea of Guo & Lakshmikantham (1987) and Chen et al. (2020).
Furthermore, we have also presented an application of the two Lebesgue
Integral Equations (LIE) for a common solution to uphold our work. This
paper is organized as follows: Section 2 consists of preliminaries. Section
3 establishes some unique coupled FP-results in RFCMS with illustrative
examples. Section 4 presents an application of Lebesgue integral mapping
to get the existence result of unique coupled FP in RFCMS to hold up the
main work. In Section 5, we discuss the conclusion of our work presenting
the objectives and hypotheses of the research or intervention.

Priliemeries

Some fundamental definitions and lemmas are given in this section.
Definition 1 (George & Veeramani, 1994).
An operation ® :[0, 1]?> - [0, 1] is called a continuous t-conorm if
(i) Ois associative, commutative, and continuous
(i) 0Ogq =g and ¢ ©q; < q3 O q4, Whenever g, < g3 and

42 < G4,V G, G2, q3, 44 € [0, 1]
(iii) The maximum; g; © q, = max {q, g2}

(iv) The product; g1 © q; = q1 + 42 — ¢192

Thangathamizh, R. et al, New approach of Lebesgue integral in revised fuzzy cone metric spaces via unique coupled fixed point theorems, pp.1029-1045
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(vi) The Lukasiewicz; g; © q, = min{q; + q,,1}.
Definition 2 (Huang & Zhang, 2007).

Let E be a real Banach space and 3§ be the zero element of E, and p is a subset
of E. Then, p is called a cone if,

(i)p is closed and nonempty, and p # {9}

(i) @y, ER, 1,0, =2 0and Va,b €p,thenaa+ab €Ep

(iii) both a € p and —a € pand thena = 9

A partial ordering on a given cone p C E is defined by a<b © b —a € p.
a < b stands for a < b and a # b, while a < b stands for b — a € int{p}. In
this paper, all cones have nonempty interior.

Definition 3 (Sostak, 2018).

Let U be a set and ©:[0,1]?> = [0,1] is a continuous t-conorm. A RFMS, on
the set U is a pair (N,,®) or simply N,, where the mapping N,: U? - [0, 1]
satisfying the following conditions,

(RF 1) Ny(by, by, t) < 1 and Ny(by, by, t) = 0 & by = b,

(RF 2) No(by, by, ) = No(by, by, t)

(RF 3) Ny(by, by, t) © No(by, bs,s) = Ny(by, b3, t +5)

(RF 4) Ny(by, by, —): (0,0) > 0, 1)is right continuous V by, by, b; €U
andt,s > 0. Then, (N,,®) is said to be a RFM on 9.

Definition 4 (Muraliraj & Thangathamizh, 2023).

A 3-tuple (U, N,,©®) is said to be RFCMS if p is a cone of E, U is an arbitrary
set, © is a continuous t-conorm and (N,,®)be a RFCM on U ? X int (p)
satisfying the following conditions; V by, b,,b; € U and t,s € int(p).

i. Ng(by, by, t) < 1and Ny(by, by, t) =0 by = b,

ii. Ng(by, by, t) = Ny(by, by, t)

iii. No(by, by, t) O No(by, bs,s) = No(by, bs, t +5)

iv. No(bq, by, —): int (p) - [0,1] is continuous.

Definition 5 (Muraliraj & Thangathamizh, 2023)

Let (U, No,®) is a RFCMS, 3b; € U and {b;} be any sequence in U.
(i) {b;} converges to b, if for any c € (0, 1),t »6, and 3j; €N such that
No(bj, by, t) < c,forj = jy. This can be written as limb; = 0, 0rb; - b; as j - «.

j—ooo

(i) (b;) is Cauchy if for any ¢ € (0, 1),t »8 and 3j; € N such that
No(bj, by, t) < c for j,k = jj.

(iii) (U, Ny, ®) is complete if every Cauchy sequence is convergent in U
(iv) {b;} is RFC contractive if 3 «(0,1) so that

No(by, bya1t) < @ (No(bj-1, by, t)) fort >0, j= 1. (1)




Lemma 6
Let (U, Ny,®)is a RFCMS and a sequence

b; > by €U & Ny(b;, by, t) > 0asj - oo foreach t > 6.
Definition 7

Let (U, Ny,®)is a RFCMS. The RFCM N, is triangular if

No(bq, b3, t) < No(by, by, t) + No(by, bs, t), V by, by, b3 €U, t > 0, (2)

Definition 8

Let (U,Ny,®)is a RFCMS and A:U - U. Then, A is called RFC

contractive if there is a € (0,1) so that

No(Aby, Aby, t) < a(Ny(by, by, t)), ¥ by, b, €U and ¢ > 0, (3)

Definition 9

Let (4;,1,) €U 2 Then, it is said to be coupled FP of a mapping A: U?% - U if

A(be b3) = bZi

A(b3' b,) = bs. (4)
As a follow-up to our original work, we now prove a few special pair

FP theorems in RFCMS with examples. Additionally, we offer a Lebesgue
integral contractive type application.

Main results

Now, the first main result is presented.
Theorem 10.

Let A:U? - Uis a mapping on complete RFCMS (U, Ny,®) in which N,
is triangular and satisfies the following inequality

NO (A(a, b), A(f, (): t) S l(NO (a, E: t)) + m(M(A(a, b)! A(g, (), t)) (5)

where
N (a,A(a, b)! t) + NO({: A(fr Z)r t)
M(A(a, b), A(E, ,t={0 }

(A(@.0), 4G O0 =1 N (0, 4E,0), ) + No(E, Ala, b), 0
Vabél€eU,t=0,1€01),andm =0 with (I +4m) < 1.
Then, A has a unique coupled FP in U.
Proof:
Any ay, by € U; we define sequences {a;} and {b;} in U such that
A(aj, b]) = aj+i, A(b],a]) = bj+i= forj > 0. (7)
From (5) for t = 6, one gets
No(), @j+1,t) = No(A(aj-1, bj-1). A(a;, by), t)

(6)
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<l (No (aj-1, @), t)) +m (M(A(aj_l, bj-1), A(a;, by), t)) (8)

where
No(j-1, A(@j-1, bj1),t) + No(a;, A(ay, by), t))
M(A(a:._4,b;_1),A(a;, b;), t) = 9
(Aw-rt-) 4G 5).0) = e ©
= (No(aj_l, a]-, t), No(aj, aj+1, t), No(a]-_l, aj+1, t))
<2 (No(aj_l, a]-, t) + No(aj, aj+1, t))
From (8) and (9), for t > 9,
No(aj, aj4q,t) <1 (No(aj_l, aj, t)) +2m (No(aj_l, aj,t) + No(aj, aj11, t)) (10)
After simplification, one obtains

No(aj,aj4q,t) <2 (No(aj_l,aj,t)) fort > 0, (11)
+2m

where A = (—(1_2m))

Similarly,

No(aj_y,a;,t) <2 (No(aj_z, a1, t)) fort > 9. (12)

From (11) and (12), by induction, for t > 9,
No(aj,aj+1,t) < A (No(aj_l,aj,t)) < AZ (No(aj_l, aj, t))

S S /’lz(No(ao,al, t)) d 0, as ] —> 0, (13)
The above shows that {a;} be a RFC-C; therefore,
limNy(aj, aj44,t) = 0, for t » 9. (14)

j—oo
Now fori > j and for t » 9, then
No(a; + aj4q,t) < (No(aj +ajy1,t) + No(ajpq + ajip t) + -+ 22(No(aiy + ay, t)))
<V (No(ag + ay,t)) + VYH(No(ag + ay, t)) + -+ M 1(Ny(ag + a1, 1))
= (lj + AT /11'—1) ((No(ao + al,t)) ) as j — oo.
Y .
= E((No(ao +a;,1)) ) as j - o, (15)

Hence, the sequence {q;} is Cauchy. Now for the sequence {b;} and from
(5), for t » 9, there is

No(bj, bjs1,t) = No(A(bj-1, bj-1), A(by, @), t)
< 1 (No(bj—s, by, 1)) +m (M(A(bj—1, aj-1), (B, ;). 1)), (16)

where
No(bj—1, A(bj—1,aj—1), t) + No(b;, A(bj, @), t)
M- -0). ()0 = (M A o B0 0)
]— 4 ]l ] ’

= (No(bj_l, bj' t) + No(bj, b]‘+1, t) + No(bj_l, bj+1, t))




= 2(No(bj-1, by, t) + No(by, by41,t)) (17)
Now, from (16) and (17), for t > 9,
No(by, Bjas,t) < 1(No(bjs, by, ) + 2m (No(bj-y, by, t) + No(by, Byan,t))  (18)
one gets, after simplification,

No(by, b1 t) < A (No(bjy, by, ), for ¢ >0, (19)
where 1 = 2m
(1-2m)
Similarly,
No(bj—1, by, t) < A (No(bj_z,bj_1,t)), for ¢ > 9. (20)

Now, from (19) and (20) and by induction, for t > 9,

Ny (b;,0,.18) < A(Ny (b,1b,02)) < 22(Ny (b,5,b,1.))

< SA](NO(bo,bl,t)) (21)
It shows that the sequence {b;} is a RFC-C; therefore,
limNo(bj, bj+1,t) = 0, for t > 9. (22)
joo

Now, fori > j and for t » 9, there is
No(by, b1 t) < (No(Bj, bjas, ) + (No(Bjes, Byaas £) + -+ + 22 (No(bi—s, by, 1)

S /’{](No(bo, bl’ t)) + /’lj+1(N0(b0, bl' t)) + + /’lj_l(No(bo, bl' t))

= (W + V¥ 4 o+ V1) (Ny(bg, by, 1)) @s j - .

j

=2 (No(bo, by, 1)) @s j - =. (23)
Hence, the sequence {b;} is Cauchy. Since 4 is complete and {a;}, {b;} are
Cauchy sequences in 4, so 3a, b € A such that a; > a and b; - b as

j— o or this can be written as lim;,, aj =a and lim; . bj =b.
Therefore,
limje No(aj,a,t) =0, limj_e No(b;,b,t) =0, for ¢t > 9. (24)

Hence,
limj e Qg = limj_,. A(a;, b;) = A(limjow aj,limj_. b;) = A(a,b) = a. (25)
Similarly,
limj_e bjyy = limj_e A(bj, a;) = A(limj_e, bj, limj_s, a;) = A(b,a) = b.(26)
Regarding its uniqueness, suppose (a,,b;) and (b;,a,) are another
coupled FP pairs in U? such that A(a;, b;) = a; and A(by,a;) = b;. Now,
from (5), for t » 9, there exists
No(a,ay,t) = No(A(a, b),A(ay, by), t)

< l(NO(a, al,t)) + m(M(A(a, b), (as, by), t)), (27)
where
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Ny(a,A(a,b),t) + No(ay,A(ay, by), t)
M(A(a,b), (ay,b,), ) = (+N0(a,A(a1,b1), £) + Ny (ay, Aa, b), t))
= (No(a, a,t) + Ny(aq,aq,t) + No(a,aq, t) + Ny(aq, a, t))
= 2(N0(a, a, t)) . (28)
Now, from (27) and for t >» 9,
No(a,ay,t) < U(Ny(a,ay, t)) + Zm(No(a, a, t)) =+ 2m)(N0(a, a, t))
= (1 +2m) < (1 +2m)?(Ny(a, ay, t))
<< +2m)/(Ny(a,ar,t)) > 0,as j - =, (29)
where (1 + 2m) < 1.
Hence, there exists Ny(a,a,,t) = 0fora =a, and t > 9.
Similarly, again from (4), t > 9, there is
No(b, blﬁ t) = NO(A(b' a),A(bl, al)l t)
< I(No(b, by, t)) + m(M(A(b, ), (by, a1), 1)), (30)

where
No(b,A(b,a),t) + Ny(by,A(by,aq),t)

M(A(b, a), (by, a1),0) = (+1\(}0 (b, A(by, ay), t) : Nol(bl,Al(b,la), t))

= (No(b, b, t) + No(by, by, t) + No(b, by, t) + No(by, b, 1))

= 2(No(b, by, 1)) (31)
Now, from (30) and for t >» 9,
No(bbay, t) < I(No(bbay, t)) + 2m(Ny(b, by, £)) = (I + 2m)(Ny(b, by, 1))

= (1 +2m) < (1 + 2m)?(Ny(b, by, 1))

< < (L4 2m)/ (No(b, by, t)) > 0, @s j - . (32)
Hence, there exists Ny (b, b;,t) =0 for b = by and t > 9.

Corollary 11

Let A:U? — U be a mapping on complete RFCMS (U, N,,®) in which N,
is triangular and satisfies
I(No(a, &, 1))
No(A(a, b),A(§,9),t) S{ 33
0 +mlNy(@,Aa,b),0) + No€, A, 01 O
VabéleUt=0,1€0,1),and m = 0 with (l + 2m) < 1. Then, A has a
unique coupled FP in U.

Corollary 12

Let A:U? — U be a mapping on complete RFCMS (U, N,,®) in which N,
is triangular and satisfies

l(No(a' <, t)) }
No(A(a,b),A(¢, ), t) < {+m[N0 (a,A(¢,0),t) + Ny(&,A(a, b), t)] (54




Vabé&leU, t=6,1€0,1),andm = 0 with (I + 2m) < 1. Then, A has a
unique coupled FP in U.

Example 13
A = (0,00), Qis a t-conorm, and 4 : U ? x (0, ) — [0,1]is defined as
No(a,b,t) = 7+, d(a,b) = la = bl, (35)

V a,b € Uand t = 6. Then, it is easy to verify that N, is triangular and
(U, Ny,®)is a complete RFCM-space. We define

a-b .
?,lfa,b € [0,1]

A(g,h) = _ (36)
222 ifa,b € [1,%).
Now from (5), for t = 6, one obtains
1
—(Ny(a,é,t)
No(A(a, D), A, O, 0) = 1z (Mo ) ,fort > 6. (37)
+—(M(4(a,b), A, ), 1))
It is easy to verify that conditions of Theorem 10 are satisfied with
l=m= 1—12 Then, A has unique coupled FP fora = 2 and b = 2.
Ala,b) = A@22) =222O2 _ 5 5 422) =2 (38)

Theorem 14
Let A:U? - U be a mapping on complete RFCMS (U, N,,®) in which N,
is triangular and satisfies the inequality
l(NO(al E: t))
No(A(a, b),A(f, O,t) S +m(N0(a,A(a, b),t) + NO({:A(S, (),t)) (39)
+n(N0(f,A(a, b)! t) O NO (fiA(fi ()I t))
VabéleU, t=0,1€0,1),and m,n = 0 with (I +2m,n) < 1. Then, A
has a unique coupled FP in U.
Corollary 15

Let A:U? - U be a mapping on complete RFCMS (U, N,,®) in which N,
is triangular and satisfies the inequality

I(No(a, &, 1)) }
No(A(a, b),A(¢, O),t) < 40
Vabél€eU, t=0,1€0,1),and m,n =0 with (I + 2m,n) < 1. Then, A
has a unique coupled FP in U.
Example 16

A= (0,00), ®is at-conorm, and 4:U ? x (0,) = [0,1] is defined as
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No(a,b, ) = 7=, d(a, b) = la — bl (41)

YV a,b € Uand t = 8. Then, it is easy to verify that N, is triangular and
(U, Ny,®)is a complete RFCM-space. We define

- 2 ifa,b € [0,1]
A(g,h) = _

222 ifa,b € [1,%).
Now from (39), for t > 6, one obtains, for t > 6,

% (NO (a' {' t))
+1(No(a, A0, b), 1) + No(€, AGE,0),0)) |

(42)

NO(A(ar b),A(f, ()' t) =

43
It is easy to verify that conditions of Theorem 13 are satisfied with @)
l=m=%andn=0.
Then, A has unique coupled FP fora = 2 and b = 2.
Aa,b) = A(3,3) = 282372 _ 5 4(3,3) = 3. (44)

Application

In this section, we present an application of Lebesgue integral (LI)
mapping to support our main work. In 2002, Branciari (Branciari, 2002)
proved the following result on a complete metric space for a unique FP.

Theorem 17

Let (U,d) be a complete metric space, a € (0,1),and A: U - U a
mapping such thatVv a,b € U,
d(Aa,Ab) d(a,b)

J. p(s)ds<a I o(s)ds, (45)

0 0
where ¢: (0,0) - (0, ») is a Lebesgue integrable mapping which is
summable (i.e., with finite integral on each compact subset of (0, ) and
foreach t > 0,
d(a,b)

j o(s)ds. (46)

0
Then, A has a unique FP u € U such that for any a € U, l_imA{; = u. Now,
P imded

we are in the position to use the above concept and to prove a unique
coupled FP-theorem in FCM-spaces.




Theorem 18

Let A:U? - U be a mapping on complete RFCMS (U, N,,®) in which N,
is triangular and satisfies the inequality

jgo(s)dsSlj¢(s)ds+mj.go(s)ds
No(a,A(a, b),t) + No(f,A(E, ():t) } (47)
+N0(a,A(f, (),t) + No(g,A(a, b),t)

VabéleU,t=0,1€0,1),and m = 0 with (I + 4m) < 1 and where
@:0,00) - 0,) is a Lebesgue integrable mapping which is summable
(i.e., with finite integral on each compact subset of 0, ) and for each
>0,
d(a,b)
I o(s)ds (48)
0
Then, A has a unique coupled FP in U.

M(AGa,b), A0, = |

Conclusion

This article introduced the idea of coupled FP-results in RFCMS and
used "the triangular property of RFCMS" to demonstrate certain special
coupled FPT under the revised contractive type requirements. Some
examples are provided that supported our conclusions as well.
Furthermore, a Lebesgue integral mapping application is provided to
enhance our primary findings. With the aid of this novel idea, it is possible
to demonstrate more modified and universal contractive type coupled FP
results with various integral contractive type of conditions and applications
throughout the whole RFCMS.
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Nuevo enfoque de la integral de Llebesgue en espacios métricos de
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CAMPO: matematicas
TIPO DE ARTICULO: articulo cientifico original

Resumen:

Introduccion/objetivo: Este articulo presenta el concepto de contraccion
revisada del cono difuso utilizando el concepto de conorma triangular y las
condiciones contractivas revisadas del cono difuso.

Métodos: Este articulo establecio nuevos teoremas de punto fijo acoplados
unicos (teoremas FP) del tipo de contraccion difusa revisada (RFC-C) en
espacios métricos de cono difuso revisados (RFCMS) mediante el uso de
la propiedad triangular de RFCMS.

Resultados: Los resultados obtenidos en puntos fijos en espacios métricos
de cono difuso revisados generalizan algunos resultados conocidos en la
literatura y presentan ejemplos ilustrativos para respaldar el trabajo

principal.
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Conclusién: Las condiciones contractivas de RFC generalizan algunos
tipos de contraccion importantes y examinan la existencia de un punto fijo
en espacios métricos de cono difuso revisados. Ademas, se aplica el
mapeo de tipo integral de Lebesgue para obtener el resultado de existencia
de un punto fijo acoplado unico en RFCMS para validar el trabajo principal.

Palabras claves: métrica difusa revisada, cono difuso revisado, punto
fijo.

HoBbii noaxop k uHterpany Jlebera B nepecMOTPEHHbIX HEYETKMX
KOHYCOOOpa3HbIX METPUYECKNX NPOCTPAHCTBAX C NMOMOLLIbIO €4UHON
CBSA3aHHOW HEMOABWXHON TOYKN

Pasuya+HdupaH Tanratamux®, AHzamymy Mypanupamx®,

lNepusicamu WWanmyrasun®

@ TexHonorm4yeckuin MHCTUTYT xennuapa (aBTOHOMHbIN),
MaTematudeckni dpakyneteT, KaHuunypam, TamunHag, Pecnybnvka NHawns,
KOppecnoHAeHT

6 Yuusepcutet BapatuaacaH, konnemx OxaHanakwmy B Ypymy,
MaTtemaTtunyecknin pakynbTeT U Hay4YHO-UCCNeaoBaTENbCKUN LEHTP,
Tpwnun, TamunHag, Pecnybnuka NHgus

& YHuBepcuTteT lMepusip, Canemckmin Konneok UCKYCCTB U €CTECTBEHHbIX HayK
(aBTOHOMHbBIN), MaTeMaTU4eckuin pakynbTerT,
Hamakkan, TamunHag, Pecny6nuka NHgusa

PYBPUKA TPHTW: 27.25.17 MeTpunyeckas Teopus OyHKUMN,
27.39.15 IluHelHble NpOCTPaHCTBA, CHAOXEHHbIE
TOMOoNIOrnen, NOPSAKOM U APYrMMU CTPYKTYypamm
BWO CTATbW: opurmHanbHasa Hay4dHas ctaTbs

Pesome:

BeedeHue/uenb: B daHHOU cmambe rnpedcmasneHa KoHUenuyus
rnepecMompeHHo20 COKpauwieHusi He4yemkoao KOHyca c
ucronb308aHUEeM KOHUEeNuuU mpeyeosibHUKa U nepecMompeHHbIX
yCrosuli COKpaleHUs1 HEYemKo20 KOoHyca.

Memodbi: B cmambe npedcmasrieHbl HO8ble MepecMOmpeHHbIe
meopembl 06 eduHOU cesi3aHHOU HernodB8UXHOU MmMOoYKe C  murom
cKamusi  Heyemkoeo  KoHyca (RFC-C) (meopembl FP) 8
repecMompPEHHbIX MEMPUYECKUX POCMpPaHCcmeax He4emkoao KOHyca
(RFCMS), ucrionb3ys ceolicmeo mpeyaonsHocmu RFCMS.

Pesynbmamei: [Nony4yeHHble pe3ynbmambl 0 HEMOOBUXHBIM MoYKam
8 [epecMOMPEHHbIX HeYemKuX KOHYyCcOoObpa3HbIX Mempu4yeckux
npocmpaHcmeax 0bobuwjarom HeKOMopbIe U38eCMHbIE pe3yribmameb| 8
numepamype U npedcmasssom UICMpamueHbie MpuMepb! 6
noddepxKy ocHogHoul pabomel.
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Bbi60dbi1: Yeriosgusi cxxamusi RFC 0bobuarom HeKomopble 8axHbIe muribi
CKamusi U uccriedyrom CyuwecmeosaHue HeroO8UXXHOU MOYKU 8
EPECMOMPEHHbIX ~ HEYemKUX  KOHYCOObpasHbIX  MempuyecKux
npocmpaHcmeax. [Nomumo moeao, omobpaxeHue uHmeapasnbHo20 murna
Jlebeza npumeHsiemcsi Onsi roflydeHUs1 pesyrbmama Cyu,ecmeog8aHusi
eduHolU  cesizaHHOU  ¢bukcuposaHHol ~moyku 6 RFCMS ons
nodmeep:>k0eHusi OCHO8HOU pabomal.

Knroyessie crioea. rnepecMompeHHas He4yemkKas Mempuka,
rnepecMompeHHbIl HedYemkul KOHYC, Hernod8UXHas Moyka.

Hosu npuctyn JleberoBom uHTerpany y npepaheHumM gasu KOHYCHUM
METPUYKMM NpocTopMMa nomMony Teopema jeANHCTBEHE CrperHyTe
HernokpeTHe Tauke

PaguyaHdupaH TaHratammk?, AHzamymy Mypanupau®,

lNepujacamu WaHmyraBun®

2 MIHcTuTyT 3a TexHonorujy Llennap, Opercewe 3a maTtemaTtuky,
KaHuunypam, Tamun Hagy, Peny6nuka MHguja,
ayTop 3a npenucky

6 YunsepanteT BapaTtuaacan, YpyHy JaHanakiimu konet,
Operberwe MaTemaTuke 3a NocrneaunIiioMcke U UCTpaxunsadke ctyauje,
Tupyunpananu, TamunHagy, Penybnvka NHawnja

® YHuBep3auteT MNepuap, Konel ymeTHoCcTM 1 Hayke CenBam (ayTOHOMHM),
kaTtegpa matematuke, Hamakan, Tamun Hagy, Peny6nuka MHgunja

OBNACT: matematuka
KATETOPWUJA (TUIM) YNAHKA: opyriHanHm Hay4YHu pag

Caxxemak:

Yeod/yurb: Oeaj pad yeodu nojam ripepaheHe ¢pa3He KOHycHe
KOHmMpakyuje nomohy KoHuernma mpoy2aoHe KOHOpMe U rpepaheHoe
hasHo2 KOHYCHO2 KOHMPaKMmUsHo2 ycrioea.

Memode: lNpedcmaesrbeHe cy Hoge meopeme jeOUHCmEeHe cripegHyme
HeriokpemHe mauke murna RFC-C (revised fuzzy cone contraction —
npepefieHe asu KOHycHe KOHmMpakyuje) y npepaheHum ¢ha3u KOHYCHUM
mempuukum ripocmopuma (RFCMS — revised fuzzy cone metric spaces)
Kopuwherem ceojcmea mpoyerna Koje nocedyjy RFCMS.

Pesynmamu: [obujeHu pe3ynmamu Ha HEroKpemHUM madkama y
npepaheHuM ¢ha3u KOHYCHUM MempuUYKUM rpocmopuma 2eHepanusyjy
Heke rio3Hame pe3ynmame U3 Jsumepamype U npedcmasrbajy
unycmpamueHe rpumepe Koju rnodpxasajy 0cHo8y og8oe pada.

Sakpyyvak: KoHmpakmueHu ycriosu RFC eeHeparnusyjy Heke eaxHe
murioge KoHmMpakyuja u ucnumyjy rocmojase HernokpemHe madke y
npepalfieHum ga3u KOHYCHUM MempuYKuM rpocmopuma. lNpumerseHo je u
npecrnukasare muna flebeeogoz uHmeepana 3a dobujarbe pe3dynmama




JjeduHcmeeHe cripegHyme Herlokpem+e madke y RFCMS 3a eanudauujy
080e pada.

KrbyyHe peuyu: npepafleHa a3u mempuka, rnpepaheH ¢hasu KOHYC,
HerokpemHa madka.
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Abstract:

Introduction/purpose: This research introduces the concept of a 6*-
algebra, a unique structure in the field of abstract algebra. The study
aims to explore the defining features and distinct properties of §*-
algebras, distinguishing them from other algebraic systems and examin-
ing their interrelations with other types of algebras.

Methods: The methodology includes the formal definition and character-
ization of §* -algebras, a comparative analysis with the existing algebraic
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structures, and an exploration of their interconnections. An algorithm is
developed to verify whether a given structure meets the conditions of a
d*-algebra.

Results: The results reveal that 5* -algebras possess unique properties
not found in other algebraic systems. The comparative study clarifies
their distinctive place within the algebraic landscape and highlights sig-
nificant interrelations with other structures. The verification algorithm
proves effective in identifying §*-algebras, providing a systematic ap-
proach for further study.

Conclusions: In conclusion, 6* -algebras represent a significant addition
to abstract algebra, offering new theoretical insights and potential for fu-
ture research. The study’s findings enhance the understanding of al-
gebraic systems and their interconnections, opening new avenues for
exploration in the field.

Key words: 6*-algebra, Fuzzy algebra, Fuzzy logic, Fuzzy sets.

Introduction

BCl and BCK algebras are foundational algebraic structures in univer-
sal algebra, first introduced by Iseki and Tanaka (Iséki & Tanaka, 1978).
In 1999, the author pioneered the concept of QS-algebra, which is closely
linked to BCI/BCK-algebras, and further explored the G-part of QS-algebra
in the same context (Ahn & Kim, 1999). The author also delved into the
concept of BP-algebra, examining its relationship with other associated
algebras (Ahn & Han, 2013). Within the same study, the exploration of
quadratic BP-algebra and its corresponding algebras was undertaken.

Akram and Kim (Akram & Kim, 2007) conducted research on BCI-
algebra and K-algebra, presenting various studies and insights. A
novel algebraic concept named Z-algebra was introduced in 2017 (Chan-
dramouleeswaran et al., 2017), where the properties of this new notion
were thoroughly reviewed and discussed. Kaviyarasu et al. (Kaviyarasu et
al., 2017) introduced INK-algebras, which represents a significant develop-
ment in algebraic theory. The notion of a J-algebra was initially introduced
by Iseki et al. (Iséki et al., 2006). It was subsequently shown that a variety
of d-algebras can be constructed from minimal sharp J-algebras. The study
also delved into the disjointness digraph within J-algebras and explored
Smarandache disjointness. Kim and Kim (Kim & Kim, 2008) extended
the concept of B-algebras to BG-algebras by utilizing a non-group-derived,
non-empty set as a foundation for constructing a BG-algebra. Furthermore,
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several BG-algebra isomorphism theorems and associated properties were
unveiled through the application of the concept of normal subalgebras.

As an extension of the BCK-algebra concept, a BE-algebra was intro-
duced by Kim and Kim (Kim & Kim, 2006). Within BE-algebras, the concept
of upper sets was leveraged to establish an equivalent condition for filters.

Kim and So (Kim & So, 2012) delved into the properties of 3—algebras
and their interconnections with -algebras. They notably illustrated that
(B—,+) forms a semigroup with identity O when (5—, —, +,0) is a -algebra.
Specific constructions related to linear algebra within the field were also
discussed.

Kim and Kim (Kim & Kim, 2006) introduced the notion of limited BM-
algebras and delved into their properties. The concept of BO-algebra was
initially introduced by Kim and Kim (Kim & Kim, 2012), highlighting that
every BO-algebra is 0-commutative.

Expanding on dual BCK/BCI/BCH algebras and BE-algebras, Meng
(Meng, 2010) proposed Cl-algebras. This work explored the connections
between BE-algebras and the core properties of Cl-algebras, establishing
that in transitive BE-algebras, the concept of ideals aligns with that of fil-
ters. Megalai and Tamilarasi (Megalai & Tamilarasi, 2010) introduced TM-
algebra, offering comprehensive insights into its relationship with various
algebraic structures. A group of algebras related to BCH, BCI, and BCK
algebras, along with other notable groups, were introduced by Neggers
and Kim (Neggers & Kim, 2002a). This class showcased an intriguing link
between groups and B-algebras (Neggers & Kim, 2002b).

Neggers and Kim (Neggers & Kim, 1999) discussed a series of alge-
bras that naturally bridge groups and sets. While this class encompasses
various objects, it remains amenable to analysis using traditional methods.

Furthermore, after exploring the relationships between d-algebras and
BCK-algebras, the concept of d-algebras emerged as another general-
ization of BCK-algebras. Jun et al. (Jun et al., 1998) introduced a BH-
algebra which signifies a broader concept that encompasses BCH, BCl,
and BCK-algebras. This generalization likely extends the understanding
and application of these algebraic structures, offering a unified framework
to study their properties and relationships.In 2007, BF-algebras were in-
troduced as an extension of B-algebras, incorporating the concepts of an
ideal and a normal ideal (Walendziak, 2007). This analytical exploration




aims to delve deeper into the unique attributes and defining characteristics
of §*-algebras.

Preliminaries

This section presents some essential definitions with relevant examples
that are needed to this article. Hereafter X' is the Universal Set, x is the
binary operation on X, and 0 is the constant element in X unless otherwise
specified.

DEFINITION 1. The structure (X, x,0) is called a B-algebra, if
UV =0
cUx0=V
c (Ux N)xPd=Ux(Px(0xA), YW, Adec .

EXAMPLE 1. From the following table let X' = {0, a,,, , @, } be a B-algebra.

Table 1-B-algebra

X 0 | o, | o

0 0 | s, | Qs

2

1

Qs | Qs | 0 | iy

0

Oy | Oy, | Qg

DEFINITION 2. The structure (X, x,0) is referred to as a BF-algebra, if
UV =0
U x0=V
c0x(TxA)=Ax¥ ¥V ¥, Ae X

DEFINITION 3. The structure (X, x,0) is called an AMR-algebra, if
cUx0=V
cWxN)xd=Ax (dxV)

Let us define a binary relation ¥

64‘;.
xA=0

K

V&, A,
< Aiff

EXAMPLE 2. Let X' = {0, a,.,, a,.,, o, } be a set with a binary operation %
defined by:

Table 2-AMR-algebra
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* 0 | asy | Qs | Qs
0 0 | Qs | Qsey | Qs
Oy | Ozgy | Qsgy | Oty 0

Oy | Otz | Qlsgy 0 | as,

sy | Ol 0 Qe

Then (X, %,0) is an AM R-algebra.

DEFINITION 4. The structure (X, %,0) is called a Z-algebra, if
UV =0
0%V ="
UV =1
« Ux A= Ax ¥, whenW¥ # 0andA # 0,Y¥, A € X.

S

DEFINITION 5. The structure (X, %, 0) is called a BCK —algebra, if
s (TxA)x(PTxP))%(PxA)=0
c 0%V =0
UV =0
s (Ux(TxA))xA=0
U A=0& AxT =0, imply V=AY Ae X.

DEFIN~ITION 6. NThe structure (X, %,0) is called a Q—algebra , if
Ux0=VY
e UxU=0
(U AN)xd=WxP)xA VW AcX.

DEFINITION 7. The structure (X, %, 0) is called a T M —algebra , if
U x0=V
cUxAN)xWUxd)=(PxA), YW, AcX.

DEFINITION 8. The structure (X, %,0) is called a BH—algebra, if
cUx0=V
U x¥=0
cUx A=0& A% ¥ =0, implies¥ = A,V Ae X.




The structure of a *-algebra

This section examines the features of a §*-algebra, a novel algebraic
structure.

DEFINITION 9. The structure (X, x,0) is called a §*-algebra, if
()0x¥ =w

()& ¥ =0

(M) (T x(Axd) %V =FxA)x(Px ¥), YU APcX.

EXAMPLE 3. It is clear that X' = ({0, a,.,, a..,, as, }, %,0) is @ 6*-algebra
from the following table.

Table 3-5*-algebra

X 0 | 0y | Oy | Qe

0 0 | Quy | Oy | Oy
O | Qs | 0 | sy | Qs
Oy | Qagy | Qs | 0 | iy
Olsy | Olzey | Qsgy | Qlsey 0

EXAMPLE 4. Consider the set X' = {0, a,.,, a..,, a,., } with a binary operation
x defined by

Table 4-5*-algebra

* 0 | asy | Qsey | Qs

0 0 | sy | Osey | Qs
sy | Qg 0 | s | Qs
Oy | Osey | Quy | 0 | iy
Oy | sy | Qo | Qs | O

Then (X, %,0) is a §*—algebra.

DEFINITION 10. Let X be a non empty subset of a §*-algebra of . Then
X is referred to as a 6*-subalgebra of X, if 1 x eg € X, Ver, 69 € X.

EXAMPLE 5. For the ¢*-algebra in Example 3.1, the subsets A =
{asy,,0,} € X & B = {a,,,a,,} C X are the 6*-subalgebras of X,
but the subset C' = {«,.,, a,.,, a,.,} C X is not a 6*-subalgebra of X.
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PROPOSITION 1. Let (X, %,0) be a §*-algebra. Then it is not a BCK-
algebra (Iséki & Tanaka, 1978), INK-algebra (Kaviyarasu et al., 2017), BE-
algebra (Kim & Kim, 2006), BF-algebra (Walendziak, 2007), QS-algebra
(Ahn & Kim, 1999), BP-algebra (Ahn & Han, 2013), Z-algebra (Chan-
dramouleeswaran et al., 2017), BM-algebra (Kim & Kim, 2006), BG-algebra
(Kim & Kim, 2008), B-algebra (Neggers & Kim, 2002a) or BH-algebra (Jun
et al., 1998).

Proof. In every aforementioned algebra mentioned here with the excep-
tion of a §*-algebra, observe that (¥ x (A x &) x ¥ = (¥ x A) %
(P % W), YW, A ®ec X This Condition has been successfully introduced
and implemented in example 3 and this type of condition was not used in
any of the above cited algebras. O

REMARK 1. The ¢*-algebra (X,%,0) provided in example 4 is not
a B-algebra, since (a,, % a,,) % a,, = o, * a,, = 0 and
Oy ¥ (g % (0 % ) = gy ¥ (O % Q) = Qi
IMPlY (., % Qs ) ¥ ey 7 ey ¥ (e, ¥ (0% sy ).

5 %Oé,,tl = Oy

LEMMA 1. If (¥, %,0) is a 6%-algebra, then (A x &) x ¥ = A x (& x &) for
anyv, A, & e X,

Proof. This follows from the axioms (I) and (Il)

ie)(AxP)x W =0x%((Axd) %) by(I)
= (0% A) x (%) by(I1)
= Ax (D xW) by(I)

O

LEMMA 2. If (X, %,0) is a 6%-algebra, then (¥ x (A x (0% A))) x ¥ = ¥ for
any ¥, A e x.

Proof. From axioms (lll) & = 0 x A, it is found that

(W x (A (0x A)) x&

—~




by(11)
by(I)

1
ST
¥
S:
X
o,

=
B

I
LSH

VU asclaimed.
O

LEMMA 3. If (X, %, 0) is a 6% -algebra, then & x W = & x A implies ¥ = A for
any W, A, d e X.

Proof. If @x W = &x A, then (Vs (Ax (0% A))) %V = (@ (A% (0% A)) %A
and thus by lemma 1 it follows that ¥ = A. O

LEMMA 4. If (X', %,0) is a 6*-algebra, then for any ¥, A e ¥ it follows that
(/)@%W—()/mplesw 7

(i) 0 % ¥ =0 % & imples ¥ = &

(i) % (0% ¥) = .

Proof. (i) Since & x ¥ = 0 implies & x ¥ = & x |t follows that ¥ = &.
([ IfOx¥ =0xP,then 0 =V x¥ = (0% (0%P)) %V = (0%0) % (PxV) =
0% (¢ % W) = (& x V) and thus by (i), ¥ = &.

(iii) For any ¥ € ¥, it is obtained that

U (0% W) = (W (0% W) % ¥ = (¥ % 0) x (¥ % ¥) by axioms (I) and (II)
it follows that & = ¥ x (0 x ¥) as claimed. O

Note that: Let (X, %,0) be a 6*-algebra and let ., € X. Define /] =
Y s %(0%1,)(n > 1)and ) = 1,. Note that ! = (0% (0%5) = s (0%1,) =
L« by lemma 2.

LEMMA 5. If (X, %,0) is a 6*-algebra and let s € X. Then s™ x s™ = s"™™,
where n > m.

Proof. Let X is a 0*-algebra. It is noted that by lemma 3 it follows that
?xs=sl%x(0xs)%xs=(s%0)%(sx%xs)=5%0=s.

Assume that s(* 1) x s = s(n > 1). Then

g s=(s" (0963))%16g
= (6 0 % (%9

="t %0
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= 5"t

Assume s" x s = s"~"™ where n — m > 1. Then

n m+1

s"xs =s" % ((0x% ™) % s)
= ((0%s™) % s) % s"
= (0% s™) % (s % s")
=" x g1
="l g™

n—(m+1)

=s (n—m—12>0).

LEMMA 6. If (X, %,0) is a 6*-algebra and let s € X. Then s™ x s™ = s"™™,
where n > m.

Proof Let X is a §*-algebra then note that by lemma 3 it follows that s? x
s=slx(0xs)%xs=(sx%x0)%(sxs8)=5%0=s.
Assume that s(n + 1) % s = s"(n > 1). Then

s =(s" (0*5))%9
— (5" % 0) % (s % 5)

+

=s"""x%x0

= g"tl,

Assume s" x s™ = s"™ wheren —m > 1. Then

n m+1

s" % s =g" % ((0%s™) xs)
=((0%s™)%s)xs"
= (0% s™) % (sxs")
S =T

="l x g™

n=(m+1) (n—m-—12>0).




LEMMA 7. If (¥, %,0) isa d*-algebraand let s € X. Then s™xs" = s" !

where n > m.

%0,

Proof. Let X' is a §*-algebra, By applying (l), (Ill) and lemma 3, it is follows
thats x s2 =sx(s' % (0x5)) =(s%0) % (s %xs5)=5%0=0%s.
Assume that g % s = sin — 1) where (n > 1). Then

sx 5" =gx(¢"x(0xs))
=(s"x%(0x%s)) x%s
=(s"%0) % (sxs)
=s"%0.

Assume that s™ x s = s — m wheren —m > 1. Then

It is summarized that the above lemmas:

THEOREM 1. Let (X, %,0) is a 6*-algebra and let s € X. Then

n o m sn=—m) . ifn>m
§ XS =
{O x s(=m) . otherwise.
PROPOSITION 2. Let (X, %,0) be a 6*-algebra. Consequently, the subse-
quent outcomes are valid, for all € ,e, € X.
(i) (60 % (g0 % (ey ¥ €4))) = €4, if €y = 0.
(ii)(ey % €2) = (g % 0) x (x % 0).
(iii) (€2 % ey) % [(ey ¥ £5) % (€2 ¥ £y)] = €4 ¥ €.
(iv) 0% (g4 % ey) = (0% ) % (0% &).
(V)(X,%,0), yx (0% e,) =€y % 5,62 # €y.
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Proof. Let (X, %,0) be a 0*-algebra, ¢,,¢e, € X.
Suppose y= 0. Then,

(4) (€2 % (ex % (ey ¥ €2)) = (60 * (€2 ¥ (0% £4)))
= (g4 % (64 % €4)) by axiom(I)
= (e, % 0) by axiom(II)
= &, by axiom(I).

(74) (ey % 0) % (e, %0)) = (g4 % (0% &) %0 by axiom(I1I)
= (ey % ;) % 0 by aziom(I)

= (ey ¥ €2) by axiom(I).

(iii) (e % £y) % [(ey ¥ €2) ¥ (62 % Y)]

xey) % [(gy % (g4 ¥ £4)) % gy by axiom(III).

ez % £y) ¥ ((gy % 0) % &) by axiom(II)
) *

xgy) % (gy % €y) by axiom([)

= (&2
= (
= (&2
= (4 % €y) % 0 by axiom(I)

= e, % gy by axiom([).

(iv) (0 % (4 % €y) = €4 ¥ €y by axiom(])
= (0% &) % (0% gy) by aziom(I1).

(v) (ey ¥ (0% e,) = (0% ey) % (0% e,) by axiom(I)

= (ey ¥ €2) by axiom(I).

O

PROPOSITION 3. Let (X, %,0) and (X', %',0') be two §*-algebras. A map-
ping z : ¥ — X' of a 6*-algebras is referred to as a homomorphism, if
2(ex % 8y) = 2(g4) ¥ 2(ey), Veg, ey € X.




DEFINITION 11. Let (X, %,0) and (X', %',0") be two 6*-algebras. A mapping
z: X — X' of §*-algebras is called a homomorphism. Then the kernel of
z is the subset of X, defined by ker(z) = {e, € X : 2(e,) =0}

LEMMA 8. Let z : ¥ — X' be a homormorphism of a 6*-algebra. Then
2(0)=0,0€ X.

Proof. Let z : ¥ — X' be an homomorphism of §*-algebras. Then z(0) =
2(0 % 0) = 2(0) % 2(0) = 0. O

THEOREM 2. Let (¥, %,0) and (X', %',0") be two §*-algebras. let » : X —
X' be a surjective §*- homomorphism. If A is a §*-subalgebra of X, then
2(A) is a 6*-subalgebra of X'

Proof. Let (X, x,0)and (X', %",0) be two 6*-algebras. Letz : ¥ — X' be
a homomorphism and A be a §*-subalgebra of X.

Now, 4,60 € A = e, %65 € A 0. 2(a), z(ep) € 2(A)

= z(eq) ¥ 2(gp) = 2(eq ¥ €p) € 2(A)

Hence z(A) is a 6*-algebra of X', O

THEOREM 3. Let (X, x,0) and (X', %,0') be two 6*-algebras. Let z : & —
X' be a surjective 5% - homomorphism. If B is a 6*-subalgebra of X', then
2~1(B) is a 6*-subalgebra of X.

Proof. Itis known that z~!(B) = {x € ¥ : z(z) = y for some y € B}
Assume that z and y € z~!(B). Then z(s,), z(s) € (B).

Since B is a §*-subalgebra of Y,

= z(e;) % z(ey) € B. Also, since z is a homomorphism, z(s, % ,) =
2(ex) ¥ 2(gy) € B, . .epxx¢ey €2 YDB).

Hence »~!(B) is a §*-algebra of X.

Algorithm for a 6*-algebra
In this section, it is demonstrated that an algorithm to check the condi-
tions of 6*-algebras uses the values in between 0 and 1.

def generate_table(rows, cols):
# Create a list of labels for the rows and columns
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labels = ['0"] + [chr(ord(’a’) + i) for i in range(cols - 1)]

# Print the header row
header =" ”.join(labels][:cols])
print(header)

# Loop through the rows

for i in range(rows):

# Initialize the row with the label
row = [labels]i]]

# Loop through the columns

for j in range(1, cols):

# Fill in the cells based on the table pattern
ifi ==0:

row.append(labels]j])

else:

row.append(labels]j] if j == i else labels][i])

# Print the row
print(” ”.join(row))

# Call the function with 4 rows and 4 columns
generate_table(4, 4)

*Oabc
0OO0abc
aalab
bbaOc
ccbcO

Where a = ay,,,b = a,,,c = «y, from the above pattern, the pattern
according to the equation is the original table.

To prove the algebraic expression, it is necessary to show that the left-
hand side (LHS) is equal to the right-hand side (RHS) for all possible com-
binations of the values 'a’,/ VY, and ’c’.

Let us break down the LHS and RHS step by step:




LHS: (ax (bxc)) *a
Start with ’a’.

Find the value at the intersection of the row 'a’ and the column corre-
sponding to the value of (b« c). In this case, (b * ¢) can be found in the cell
at the intersection of the row %’ and the column ’¢’.

Finally, find the value at the intersection of the row corresponding to the
result of (a* (b*c)) and the column ’d’. In this case, the result of (a* (bxc))
can be found in the cell at the intersection of the row 'a’ and the column
corresponding to the value of (b x ¢).

RHS: (axb) x (cxa)

Start with ‘a’. Find the value at the intersection of the row ‘a’ and
the column ’t/. Find the value at the intersection of the row ¢’ and the
column’a’. Finally, find the value at the intersection of the row correspond-
ing to the result of (axb) and the column corresponding to the result of (cxa).

Now, let us go through the computations for each case:

LHS:
(ax(bxc))xa=(ax(bxc))xa=(ax(bxc))

RHS:
(axb)*(cxa)=(axb)*x(cxa)=(ax(bx*c))

It is evident that the LHS and RHS are both equal to (a x (b * ¢)), which
means that the algebraic expression (a x (b*c)) xa = (a*b) * (c*a) is true
for all possible combinations of a’,” ¥, and ’c’.

Therefore, the algebraic expression is proven to be true using the given
table.

Conclusion

This study introduced a novel algebraic class, a §*-algebra which is
deeply rooted in the foundational set theory principles. Through careful
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analysis, it became evident that a §*-algebra stands apart from the ex-
isting algebraic structures, showcasing distinct characteristics and proper-
ties. Employing a unique methodology, the study meticulously formalized
the concept of a §*-algebra, providing clarity and insight into its inner work-
ings. As aresult, a host of new results emerged from this exploration, each
bolstered by relevant examples to illustrate its significance. This concep-
tual framework not only enriches our understanding of algebraic structures
but also opens doors for further exploration and expansion into other alge-
braic substructures in future research endeavors.
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Resumen:

Introduccién/objetivo: Esta investigacion introduce el concepto
de §*-algebra, una estructura tinica en el campo del algebra abs-
tracta. El estudio tiene como objetivo explorar las caracteristicas
determinantes y las propiedades distintivas de §* - algebras, dis-
tinguiéndolos de otros sistemas algebraicos y examinando sus
interrelaciones con otros tipos de algebras.

Métodos: La metodologia incluye la definicién formal y caracte-
rizacion de 0*-algebras, un andlisis comparativo con las estruc-
turas algebraicas existentes y una exploracion de sus intercone-
xiones. Se desarrolla un algoritmo para verificar si una estructu-
ra determinada cumple las condiciones de un §*-algebra.

Resultados: Los resultados revelan que las §*-algebras poseen
propiedades unicas que no se encuentran en otros sistemas al-
gebraicos. El estudio comparativo aclara su lugar distintivo den-
tro del panorama algebraico y destaca interrelaciones significa-
tivas con otras estructuras. El algoritmo de verificacion resulta
eficaz para identificar *-algebras, proporcionando un enfoque
sistematico para estudios posteriores.

Conclusién: En conclusion, las §*-algebras representan una
adicion significativa al algebra abstracta, ofreciendo nuevos co-
nocimientos teoéricos y potencial para investigaciones futuras.
Los hallazgos del estudio mejoran la comprensién de los sis-
temas algebraicos y sus interconexiones, abriendo nuevas vias
para la exploracion en este campo.

Palabras claves: 6*-algebra, Algebra difusa, Légica difusa, Con-

juntos difusos.
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Abstract:

Introduction/purpose: This article presents a new approach to determining
the dynamic characteristics of the automatic firing system of gas-operated
automatic guns.

Methods: Based on the real structure of the automatic firing system of gas-
operated automatic weapons, a 3D model of the gun is simulated using
Solidworks software, and the dynamic characteristics of the automatic firing
system are calculated on Solidworks Motion software.

Results: The obtained simulation results include displacement and velocity
of the breech platform over time; the force exerted by the hammer on the
bolt carrier over time; and impact force of the bolt carrier and gun body over
time. These results are compared with data obtained from experiments to
verify the mathematical model. The cycle of a shot according to test results
is 0.0846 s and the firing rate error between theoretical and experimental
results is 2.82%.

Conclusion: Research content allows users to visually evaluate the working
process of all parts of the automatic firing system. The results of this
research can be applied to calculations for automatic firing systems of
different automatic guns. This is an important scientific basis for improving
and upgrading existing automatic weapons and serving the process of
designing and manufacturing new types of automatic weapons in the future.




Keywords: dynamics, automatic firing system, automatic weapons, gas-
operated weapons, Solidworks Motion.

Introduction

For small automatic weapons, stability during firing is one of the
factors that affect shooting accuracy, so studying the stability of weapons
when firing is of significant importance for improving weapons to increase
shooting accuracy. The stability of a gun is affected by many factors such
as shooter's movements, surrounding environmental conditions, relative
displacement, and collision of gun parts when shooting. In particular, the
movement of parts in the gun's automatic firing system is a factor that can
be determined. The characteristics of these movements are determined
by solving the problem of the dynamics of the gun's automatic firing system
when fired, see (Bien et al, 2021; Macko et al, 2021; Doan et al, 2023;
Balla et al, 2010a).

Currently, there are two main methods commonly used to determine
the dynamic characteristics of the automatic firing system of gas-operated
automatic weapons. These are numerical methods and experimental
methods. The numerical method is a method in which the establishment
of a system of differential equations determining the relationship between
components in the automatic firing system of a gun is carried out based on
classical equations such as Newton's second law equation, Lagrange
equation of the 2nd type, etc. The advantage of this method is that the
calculation scope can be easily expanded and calculation options can be
changed flexibly. In particular, the results of theoretical problems can be
used to localize and predict experimental results during the research and
design process. However, the structural shape of the parts of the automatic
firing system is always complex, and the accuracy of the input parameters
determined by sub-problems is not high (transmission ratio problem,
efficiency problem, collision problem, etc.). Therefore, this method needs
to use many assumptions, so the results obtained in all conditions are
approximate and only capable of approaching reality, see (Balla & Mach,
2007; Balla et al, 2010b; Vitek, 2019). The experimental method is a
method of determining the dynamic characteristics of an automatic firing
system by measuring these parameters through specialized measuring
equipment. The commonly used measuring equipment is mainly a high-
speed camera system. The most outstanding advantage of using a high-
speed camera system is its simplicity of use and quick preparation. With
this method, any part of the gun can be identified.

However, the disadvantage of this method is that details with complex
motion rules are difficult to determine, and high-precision measuring
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devices are difficult to access. In addition, the implementation cost is
relatively high (Vitek, 2019; Balla et al, 2015).

Today, with the high development of science and technology in the
field of computers, associated with the evaluation/improvement/
advancement of 3D simulation software (such as Inventor, SolidWorks,
Adam, etc.), the application of simulation software to determine the
dynamic components of structures has become easier and more accurate.
There have been many studies on the application of 3D simulations in
determining kinematic laws of simple structures and parts of the world, see
(Fiser & Popelinsky, 2007; Fiser, 2007).

However, the application of 3D simulation software to determine the
dynamic characteristics of the automatic firing system of automatic
weapons is still limited. In this study, the authors applied 3D simulation
software to determine the dynamic characteristics of an AK submachine
gun in the Solidworks Motion working environment. The experimental
process using a high-speed camera is used to determine the dynamic
characteristics of the automatic machine. The dynamic simulation results
are compared with the data obtained from experiments to evaluate the
reliability of the implemented method.

Problem formulation

Set up a dynamic simulation model

The AK submachine gun is an automatic weapon that operates on the
principle of gas extraction. The diagram of the working principle of a gas-
operated automatic weapon is presented in Figure 1, see (Dung et al,
2023).

The working principle of gas-operated automatic weapons is that part
of the gas in the barrel is extracted through the gas hole to provide energy
for the automatic mechanism to perform the next shot. Gas-operated
automatic weapons have many advantages such as simple structure,
reliable operation, high accuracy, large effective range, and high rate of
fire, see (Popelinsky & Balla, 2004; Allsop, 1997). With such outstanding
advantages, it is widely used.




Figure 1 — Schematic arrangement of the gas piston
1 - barrel; 2 - piston rod with the piston; 3 - cylinder; 4 - gas block; 5 - gas port

The main components of the AK submachine gun are listed in Figure 2.

Dust Cover (receiver cover) Upper Handguard

M m Front Sight Block
¥ FR 4.#-_;- Gas Block
Bkt Camter with P'Bs;ﬁn_ S = =—Gas Tube Retaining Pi‘ry /

Pistol =
Grip
Buﬂs!ock Forand
/
Receiver AK Nomenclature
Grip Bolt —. (Milled Receiver Shown)

Magazme
(30 round 7.62 x 39 shown)

Figure 2 — Main components of the AK submachine gun

With such a complex structure, using numerical methods to determine
the dynamic characteristics of AK submachine guns is very difficult.
Therefore, this method often uses many coefficients in the calculation
process such as the collision recovery coefficient, the collapsed mass
coefficient (Macko et al, 2021), etc. Experimental methods make it difficult
to determine the movement characteristics of the hammer, the safety
lever, and the characteristics of front and rear impacts between the bolt
carrier and the gun body (Vitek, 2019). In addition, the cost of this method
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is relatively high. Therefore, the method of using 3D computational
simulation software is very suitable. The advantage of this method is that
it provides intuitiveness in calculation. Determining the input parameters
for this method is also relatively simple. This method gives relatively
accurate and complete calculation results.

Creation of the parts geometry and the assembly mechanism

The automatic firing system of the AK submachine gun is a system
with a complex structure. The connection between the details in the
automatic firing system is in the form of pins, elastic springs, profile cams,
or impact types. The assembly structure of the automatic firing system is
divided into 8 main components as follows: gun body; bolt carrier and
piston; carrier spring; hammer; safety lever; and magazine. The parts of
the automatic firing system of the AK submachine gun are simulated
according to the actual size of the part on Solidworks software as shown
in Figure 3. In the Solidworks Assembly environment, it is necessary to
click mate to assemble the gun parts.

1 3

Figure 3 — 3D model of the AK submachine gun:
1-gun body; 2 - return spring; 3 - bolt carrier and piston; 4 - hammer;
5 - safety lever; 6 - magazine, 7 - bolt

The stages of the SolidWorks Motion research

A motion study can be created from the Tools — Add-Ins menu and
accessed from a Motion Study tab at the lower portion of the graphics area.

- Click Properties to set value in the Frames per second field. Activate
Animate during the simulation and Show all Motion Analysis message
options;

- Under Motion Analysis, click Advanced Options to Select GSTIFF
solver, see (Nedelcu et al, 2020, 2011).




External forces acting on the automatic firing system

External forces acting on the automatic firing system when firing are
shown in Figures 4 and 5. These forces have a cyclic nature when firing in

series.
P, — F
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) _
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Figure 5 — External force acts on the automatic firing system when the bolt carrier is
pushed up

The symbols of the force components in Figure 4 and Figure 5: Fpi —
combustion gas pressure force acts on the piston; Frs — force of the bolt
carrier spring; Fr — friction force between the bolt carrier and the gun box;
Mox — torque of the torsion spring acts on the hammer; My — torque of the
torsion spring acts on the safety lever; F., — bullet shell withdrawal force;
Fiw — force that pushes the bullet into the chamber; and P4 — gravity of the
bolt carrier.

- The force due to the combustion gas pressure in the gas chamber
acts on the piston

For automatic firing systems of gas-operated automatic weapons, the
force exerted on the piston by the combustion gas pressure in the gas
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chamber is the energy for the automatic machine to work. Therefore, this
is the input parameter to solve the dynamic problem of a gas-operated
automatic machine. The force due to combustion gas pressure in the air
chamber depends on the pressure in the air chamber and the piston cross-
sectional area.

There are many methods to determine the pressure law in the air
chamber. The Blagonrarov method does not reveal the law of variation of
combustion gas pressure in the gas chamber over time, so it is not used
currently, see (Allsop, 1997). The Mamontop method has solved the above
deficiency, however, the calculation process is very complicated (Allsop,
1997). Calculation using the Bravin method is simpler and the results are
also relatively accurate. Currently, with the development of computer
science, the combustion gas pressure in the gas chamber is determined
by simultaneously solving the interior ballistics equation, the gas chamber
thermodynamic equation, and the motion equation of the automatic
machine, see (Dung et al, 2023). However, the calculation volume of this
method is too large, and continuously adjusting the calculation process is
inappropriate. Therefore, the Bravin method chosen to determine the
pressure in the air chamber is appropriate when the main concern is the
pressure in the air chamber.

The equation for determining the combustion gas pressure in the gas
chamber using the Bravin method is as follows:

-t t
py=pe’(l-e?’ (1)

The combustion gas pressure force in the gas chamber is determined
according to the formula:

E,=pS, (2)

where: p - gas pressure in the barrel at the moment the bullet passes

through the gas hole. This pressure value is determined by solving the
interior ballistics problem or by experimental methods; e - natural logarithm
base; t - time during which the burning gas acts on the piston; a -
coefficient takes into account the influence of the structural parameters of
the air chamber (the method for determining this coefficient is presented
in detail in the document (Fiser & Popelinsky, 2007)); and b is the Bravin
coefficient. The results of calculating the pressure force in the gas chamber
F, are shown in Figure 6.
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Figure 6 — Graph of combustion gas pressure force in the gas chamber

- The force of the return spring

This force acts on the weapon casing and the bolt carrier throughout
the whole functional cycle. The return spring force significantly influences
the function cycle of the weapon. It is usually considered linear and is
determined by the following formula:

F;‘S = F;’SO +krs .X (3)

where Fs is the return spring pre-tension force; ks is the stiffness of the
return spring; and X is the deformation of the return spring.

The hardness of the return spring is determined by experimental
methods. The return spring of the AK submachine gun and the fixture for
the experiment are shown in Figure 7.

Figure 7 — Return springs
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The jig model for the experiment is presented in Figure 8. The
hardness of the return spring is determined experimentally using the ST-
1000 SALT multi-purpose tensile and compression machine. When
compressing the spring, the display screen of the compression machine
will display the force according to the compression of the spring, see
Figure 9. Based on the results obtained experimentally, the stiffness of the
push-back spring is determined according to Huc's law.

Figure 8 — Deploy an experiment to measure spring hardness
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Figure 9 — Graph of compression force versus spring compression




- The friction force between the bolt carrier and the gun box

Friction force calculation is a very complex and important problem in
calculating the dynamics of the automatic firing system. The friction force
is the variable force during the movement of the breech block carrier, and
it depends on a lot of factors. The friction force acting on the automatic
firing system occurs in many positions, such as the friction force between
the breech block carrier and the receiver assembly, the friction force
between the breech block carrier and the bolt, the friction force between
the breech block carrier and the working mechanisms, the friction force is
caused by the collision, etc. In practice, however, the friction force between
the breech block carrier and the receiver assembly is much larger than
other friction forces. Therefore, to simplify the analysis, the authors only
consider the friction force between the breech block carrier and the
receiver assembly while the other friction forces are neglected. The effect
of this simplification on the accuracy of the final solution is negligible.

The friction force between the breech block carrier and the receiver
assembly is proportional to the normal contact force, as given in equation (4):

Fo=u-N (4)

The coefficient u is called the coefficient of friction. Often two values
of u are quoted: the coefficient of static friction ys, which applies to the
onset of sliding, and the coefficient of kinetic friction u, which applies
during a sliding motion. The coefficient of friction between the breech block
carrier and the receiver assembly is determined by the experiment, see
(Fiser & Popelinsky, 2007); N is the reaction force of the gun box acting on
the bolt carrier.

The normal contact force is determined by the following formula:

N=ms-g (5)

where ms is the total breech block carrier mass and g is the acceleration
of gravity.
- Force to withdraw the bullet case

The force required to remove the empty cartridge case from the
chamber acts until the chamber is completely clear of the cartridge case.
This force is determined by the friction force, Fms, between the cartridge
case and the chamber wall, which is determined by the propellant gas
pressure acting on the inner surface of the cartridge case. The diagram
used to calculate the cartridge case extraction force is illustrated in Figure
10, see (Tien et al, 2021).
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Figure 10 — Diagram to calculate force when extracting the cartridge case:
Ry - the force of casing withdrawal; p is the pressure in the combustion chamber;
Fms - the friction force between the casing and the bullet chamber wall;
Ivd - the length of the cylindrical part of the casing

Normally, small automatic weapons usually use cartridges which are
cylindrical cartridge cases and short. Therefore, the cartridge case
extraction force, Ry is determined according to the following approximate
formula, see (Tien et al, 2022; Dung et al, 2023):

R =2xf-1,-E -5-A (6)

where: f — coefficient of friction between the cartridge chamber and

the cartridge case; Iy — length of the cartridge case in the cartridge

chamber; E, — modulus of elasticity of the cartridge case material; 5 — wall

thickness of the cartridge case; A — relative interference (the magnitude of

this value depends mostly on the maximum pressure and the cartridge
case material).

- Gravity of gun parts

The object's gravity is located at the center of the object. This force is
perpendicular to the horizontal plane and has a vertical downward
direction. The magnitude of these forces is determined according to the
following formula:

F=m-g (7)

where m is the mass of the object and g is the acceleration of gravity.

Install forces in Solidwork software

After determining the rules of the forces acting on the bolt carrier
during the process of recoil and return, the results are exported to a
spreadsheet on Excel software. They are then added to the Solidworks
environment. The setting parameters are shown in Figures 11-16.
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Figure 14 — Set the direction and the magnitude of the torsion spring of the safety lever
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Figure 15 — Set the direction and the magnitude of the bullet casing force
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Figure 16 — Set the direction and the magnitude of gravity

After establishing the direction and the magnitude of the forces in the

Solidworks environment, the contacts when moving the parts of the
automatic firing system on the AK submachine gun need to be established.
The contacts are set up with the parameters entered as shown in Figure

17.

Figure 17 — Set up the contacts between the parts in the automatic firing system




Results and the discussion

Problem solution

After setting the initial parameters and connections between the parts
of the AK submachine gun, a calculation model is established as shown in
Figure 18. The calculation process is performed in the following order:

Click Calculate @Dto run the computational model. During the
computing period, the Motion Analysis Messages window will display
specific information.

The initial position and the study’s time are determined as follows:

The initial position of the mechanism is determined as shown in Figure 18.

&

Figure 18 — Dynamic computational model of the automatic firing system

After the calculation is finished, the following options will be available:

- Click Results and Plots to see the parameters as a function of time;

- In this section, select the parameters that need to display the results
such as displacement, velocity, acceleration, applied force, and moment
of the part of interest, see Figure 19. These parameters can also be
exported to an Excel table.

Figure 19 — Select the parameters to display
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The results presented in Figures 20 to 25 are the dynamic parameters
of the automatic firing system of the AK submachine gun when firing.
These parameters include the velocity of the bolt carrier, the movement
law of the bolt carrier, the law of rotation angle of the hammer, the force of
the hammer acting on the bolt carrier, and the collision force between the
bolt carrier and the gun body.

8

6 |- -
4 H 4
=
£ |
2
S
20 1
[
>
2+ 4
4+ i
-6 L L L L L
0 0.02 0.04 0.06 0.08 0.1 0.12
Time (s)
Figure 20 — Graph of the velocity of the bolt carrier over time
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Figure 21 — Graph of the displacement of the bolt carrier over time
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Figure 22 — Graph of the displacement of the bolt over time
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Figure 23 — Graph of the hammer rotation angle over time
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Figure 24 — Graph of the impact force between the breech and the gun body over time
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Figure 25 — Graph of the impact force between the bolt and the bolt carrier over time




Some comments are pointed out as follows:

The special points of the graph in Figures 20 and 21 show the moment
of collision of the bolt carrier with the other parts of the automatic machine.
The time it takes for the bolt carrier to move back is less than the time it
takes for the bolt carrier to be pushed up. After an impact at the top
position, the bolt carrier bounces back a distance before the hammer hits
the firing pin to fire.

The change in the direction of movement of the bolt is shown in Figure
22. At this time, there is a collision between the breech bolt and the bolt
carrier when the bolt moves within the cam-shaped section of the bolt
carrier.

When the bolt carrier moves backward, the hammer is pressed down
and it rotates around the axis (see Figure 23). This impact reduces the
speed of movement of the bolt carrier, which is the cause of the decrease
in the rate of fire.

The impact with the largest amplitude is when the bolt carrier is in the
rearmost position and the top position (see Figure 24). In these two
positions, the amplitude of collision force between the bolt carrier and the
gun box is the largest, which causes strong fluctuations in the gun barrel,
reducing the gun's accuracy when firing in series.

Evaluate the reliability of the calculation method

To evaluate the reliability of the new calculation method, an
experimental method was used to verify the calculation model. The
dynamic parameters of the bolt carrier are the basis for evaluating the
ability of the automatic firing system to operate reliably. Therefore, the
purpose of this experiment is to determine the displacement and the
movement speed of the bolt carrier. The results obtained are the basis for
verifying the established calculation method. In the experimental part of
this study, we used a non-contact measurement technique. The high-
speed camera system FASTCAM SA1.1 model 675K - C1 was used to
measure the movement of the bolt carrier, see Figure 26 (Doan et al,
2023). This system includes a Fastcam SA1.1 high-speed camera with the
basic parameters in Table 1, a computer used to install PFV software and
store information, a lighting system, and a connection cable. PFV software
is used to control high-speed cameras from a computer. TEMA software
is used to process the records as well as collect the necessary data, (Tien
et al, 2022, Vo et al, 2021). The system deployment diagram in the
laboratory is shown in Figure 27.
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Figure 26 — SA1.1 High-speed camera system

Table 1 — Some basic parameters of the camera

Parameters Value
Maximum write speed 675000 fps @ 64x16 pixels
8GB is equivalent to 5457 64x16
Data memory pixels photos or 5400 1024x1024
pixels photos
Sensor 12bit DAC

i
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V2227222727 2 )

Figure 27 — Diagram of the arrangement for measuring the displacement of the bolt
carrier using the SA1.1 high-speed camera system:
1 - B299 firing platform; 2 - AK submachine gun; 3 - SA1.1 high-speed camera;
4 - lighting system; 5 - computer with processing software




The testing was conducted at the Weapons Technical Center/Military
Technical Academy under the environmental conditions: a temperature of
24°C and a humidity of 75%. AK submachine guns and 7.62mm
ammunition are of the same batch and are insulated under the same
environmental conditions. The layout diagram of the equipment used in
the test is described in Figure 28. The camera installation mode is
described in Figure 29.

Based on the records, the displacement and the velocity of the bolt
carrier can be determined. TeMA software is used to process records as
well as collect necessary data.

Figure 28 — Arrangement of the equipment in testing
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Figure 29 — Set parameters of the high-speed camera
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Discussion

The experimental data are used to compare with the data from the
computational model. The results of comparing the displacement and the
velocity of the bolt carrier are shown in Figure 30 and Figure 31.
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Figure 30 — Comparison of the displacement of the bolt carrier
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Figure 31 — Comparison of the velocity of the bolt carrier

The obtained results can be commented on as follows:

- The comparison results between the theoretical data and the
experimental data show that the calculation model is highly accurate and
suitable, see Figure 30 and Figure 31. The maximum deviation does not
exceed 6%.

- The simulation results show that the working cycle of a shot is 0.0823s
and this value is equivalent to the theoretical rate of fire of 729 (shots/minute).




The cycle of a shot according to the test results is 0.0846 s and this value is
equivalent to the theoretical rate of fire of 709 (shots/minute), with an error of
2.82%.

- The comparison results demonstrate that the theoretical simulation
model ensures reliability and can be used in further research and surveys
on AK submachine guns.

Conclusion

With a new approach to calculating the automatic machine dynamics
of the AK submachine gun using Solidworks Motion software, the dynamic
parameters of all parts of the automatic machine of the gun are determined
relatively accurately. From the calculated results and the comparison with
the experimental results, some conclusions are drawn as follows:

- Solidworks Motion software allows users to set up 3D calculation
models so it is more intuitive. The input parameters are relatively simple
and easy to set, reducing the need to calculate additional problems.

- By creating links between many parts in the automatic machine,
many problems are solved simultaneously, so the calculation results are
more accurate. In contrast to the theoretical method, secondary problems
such as the problem of determining the hammer force and the collision
problem need to be solved first. These are the input parameters for the
main problem.

- The results calculated using Solidworks Motion software are
relatively accurate compared to the results obtained from experiments; the
error is no more than 5% for the movement speed of the bolt carrier and
3% for the firing cycle.

By using Solidworks Motion software in dynamic calculations,
designers will have more advantages in designing, manufacturing, and
improving other types of automatic weapons.

In the future, the models determining other dynamic characteristics of
weapons will be established on Solidworks Motion software by the author.
In particular, the author continues to research calculations for weapons
operating according to the principle of receding barrel or free breech
principle.
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Resumen:

Introduccion/objetivo: Este articulo presenta un nuevo enfoque para
determinar las caracteristicas dinamicas del sistema de disparo automatico
de pistolas automaticas operadas por gas.

Métodos: Basado en la estructura real del sistema de disparo automatico
de armas automaticas operadas por gas, se simula un modelo 3D del arma
utilizando el software Solidworks y las caracteristicas dinamicas del
sistema de disparo automatico se calculan en el software Solidworks
Motion.

Resultados: Los resultados de la simulacion obtenidos incluyen el
desplazamiento y la velocidad de la plataforma de recamara a lo largo del
tiempo; la fuerza ejercida por el martillo sobre el portacerrojo a lo largo del
tiempo; y la fuerza de impacto del portacerrojo y el cuerpo de la pistola a lo
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largo del tiempo. Estos resultados se comparan con datos obtenidos de
experimentos para verificar el modelo matematico. El ciclo de un disparo
segun los resultados de la prueba es de 0,0846 s y el error en la tasa de
disparo entre los resultados tedricos y experimentales es del 2,82%.

Conclusion: El contenido de la investigacion permite a los usuarios evaluar
visualmente el proceso de trabajo de todas las partes del sistema de
disparo automatico. Los resultados de esta investigacion se pueden aplicar
a los calculos de sistemas de disparo automatico de diferentes armas
automaticas. Esta es una base cientifica importante para mejorar y
modermizar las armas automaticas existentes y servir al proceso de disefio
y fabricacion de nuevos tipos de armas automaticas en el futuro.

Palabras claves: dinamica, sistema de disparo automatico, armas
automaticas, armas accionadas por gas, Solidworks Motion.

MN3yyeHne guHaMn4ecKkmx XxapakTepucTmK ra3oBoro OrHECTPENbLHOro
OpPYXMS C UCMONb30BaHMeEM nporpammMHoro obecnevenns Solidworks
Motion

@y M. HyweH, bueH B. Bo, koppecnoHaeHT, 3oaH B. Llao, 3yHe B. HyneH
TexHudeckui ynusepcuTteT Jle Kai [JoH,

akynbTeT cneumansHoro obopyaoBaHus,

XaHow, Coumanuctmnyeckasa Pecnybnuka BeeTHam

PYBEPUKA TPHTW: 55.68.00 Mpon3BoACTBO OpYXuUsi
BWO CTATbW: opurmHanbHasa Hay4Has ctaTbs

Pestome:

BeedeHue/uenb: B daHHOU cmambe rpedcmasrnieH Ho8bili 1odxo0 K
onpedenieHU0 OUHaAMUYEeCKUX XapakmepucmuK asmomamu4eckol
cucmembl 8bicmperios us 28308020 asmomMamuy4yecKoz20
02HEeCMperibHO20 OPYXKUSI.

MemoObi: Ha ocHogaHuu pearnbHOU CcmpyKmypbl asmomamuyeckol
cucmembi 8bicCmpesios us 2a308020 asmomamu4ecKoeo
O2HecmperibHo20 opyxusi mModesnupyemcsi 3D-modefnib 8UHMOBKU C
ucrionib3ogaHueMm rpozpammHozo  obecrnieyeHuss  Solidworks, a
OuHaMu4yecKue  xapakmepucmuku cucmembl — asmomamuyeckoli
cmpenbbbl  paccyumsblgaromcss  C  [IOMOWbI  1Po2pamMMHO20
obecneyeHus Solidworks Motion.

Pe3ynbmamei: lMony4yeHHble  pe3ynbmamel modlenuposaHusi
eK/royarom 8 cebsi nepemelieHue U CKopocmb 3ameopHoU pambi 3a
nepuod epeMeHu; ycunue, okasbieaemoe yOapHUKOM Ha 3ameOpHYHo
pamy 3a rnepuod epemMeHu; U cusy ydapa 3ameopHoll pambl U 8UHMOBKU
3a nepuod 8pemMeHU. Omu  pesynbmambl Ons  [NPOBEPKU
Mamemamu4deckol Modesnu cpasHugaomesi ¢ 0aHHbIMU, 0STy4YeHHbIMU
8 pe3ynbmame 3KcriepumeHmos. [lpodormkumenbHoCmMb  YuKia




8bICMpPesIos, coefacHo pesynbmamaM UcfbimaHul, cocmasnsem
0,0846 cekyHO, a mnospewHoCmMb Mex0y meopemuyeckumu U
3KcriepuMeHmarnbHbIMU pesyribmamamu cocmasssgem 2,82%.

Bbigodbi:  ColepxaHue  OaHHO20  uccriedogaHusi  r1o3eonsem
rnonb308amerisiM 8U3yarnbHO OUeHUMb paboyutl npoyecc ecex Yacmedl
asmomamuyeckol cucmembl cmpenbbbl.  Pe3dynbmambi  3moeo
uccriefosaHusi moaym bbimb MpuMeHeHbl Oris pacdema cucmem
asmomamu4yeckol cmpernbbbi us pasnuYHbIX sudos
asmomMamu4ecko20 opyxus. Pe3ynbmamab! uccrnedo8aHuUs 8/SIHMCs
8axKHOU Hay4HOU OCcHO80U 05151 cogepuieHcmeo8aHusi U ModepHU3ayuu
cywiecmsyoweeo asmoMamu4eckoe0 02HEeCmpPerIbHO20 OpYyXusi U
rocnyxam 8 rnpouecce MPOeKMUPOBaHUsT U U320MOBIIeHUSI HO8bIX
8ud08 asmomMamu4eckoz20 opyxus 8 bydyuiem.

Krirouesble criosa: OuHamMuka, asmomamuyeckasi cucmema cmpesibbebl,
asmomamu4eckoe opyxue, 2a3oeoe opyxue, Solidworks Motion.

MpoyyaBare AMHAMUYKNX KapakTepucTyka nyLuaka Koje
YHKUMOHULLY NO NpUHUMNY no3ajmuue 6apyTHUX racoBa nomohy
cogpTtBepa Solidworks Motion

@y M. HyueH, bueH B. Bo, ayTop 3a npenucky, 3oa+ B. Llao, 3yHe B. HyneH

TexHuukun yHuBepauteT Jle Keaj [loH, ®akynTeT 3a cneuyujanHy onpemy,
XaHoj, Coumjanuctuyka Penybnuka BujeTHam

OBJIACT: maTtemaTtuka, MalIMHCTBO
KATEFOPWJA (TUM) YNAHKA: opurnHanHu Hay4yHu pag

Caxxemak:

Yeod/uyurb: Oeaj pad npedcmaerba HO8 npucmyrn oopehusary
OuHaMUYKUX KapaKmepucmuka aymomamcKoe cucmema ornasrbugeara Koo
aymomamcKux rywaka Koje (byHKUUOHUWY [0 MpuHyUry ro3ajmuuye
bapymHux eacoea.

Memode: Ha ocHosy peanHe cmpykmype aymomamcKkoe cucmema
onasrbuearba aymomamcKux opyxja Koja GbyHKUUOHUWY M0 npuHyury
rnosajmuye 6apymHux eacoea, cumynupaH je 3 moden nywke romohy
copmeepa Solidworks, a duHamuyKke Kapakmepucmuke aymoMamcKoe
cucmemMa orasrbueara u3padyHame cy riomohy cogpmeepa Solidworks
Motion.

Pesynmamu: JobujeHu pe3ynmamu cumynayuje obyxeamajy romepar-e
u 6p3uHy 3ameapaykoz brioka y hyHKUUjU 8peMeHa, cusly Kojom ydapay
Oerlyje Ha Hocay 3ameapayda y byHKUUju epemeHa, Kao u cury ydapa
Hocayva 3ameapada U meria opyxja y oyHKuuju epemeHa. Pesynmamu cy
yriopeheHu ¢  ekcriepumeHmanHo  OobujeHum  nodauyuma  padu
gepugpukayuje mMamemamudkoe moodena. Luknyc onarbema, npema
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pesynmamuma ucriumuearsa, usHocu 0,0846 s, a epewka 6p3uHe narbbe
usmehy meopujcKux U ekcriepumeHmasHux pedynmama je 2,82%.

Bakrbydak: 080 ucmpaxueame omozayhasa KopuCHUUUMa 8u3yernaH
npuka3s npoyeca pada ceux 0esl0ea aymomamckoa cucmema onarbusarsa.
Hbezosu pesynmamu moey Oa ce [IpuUMEHe 3a uspadvyHasara
aymomamcKux cucmema onasbugaksa pas/iudumux — aymoMarmcKux
nywaka. To npedcmaerba 8axHy Hay4yHy OcHogy 3a nobosblwarbe U
ycaspwasare riocmojehee aymomamckoe opyxja, Kao U 3a
rpojekmosarbe U npou3sodHy HOBUX muroga moa opyxja y 6ydyhHocmu.

KrbyyHe peyu: OuHamuka, aymomamcKu cucmeMm onarbusar-a,
aymomamcKo opyxje, opyxje Koje ¢yHKUUOHUWE M0 [puHyuny
nosajmuye 6apymHux eacosa, Solidworks Motion.
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Abstract:

Introduction/purpose: The possibility of optimizing decision making in the
operations planning process in air defence units by applying a multi-criteria
decision-making approach in a fuzzy environment is shown in the paper. By
analyzing the content of the available literature, the selection criteria were
determined based on which it is possible to evaluate and compare the
courses of action of air defence units. The criteria are based on the
evaluation parameters of the courses of action from the decision matrix in
the phase of the operations planning process called the courses of action
validation and comparison.

Methods: The proposed approach combines the Laboratory for Testing and
Evaluation of Decision Making (DEMATEL) and the Compressed
Proportional Assessment (COPRAS) which have been successfully
modified by fuzzy triangular sets. The fuzzy-DEMATEL method was applied
to determine the criteria's weights, and the fuzzy-COPRAS method was
applied to evaluate the alternatives - courses of action.

Results: Multiple fuzzy-multi-criteria  decision-making methods were
integrated into a unique model that can be applied in the operations
planning process with the aim of optimizing the decision-making process.
Conclusion: The paper contributes to military science in making decisions related
to the operations planning process at the tactical level in air defence units.
Keywords:  Multi-Criteria  Decision-Making (MCDM), DEMATEL,
COPRAS, Triangular Fuzzy Sets, Operations Planning Process.
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Introduction

Making the decision for the use of the air defence missile battalion in
the operations planning process is a train of thought established by the
coordinating officer based on the decision of the commander in order to
logically analyze significant information during the work of the command.
It is implemented through a procedure that allows the commander to
control the operational planning process. This process globally has
variable dynamics, depending on the scenario, that is, the decision-making
environment.

The sequence of planning activities is a series of logical, sequential,
and analytical processes to: examine a mission; develop, analyze, and
compare the courses of action, selecting the best course of action; and
produce a plan or order during a military operation (in this case an air
defence operation).

The operations planning process in the air defence missile battalion
is realized through six phases: initiation, mission analysis, courses of
action development, courses of action validation and comparison,
commander’'s courses of action decision, and plan development. The
operations planning process in the air defence missile battalion is
regulated by a special instruction that is harmonized with the Guide for
Operational Planning of the Armed Forces Commands (Canadian Army
Command and Staff College, 2018).

In the air defence missile battalion, the operations planning process
takes place through the decision-making process implemented by the
operations planning group.

The operations planning group is formed by members of the battalion
command. If necessary, subordinate commanders as well as members of
superior command (air defence missile brigade) are involved in the
operations planning process.

The composition of the operations planning group is defined by the
Standard Procedure for Operations Planning Process, which is developed
by each air defence missile battalion command at its own level, in
accordance with the Guide for Operational Planning of the Armed Forces
Commands (UK Ministry of Defence, 2019). The operations planning
group of the air defence missile battalion has seven members of
command, while in the expanded composition this group can have up to
twelve members.

The fourth phase of the decision-making process, the courses of
action validation and comparison, begins with an ongoing analysis that
evaluates the advantages and disadvantages of all courses of action. Each




member of the operations planning group presents their conclusions for
further consideration. Using previously developed commander’s selection
criteria, the operations planning group analyzes each course of action. By
comparing the courses of action, their advantages and disadvantages are
identified in relation to each other, in order to finally identify the one with
the highest probability of success, in relation to the most likely and most
dangerous enemy's courses of action.

One of the problems in the work of the operations planning group is
that, in the process of selecting group members, no expertise process was
carried out, but the composition of the operations planning group was
determined based on the duties of the members of the air defence missile
battalion command. Bearing this in mind, the subjectivity of the operations
planning group members can significantly influence the decision-making
process.

The paper considers the optimization and improvement of the
operations planning process by applying appropriate objective tools in the
decision-making approach, in this case the methods of multi-criteria
decision-making.

Namely, on the basis of adequate input values, multi-criteria decision-
making methods provide a quick optimal output - response, based on
modern computer technologies and soft computing and which can be
applied in the decision-making process in the operations planning process
in the air defence missile battalion. The application of these methods
enables the optimization of the process in an objective way; based on the
subjective judgment of the respondents (those methods are subjectively
oriented programming methods in soft computing). The possibility of
improving the operations planning process was considered in accordance
with the principle of limitations, that is, it was examined only in the phase
of the courses of action validation and comparison. The object of the
application of multi-criteria decision-making methods is the decision-
making matrix, which is used in the phase of the courses of action
validation and comparison to select the best alternative - course of action
from the offered courses of action. In the paper, MCDM methods were first
applied for the prioritization of the criteria, and then for the evaluation of
the courses of action. There are two types of MCDM methods used in
scientific research. The first type is represented by multiple attribute
decision making (MADM) methods, while the second type is represented
by multiple objective decision making (MODM) methods. MADM involves
the selection of the "best" alternative from pre-specified alternatives
described in terms of multiple attributes (Zavadskas et al, 2014; Sabaei et
al, 2015). These methods enable the prioritization of a discrete - finite
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number of criteria, sub-criteria and attributes in hierarchically structured
qualitative - quantitative ambiguous (imperfect) problems. The second
category, MODM, involves the design of alternatives which optimize the
multiple objectives of the decision maker (Zavadskas et al, 2014; Sabaei
et al, 2015). Bearing in mind that the main goal of the paper is to objectively
solve the problem of selecting the optimal course of action based on the
final number of offered courses of action, as well as that the evaluation of
the courses of action is also performed on the basis of a finite number of
criteria, the MCDM methods that belong to the category of MADM
methods, are applied in the paper. Furthermore, the application of MADM
methods is based on the fact that the decision made is the product of the
thought process of the members of the operations planning group, which
ensures the validity of the application of these operational research
methods. Therefore, the application of the MADM method provides a
solution to the structural problem of selecting the optimal alternative
(course of action) from the finite number of alternatives by ranking them
based on the subjective opinion of decision makers (the operations
planning group). The decision makers subjectively ranked the alternatives
for each of the final number of criteria (with which they previously
determined the weights) using linguistic variables, which required the
application of fuzzy sets, instead of "crisp" values. Bearing in mind that
fuzzy sets provide a suitable mathematical apparatus for solving problems
based on uncertainty, ambiguity, subjectivity and indeterminacy, their
application was necessary in solving this research problem in the paper.
Namely, the criteria, which were used in the decision matrix, are of an
undetermined type (they cannot be determined exactly mathematically)
that depend on many factors (space, weather conditions, enemies, etc.)
and the decision makers made a subjective assessment of their values,
which conditioned the application of fuzzy sets. The evaluation of the
courses of action is also based on subjectivity and uncertainty, which
caused the application of fuzzy sets. Bearing in mind that, in type-1 fuzzy
sets, each element has a degree of membership which is described with a
membership function valued in the interval between 0 and 1, as well as
linguistic variables (intended for decision makers to assess the mutual
influence of criteria and evaluate the criteria for each alternative) are
unambiguous, type-1 fuzzy sets in the form of triangular fuzzy sets were
applied in the paper.

In addition to the introduction and conclusion, the paper consists of
three more sections. In the first section, the review of literature was done.
In the second section, the methodological basis used in the paper is




explained, while in the third section, the results of the research are
presented an explained.

Analysis of literature

Multi-criteria decision-making methods are included in operational
research methods. The application of these methods for military purposes
has been known since their inception. Namely, with the objective of
optimizing the radar network, during the Second World War, the British
armed forces optimized radar positions by applying operational research
methods. After the Second World War, these methods were further
enhanced, and they found a very significant application in the Yugoslav
Army (the Laboratory for Operational Research at the Faculty of
Organizational Sciences in Belgrade is named after Jovan Petri¢, colonel
of the Yugoslav Army) because their basic purpose was related to the
optimization of decision-making processes in organizational systems (the
army and its units essentially represent organizational systems). Multi-
criteria decision-making methods were developed later, and experienced
complete affirmation with the development of computer technologies.
There are numerous papers dealing with the application of multi-criteria
decision-making methods for military purposes. For example, Indi¢ et al.
(2018) dealt with the selection of unmanned aerial vehicles for the needs
of chemical accident area reconnaissance, for the purposes of chemical
recognition. BozZani¢ et al. (2016) investigated the possibility of applying
multi-criteria optimization methods in the operations planning process in
the defense operation. The possibility of optimizing military decision-
making by applying the FUCOM-EWAA-COPRAS-G MCDM model was
researched by Tesi¢ & Bozanic¢ (2023). Most of the mentioned papers are
in the process of finding practical application in the realization of combat
tasks.

Bearing in mind the aforementioned, it can be concluded that there is
no single theoretical fund that refers to the application of multi-criteria
decision-making methods in the operations planning process in order to
select the optimal course of action of a military unit.

Methodological background

For the purposes of this research, the hybridized DEMATEL-
COPRAS approach of multi-criteria decision-making on triangular fuzzy
sets was applied.

A small number of respondents within the operations planning
process in the air defence missile battalion results in the application of

Petrovi¢, I. et al, Improvement of the operations planning process using a hybridized fuzzy-multi-criteria decision-making approach, pp.1093-1119



@VOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2024, Vol. 72, Issue 3

fuzzy sets. Namely, as mentioned earlier in the paper, in contrast to "crisp"
values, which give representative results on a large sample, in the case of
a small sample, as is the case in this paper, the representativeness and
reliability of the results is obtained by applying triangular fuzzy sets (the
application of this type of numbers is related to decision making in the
conditions of uncertainty and subjectivity of experts’ opinion).

The triangular fuzzy set Afor each numbera is ,u(a), where ,u(a)is

a membership function a of the triangular fuzzy set Ain the interval [0,1]
for two triangular fuzzy sets:

4 = (£,,m,,u,)and
‘:12 :(12:m23u2)~

The elementary operations necessary for the application of multi-
criteria decision-making methods on the aforementioned triangular fuzzy
sets are as follows (Chang, 1996; Kahraman et al, 2014; Petrovi¢ &
Petrovi¢, 2021):

L+ A, = (4 + Ly my +myu ) (1)
~l— ~2=(ll—u2,ml—m2,ul—lz) (2)
zzllx;lz =(ll><12,m1 xmz,ulxuz) (3)
A+ A =l +uym +myu, +1,) (4)

kx;ll. =(k><ll.,k><m,.,k><ul.) (5)




Defuzzification of the triangular fuzzy sets is done by using the
following formula (Kahraman et al, 2014; Petrovi¢ & Petrovi¢, 2021):

+4xm. +u,
4 = L+ ><6m, +u; ()

There are a number of MCDM methods that can be used to prioritize
criteria in a structured model: FUCOM (Full Consistency Method), LBWA
(Level Based Weight Assessment), OPA (Ordinal Priority Approach), etc.
The FUCOM algorithm is based on the pairwise comparisons of criteria,
where only the n — 1 comparison in the model is necessary. One of the
characteristics of the developed new method is the lowering of decision-
maker’s subjectivity, which leads to consistency or symmetry in the weight
values of the criteria (Khan et al, 2022; TeSi¢ & BozZani¢, 2023). The LBWA
method enables the involvement of experts from different fields with the
purpose of defining the relations between criteria and providing rational
decision making. The LBWA model has several key advantages: (1) the
LBWA model allows the calculation of weight coefficients with a small
number of criteria comparisons, only n-1 comparison; (2) the algorithm of
the LBWA model does not become more complex with the increase of
the number of criteria, which makes it suitable for use in complex
MCDM models with a large number of criteria; (3) by applying the LBWA
model, optimal values of weight coefficients are obtained with a simple
mathematical apparatus that eliminates inconsistencies in expert
preferences, which are tolerated in certain subjective models (Zizovié &
Pamucar, 2019). An advantage of the OPA method is that it does not make
use of the pairwise comparison matrix, the decision-making matrix (no
need for a numerical input), normalization methods, averaging methods
for aggregating the opinions of experts (in GDM), and linguistic variables.
Another advantage of the OPA method is the possibility for experts to only
comment on the attributes and alternatives for which they have sufficient
knowledge and experience (Ataei et al, 2020).

The validation of the selection criteria was carried out by using the
fuzzy-DEMATEL (Decision — Making Trialand Evaluation Laboratory)
method. This method is based on the determination of direct and indirect
influences between each criterion on each criterion (Kahraman et al, 2014;
Petrovi¢ & Petrovi¢, 2021). It was developed with the aim of studying
groups with complex and connected relationships. This method was
chosen for the prioritization of criteria because it analyzes structures with
complex causal relationships between their elements in partially
determined or non-deterministic organizational systems and processes.
Namely, as already mentioned, the criteria used in the paper are partially
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deterministic or non-deterministic. They are partially determined through
the components of the operational environment such as one's own military
forces, a physical combat component (qualitative-quantitative properties
of land and relief), and a weather component (complex meteorological
conditions). However, these criteria also depend on the enemy's forces
and their ability to reduce the values of the courses of action for all criteria,
which makes the criteria both non-deterministic and partially disordered.
Also, the advantage of the DEMATEL method is that it enables the
identification and elimination of less important criteria during the detailed
analytical process of determining a large number of criteria for evaluating
the courses of action.

The degree of direct and indirect influences (no influence, low,
medium, high or very high influence) between each criterion on all other
criteria was gathered by all members of the operations planning group,
individually, by using the DEMATEL questionnaire. Based on this data, the
initial matrix of influence was formed for each member of the operations
planning group. The element values per row represent the degree of
influence that each criterion has on other criteria (direct influence), and the
element values per column represent the influence that other criteria have
on each criterion (indirect influence). These matrices provided the
application of the fuzzy-DEMATEL method.

The procedure of the fuzzy-DEMATEL method is done as follows
(Kahraman et al, 2014; Petrovi¢ & Petrovi¢, 2021):

The first step: The initial average fuzzy set matrix of the influence
between the criteria is obtained by aggregating the individual (initial) fuzzy
set of influence (after the transformation of the linguistic variables in the
triangular fuzzy sets values) for each i - element of 4 = [dl.j ]

nxn

~() @ 5(2) ~ (k)
- a.’ ®a’®..Da;
4= [‘7/] == ; k U 10)

nxn

m.

where a; = (ly., U.,uy.)is the triangular fuzzy set element of the non-

negative matrix (1 <i < n-number of columns, 1< j <#n- number of
rows in the initial average fuzzy matrix of the influence).

k - the number of members of the operations planning group
(decision makers).

The second step: The normalized direct-relation matrix is:




)f':[)?ij]:sxgl (11)

n
where s :/ Zu .
maXi<i<p &= Y

The third step: The total relation matrix is:

7=, 0 = (1)),

Ly = 1 x (l; -1 )_1 )

-
¥

| o (12
_ x i x
m; —m,:jx(mij m,:].) g
I S i=1.2
Uy = Uy x\Uy —Uy ) L J =140

I= ':;UJHXn ,1'2/ = (lii/,m;,ugj),i, j=1,2,...,nis the triangular
fuzzy set identity square matrix with the values on the main diagonal:
L=(LL1), 1<i<nl< j<ni=j,

Other values of the triangular fuzzy set identity square are:
1, =(0,0,0), 1<i<nl<j<ni#j

The fourth step: After defuzzification of the triangular fuzzy total
relation matrix elements Tijde-'f = [t o ] (using formula 9), the sum of the

y nxn
rows D,,i =1,2,..., n and the sum of the columns R,,j=L12,.,n of
the defuzzificated total relation matrix 7"/ is calculated using the following

formulas (Baykasoglu & Golciik, 2017; Kahraman et al, 2014; Petrovi¢ &
Petrovi¢, 2021):

D, =21 (13)
Jj=1
Ry=214" (14)

The fifth step: The weights of the criteria are (Baykasoglu & Goélcik,
2017):

Petrovi¢, I. et al, Improvement of the operations planning process using a hybridized fuzzy-multi-criteria decision-making approach, pp.1093-1119



@VOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2024, Vol. 72, Issue 3

w, = (D, + R,)> + (D, - R,)’ (15)
The sixth step: The normalized criteria’s weights are:
w =-Yi_i=1,.., n-the number of the criteria

oy, ~ (16)

As in the case of the prioritization criteria, there are numerous
methods that can be used to evaluate alternatives (MABAC, VIKOR,
MARCOS, COPRAS, etc.). The Multi-Attributive Border Approximation
area Comparison (MABAC) method was introduced by Pamugar & Cirovi¢
(2015). The basic assumption in this method is to define the distance of
the alternatives from the border approximation area. The basic adventage
of the MABAC method is that this method is a simple but stable
mathematical tool that can be integrated with other methods, and the
potential values of gains and losses are taken into consideration so that
the final result can be comprehensive (Yu et al, 2017). The
ViseKriterijumska Optimizacija i Kompromisno Resenje (VIKOR) method
was developed by Opricovic (Opricovic & Tzeng, 2004) as an MCDM
method to solve a discrete multi criteria problem with noncommensurable
and conflicting criteria (Gul et al, 2016; Opricovic & Tzeng, 2004). It is
aimed to determine a compromise solution for ranking and selecting
considering conflicting criteria. The compromise solution is a feasible
solution which is the closest to the ideal solution (Gul et al, 2016; Opricovic
& Tzeng, 2004). The advantage of this method is that it calculates the ratio
of positive and negative ideal solutions. The Measurement of Alternatives
and Ranking according to Compromise Solution (MARCOS) method was
introduced by Stevi¢ et al. (2020). The advantages of this method are: the
consideration of an anti-ideal and ideal solution at the very beginning of
the formation of an initial matrix, closer determination of the utility degree
in relation to both solutions, the proposal of a new way to determine utility
functions and their aggregation, the possibility to consider a large set of
criteria and alternatives while maintaining the stability of the method
(Stevic¢ et al, 2020).

In addition to the listed methods, after the prioritization of the criteria
in the decision matrix was completed, the selection of the optimal
alternative (course of action) was done by using the COPRAS (COPRAS
- Compressed Proportional Assessment) method on triangular fuzzy sets.
This method is used to assess the maximizing and minimizing index values
and the effect of maximizing and minimizing indexes of attributes on the




results assessment is considered separately (Alinezhad et al, 2019). The
COPRAS method determines a solution with the ratio to the ideal solution
and the ratio with the ideal-worst solution (Zavadskas et al, 2008). The
feature of the COPRAS method, that it is applied when solving problems
in risk management, made it suitable for application in this paper. Other
features of this method, which ensure its application in this paper, are: the
COPRAS is a compensatory method, criteria and alternatives are
independent and the qualitative attributes are converted into the
quantitative attributes (Alinezhad et al, 2019). Compensatory of this
method and the independence of criteria and alternatives ensures an
independent assessment of each member of the operations planning
group from the influence of the commander or deputy commander of the
unit whose formal influence in the military organization is most often
decisive in the decision-making process. Also, all the values of the criteria
for evaluating the courses of action are of a qualitative type, which makes
this method suitable for application in this paper.

The procedure of the fuzzy-COPRAS method is done as follows
(Ghorabaee et al, 2014; TeSi¢ & Bozani¢, 2023):

The first step: The average fuzzy decision matrix is obtained by
aggregating the individual fuzzy decision matrix (after the transformation
of the linguistic variables in triangular fuzzy sets values) from the

alternative values per criteria for each Ij - element of F ( Ghorabaee et
al, 2014):

. FOeive. @ fw
— _ ij i i
F= |: ii]nxn B k

U<i<n 1< j<m (17)

where £, :(li]f.',ml:/.f,uyf.')is

the fuzzy element of the decision matrix,

n - the number of the criteria,

m - the number of the alternative (courses of action), and

k - the number of members of the operations planning group
(decision makers).

The second step: The calculation of the normalized fuzzy decision
matrix:

R=[7] :[;/ Nij},lﬁiﬁn,lﬁjﬁm (18)
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P

- (o Iy
where 7; _(ll.j,ml.j,u,,j)ls

the fuzzy element of the normalized decision matrix.
The third step: The calculation of the weighted normalized fuzzy
decision matrix (Ghorabaee et al, 2014; TeSi¢ & Bozani¢, 2023):

2-[z]..mer], (9

= z z z\:
where Z, —(lij,m[j,uy.)w

the fuzzy element of the weighted normalized decision matrix.
The fourth step: Summarizing the values of the weighted normalized

decision matrix by the benefit criteria 131 (criteria that are maximized) and
by the cost criteria S’j (criteria that are minimized) (Ghorabaee et al, 2014):
- P
P = ZE;,f eG",G" = {Zl_/,é;j,...,égj} ,G" - the set of
i=1 (20)
benefit criteria 2;,1' =l,..,p

S,=2 5. €G .G ={5,.5,....7,} ,G - the set of cost on
i=1

criteria El.;.,i =1..,s
p +s =n, the set of benefit and cost criteria.

The fifth step: After the defuzzification of the sums Ié and S’j (using

formula 9), the values of the relative importance of each alternative for the
benefit criteria Pjand for the cost criteria S‘/, are obtained. In the next step,

the importance of each alternative from the total number of alternatives is
determined:

2.5
j=1
m 1
S ox Yy —
J ; S,‘

Finally, the alternatives are ranked. The optimal alternative is the one
that has the largest value of O, (Ghorabaee et al, 2014).

Q=P+

J

(22)




Results and the discussion

In the first step of applying the fuzzy multi-criteria decision-making
approach, the criteria of the decision-making matrix that can be used in
the phase of the operations planning process courses of action validation
and comparison were determined. Based on the literature analysis, the
following criteria were determined: ability to command (C1), fire ability
(C2), maneuver ability (C3), spatial ability (C4), logistical support (C5), and
force protection (C6).

In the next step, five members of the operations planning group
evaluated the mutual influence of the criteria using a questionnaire with
linguistic variablesand adequate triangular sets shown in Table 1 and in
Figure 1.

Table 1 - DEMATEL Causal influence linguistic variables and the triangular fuzzy set
values

Causal influence linguistic

: Triangular fuzzy set values
variables

No influence (N) (0,0,0)
Low influence (L) (0,0.25,0.5)
Medium influence (M) (0.25,0.5,0.75)
(
(

High influence (H) 0,5,0.75,1)
Very high influence (VH) 0.75,1,1)

H VH

Ay |

0 1 1 1 U 1 E 1 y 1 1 L
0 005 01 015 02 025 03 035 04 045 05 05 06 065 07 075 08 085 09 095 1

1 1 1 1 1 1 1 1

Figure 1 — Triangular fuzzy set for the linguistic variables of influence
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The obtained results in the form of the linguistic variables are shown
in Table 2.

Table 2 — Answers of the members of the operations planning group in the linguistic
variables - matrix of mutual influence

C C1 C2 C3 C4 C5 C6

C1 N M+4S S+4M 4M+H 4S+M S+M+3H
C2 3S+2H N S+4M 5M 58 3M+2H
C3 VH+3H+M 3S+2M N 2M+3H 5M M+3H+VH
C4 M+2VH+2H | 5H M+4H N 4S+M M+4H

C5 3M+2H 2S+2M+H 3S+2M 5S N 4M+H

C6 3H+2VH 2M+2H+VH | 5H 5VH 2M+3H N

After the transformation of the linguistic variables into the triangular
fuzzy sets (in accordance with Table 1) was completed, the average fuzzy
set matrix of the influence was calculated using formula 10. The obtained
results are shown in Table 3.

Table 3 — The average fuzzy set matrix of the influence

C C1 C2 C3

C1 0,0,0 0.05,0.3,0.55 0.2,0.45,0.7
C2 0.2,0.45,0.7 0,0,0 0.2,0.45,0.7
C3 0.5,0.75,0.95 0.1,0.35,0.6 0,0,0

C4 0.55,0.8,0.95 0.5,0.75,1 0.45,0.7,0.95
C5 0.35,0.6,0.85 0.2,0.45,0.7 0.1,0.35,0.6
C6 0.6,0.85,1 0.4,0.65,0.85 0.5,0.75,1

C C4 C5 C6

C1 0.3,0.55,0.8 0.05,0.3,0.55 0.35,0.6,0.85
C2 0.25,0.5,0.75 0,0.25,0.5 0.35,0.6,0.85
C3 0.4,0.65,0.9 0.25,0.5,0.75 0.5,0.75,0.95
C4 0,0,0 0.05,0.3,0.55 0.45,0.7,0.95
C5 0,0.25,0.5 0,0,0 0.3,0.55,0.8
C6 0.75,1,1.05 0.4,0.65,0.9 0,0,0

In the next step, formula 11 was used to calculate the normalized
direct-relation matrix, and formula 12 was used to calculate the total
relation matrix, respectively. The obtained results are shown in Tables 4
and 5.




Table 4 — The average normalized direct-relation matrix

C C1 C2 C3

C1 0.00,0.00,0.00 0.01,0.06,0.11 0.04,0.09,0.15
C2 0.04,0.09,0.15 0.00,0.00,0.00 0.04,0.09,0.15
C3 0.10,0.16,0.20 0.02,0.07,0.13 0.00,0.00,0.00
C4 0.11,0.17,0.20 0.10,0.16,0.21 0.09,0.15,0.20
C5 0.07,0.13,0.18 0.04,0.09,0.15 0.02,0.07,0.13
C6 0.13,0.18,0.21 0.08,0.14,0.18 0.10,0.16,0.21
C C4 C5 C6

C1 0.06,0.11,0.17 0.01,0.06,0.11 0.07,0.13,0.18
C2 0.05,0.10,0.16 0.00,0.05,0.10 0.07,0.13,0.18
C3 0.08,0.14,0.19, 0.05,0.10,0.16 0.10,0.16,0.20
C4 0.00,0.00,0.00 0.01,0.06,0.11 0.09,0.15,0.20
C5 0.00,0.05,0.10 0.00,0.00,0.00 0.06,0.11,0.17
C6 0.16,0.21,0.22 0.08,0.14,0.19 0.00,0.00,0.00

Table 5 — The total relation matrix

C C1 C2 C3

C1 0.00,0.00,0.00 0.00,0.06,0.08 0.00,0.09,0.11
C2 0.00,0.09,0.12 0.00,0.00,0.00 0.00,0.09,0.11
C3 0.02,0.16,0.19 0.00,0.07,0.10 0.00,0.00,0.00
C4 0.02,0.17,0.20 0.01,0.16,0.18 0.01,0.15,0.18
C5 0.01,0.13,0.15 0.00,0.09,0.10 0.00,0.07,0.09
C6 0.02,0.18,0.22 0.01,0.14,0.16 0.01,0.16,0.21
C C4 C5 C6

C1 0.01,0.11,0.13 0.00,0.06,0.07 0.01,0.13,0.15
C2 0.00,0.10,0.12 0.00,0.05,0.06 0.01,0.13,0.15
C3 0.01,0.14,0.17 0.00,0.10,0.12 0.01,0.16,0.19
C4 0.00,0.00,0.00 0.00,0.06,0.08 0.01,0.15,0.20
C5 0.00,0.05,0.07 0.00,0.00,0.00 0.00,0.11,0.13
C6 0.03,0.21,0.22 0.01,0.14,0.16 0.00,0.00,0.00

In the next step, the defuzzificated total relation matrix was obtained
using formula 9, and formulas 13 and 14 were used to calculate the sum
values of rows and columns. In the last step, the criteria’s weights were
calculated and their normalization was done using formulas 15 and 16.

The obtained results are shown in Table 6 and Figure 2.
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Table 6 — Defuzzificated total relation matrix and criteria's weights

c |C1 Cc2 C3

C4 C5

C6 D. R

i J

Wi

C1 | 0.000 | 0.020 | 0.032

0.041 | 0.018

0.046 | 0.157 | 0.313

0.496

0.176

C2 | 0.035 | 0.000 | 0.032

0.037 | 0.016

0.047 | 0.166 | 0.195

0.363

0.129

C3 | 0.069 | 0.027 | 0.000

0.056 | 0.035

0.067 | 0.254 | 0.220

0.475

0.169

C4 | 0.075 | 0.063 | 0.061

0.000 | 0.022

0.066 | 0.287 | 0.248

0.537

0.191

C5 | 0.046 | 0.029 | 0.024

0.019 | 0.000

0.041 | 0.159 | 0.142

0.302

0.108

C6 | 0.088 | 0.056 | 0.071

0.096 | 0.052

0.000 | 0.362 | 0.267

0.636

0.227

2

Figure 2 — Criteria’s weights of the decision-making matrix

3

Criteria

4 5

After the prioritization of the selection criteria was completed, using
the fuzzy-COPRAS method, the evaluation of alternatives (courses of
action of the air defence missile battalion) was carried out. In this case,
three courses of action of the air defence missile battalion are proposed.
The members of the operations planning group evaluated the alternatives
according to the selection criteria. The evaluation was carried out using
the answers with the linguistic variables (based on the Likert scale values)
shown in Table 7 and in Figure 3.

Table 7 — COPRAS-Likert scale (linguistic variables and triangular fuzzy sets values)

The selection criteria’s quality \I;;klig scale Fuzzy sets
Very bad (VB) 1 (0,0,0)

Bad (B) 2 (0,0.25,0.5)
Good (G) 3 (0.25,0.5,0.75)
Very good (VG) 4 (0,5,0.75,1)
Excellent(E ) 5 (0.75,1,1)




u(f)
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Figure 3 — Triangular fuzzy set for the numerical values of the Likert scale

After the transformation of the values of the linguistic variables into
the fuzzy triangular sets, the formation of the average fuzzy decision matrix
was done using formula 17. The obtained results are shown in Table 8.

Table 8 — COPRAS linguistic and fuzzy decision matrix

F | coat COA2 COA3

C1 | 3VG+2G | 0.4,0650.9 | 2G+2VG+E | 0450709 | VG+4E | 0.7,0.95,1
C2 | 4G+VG 0.3,0550.8 | G+IE 06509095 | 4VG+E | 0.55,0.8,1
C3 | G+VG+3E | 0.6,0.850.95 | 2G+3VG | 04,0650.9 | 3VG+2E | 0.6,0.85,1
C4 | G+2VG+2E | 0.55,0.8,0.95 | 2G+2VG+E | 045,0.7,0.9 | 2VG+3E | 0.65,0.9,1
C5 | G+VG+3E | 0.6,0.850.95 | 4VG+E 0.55,0.8,1 2G+3VG | 0.4,0.65,0.9
C6 | 2L+G+2VG | 0.25,0.50.75 | G+3VG+E | 0.50.750.95 | 2VG+3E | 0.65,0.9,1

Using formula 18, the normalized decision matrix was calculated. The
obtained results are shown in Table 9.

Table 9 — COPRAS normalized fuzzy decision matrix

R | W, |coa COA2 COA3 > 7,
j=1

C1 | 0.176 | 0.143,0.283,0581 | 0.161,0.304,0.581 | 0.161,0.413,0.645 | 1.55,2.32.8
C2 | 0.129 | 0.109,0.244,0533 | 0.236,0.400,0.633 | 0.236,0.356,0.667 | 1.52.252.75
C3 0.211,0.362,0594 | 0.140,0.277,0.563 | 0.140,0.362,0.625 | 1.6,2.352.85
c4 0.193,0.333,0576 | 0.158,0.292,0.545 | 0.158,0.375,0.606, | 1.65,2.4,2.85
C5 0.211,0.370,0.613 | 0.193,0.348,0.645 | 0.193,0.283,0.581 | 1.55,2.3,2.85
C6 0.093,0.233,0536 | 0.185,0.349,0.679 | 0.1850.419,0.714 | 1.4,2.152.7
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Using formula 19, the values of the weighted normalized decision
matrix were obtained, and using formula 20, the sums of the values of the
weighted normalized decision matrix were calculated for the benefit
criteria. Bearing in mind that all criteria are of a benefit type (the values of
all criteria must be maximized), the sums of the values of the weighted
normalized decision matrix by the cost criteria were not calculated. After
the defuzzification of the sum of the values of the weighted normalized
decision matrix according to the benefit criteria (formula 9), the courses of
action were ranked. The obtained results are shown in Table 10.

Table 10 — COPRAS weighted normalized decision matrix

R COA1 COA2 COA3
C1 0.025,0.050,0.102 | 0.028,0.054,0.102 | 0.044,0.073,0.114
C2 0.014,0.032,0.069 | 0.031,0.052,0.082 | 0.026,0.046,0.086
C3 0.036,0.061,0.100 | 0.024,0.047,0.095 | 0.036,0.061,0.106
C4 0.037,0.064,0.110 | 0.030,0.056,0.104 | 0.044,0.072,0.116
C5 0.023,0.040,0.066 | 0.021,0.037,0.069 | 0.015,0.030,0.062
C6 0.021,0.053,0.121 | 0.042,0.079,0.154 | 0.055,0.095,0.162
P 0.155,0.299,0.569 | 0.176,0.324,0.607 | 0.219,0.377,0.646
P, 0.319931286 0.346612618 0.395352904
p=n,s=0

0.319931286 0.346612618 0.395352904
=0, =P
Rang 3 2 1

Based on the obtained results, it is concluded that the third course of
action of the air defence missile battalion is optimal. In this example, the
fuzzy-DEMATEL method ensured the prioritization of the criteria on the
basis of which the course of action was chosen in the operations planning
process. After presenting the subjective opinion on the mutual influence of
the criteria in the questionnaire with the DEMATEL linguistic variables by
the member of the operations planning group and by applying the fuzzy-
DEMATEL procedure, the evaluation of the criteria was carried out in an
objective way and the subjective influence of the respondents was
minimized.

In the next step, the courses of action were ranked using the fuzzy-
COPRAS method. Again, the members of the operations planning group
gave their subjective opinions on the values of the criteria for each course
of action, and the further procedure of ranking the alternatives — courses
of action was carried out by using the fuzzy-COPRAS method procedure.




Bearing in mind that the rank value, in this example, is the highest for the
course of action 3, it turns out that this course is also optimal; the second
in rank is course of action 2, while course 1 is the weakest.

A sensitivity analysis was done through changes in the criteria’s
weights. The sensitivity analysis was carried out through 24 scenarios
(Table 11). In each scenario, the weight of one criterion is increased
(reduced) by 20%, and 40%, respectively. The weights of the other criteria
are increased (decreased) so that the sum of the criteria's values is 1.

Table 11 — The sensitivity analysis of the results

W =W, x12 W =W,,x14 W =W, <08 W, =W, %06

COB>CR>CO COB>CR>CO COB>CR>Ca Co3>CO1>C02
I/V2 :VV20[[[><1-2 VVz = VV201¢1X1'4 VV2 :VVZOMXO-S VVz = VV201¢1 XO6
CB>CR>CO CB>CO>COl CB>C>COl CB>CR>CO
W, =W, x1.2 W, =W, x1.4 W, =W,,,x0.8 W, =W,, x0.6
CRB>CR>Ca CRB>CR>Ca CRB>CR>Ca CR>CR>CA
Wy =Wy x1.2 Wy =W, x1.4 W, =W,,4<08 Wy =W,y %0.6
CO>CR>CO C2>Co>Cca CoB>C>Ca CRB>CR>Ca
W =Wspyx1.2 W =Ws,,x1.4 W, =W, ;0.8 Ws =Ws,1,%0.6
CoB>CR>Ca CRB>CR>Ca CRB>CR>Ca CB>CR>CA
W6:W6014><1.2 VVG :VV6¢;I¢1X1'4 VVGZ%MXO.S VV@ :VV;OMXO.6

CoB>C>Ca C2>CxB>ca CoB>C>Ca C2>CxB>Ca

The results in the table show that the ranking of the courses of action
changed through four scenarios. In other scenarios, the ranking of the
courses of action did not change. The correlation of the results was tested
using Kendall’s coefficient of concordance W. This coefficient represents
a measure of the agreement between several judges (in this case 24
scenarios) who have rank ordered a set of entities (in this case three
courses of action) (Field, 2005). The value of Kendall's coefficient of
concordance for all 24 scenarios and 3 variables (the courses of action) is
0.845. The value of the coefficient of 0.845 is extremely significant for a
significance of 0.05 (the limit value of Kendall's coefficient of concordance
for 24 judges - scenarios and 3 entities - the courses of action is
0.12).Thus, it can be concluded that there is a very high correlation
(closeness) of ranks through the scenarios and that the results obtained
using the hybridized fuzzy-DEMATEL-COPRAS approach are credible.
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To see the advantages of the proposed model, decision making in the
fourth phase of the process is briefly explained by applying the Standard
Procedure for Operations Planning Process (Table 12).

Table 12 — An example of a decision matrix used in the Standard Procedure for
Operations Planning Process

Criteria | Coefficient | Ranking | COA1 Ranking | COA2 Ranking | COA3
C1 2 1 2 2 4 1 2
C2 1 1 1 1 1 2 2
C3 2 2 4 2 4 1 2
C4 2 2 4 1 2 2 4
C5 1 2 2 2 2 2 2
C6 3 2 6 1 3 1 3
Rang of COA 19 (3) 16 (2) 15 (1)

The coefficients in the Standard Procedure for Operations Planning
Process are determined by an individual, commander or deputy
commander without discussion with other members of the operational
planning group. The deputy battalion commander, after consultation,
proposes criteria ranks for each course of action. In the last step, the
values obtained by multiplying the value of the coefficient with the rank
value for each course of action are added and the course of action with
the lowest value is chosen as the best. As can be noted, the process does
not use scientific methods, values are assigned randomly without in-depth
analysis and decision making is influenced by individuals. Bearing in mind
the above, there is no doubt that the main contribution of the paper is
based on the following facts: the process of the courses of action valuation
is based on the application of MCDM scientific methods; group decision
making reduces the influence of individuals in the group; the application of
the MCDM method enables an objective approach to decision making
based on the subjective opinion of the respondents. Also, the application
of fuzzy sets ensures the elimination of ambiguity and indeterminacy.
Namely, decision makers evaluate the criteria using linguistic variables
that are transformed into triangular fuzzy sets. These fuzzy sets, in discrete
form, have three values. In the middle value, the fuzzy number
membership function has the maximum value, while the first and third
values represent the limits of the left distribution and the right distribution
of the confidence interval of fuzzy sets (in this way, the approximate value
"about" was introduced into the operational planning process — for
example "about 1", "about 2", etc.). This MCDM model also has its limits,
which are reflected in the following: MCDM methods are mainly applied by
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examining experts (expertise is not carried out in the operational planning
process, but group members are pre-determined from the battalion
command); sometimes it is difficult for the members of the operations
planning group to assess the mutual influence of the criteria due to a
number of factors whose mutual influences are often intertwined;
mathematical formulations are generally rejected by the members of the
operations planning group due to the lack of a unique interface that would
significantly facilitate the application of the MCDM model, etc. The
aforementioned shortcomings can be eliminated by forming a scientific
and professional team that would analyze the possibility of forming a
unigue MCDM model. The mentioned model would be based on
professional experiences from corps units. The final design of the model
would have a unique interface that would facilitate the use of the MCDM
model and would resemble the information system models already used in
the Army (interfaces for planning defense functions, human resources,
logistical support, etc.).

Conclusion

The paper shows the possibility of applying a multi-criteria decision-
making approach in the fuzzy environment with the aim of optimizing the
operations planning process in air defence units. A multi-criteria
optimization approach can support the decision-making process, which will
minimize subjectivity. Namely, despite the fact that the subjective
assessments of individuals are taken as a starting point, the scientific-
methodological approach in further steps enables the objectification of the
decision-making process. Multi-criteria optimization is performed using the
mathematical software MATLAB, which cannot fully ensure the ease of
application of these methods to the end user. Future research should be
focused on creating a unique procedure for optimizing the operations
planning process based on multi-criteria decision-making methods (AHP,
BEST-WORST, DEMATEL, COPRAS, MABAC, TOPSIS, etc.), with the
creation of a unique programming code that would be transformed into a
suitable programming language. This approach would lead to the creation
of a unique interface that would significantly facilitate the operations
planning process for the end user. Also, in that case, the subjective
influence of each individual in the operational planning process would be
significantly reduced.

Petrovi¢, I. et al, Improvement of the operations planning process using a hybridized fuzzy-multi-criteria decision-making approach, pp.1093-1119



@VOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2024, Vol. 72, Issue 3

References

Alinezhad, A., Khalili, J., Alinezhad, A. & Khalili, J. 2019. New Methods and
Applications in Multiple Attribute Decision Making (MADM). Cham: Springer.
Available at: https://doi.org/10.1007/978-3-030-15009-9.

Ataei, Y., Mahmoudi, A., Feylizadeh, M.R. & Li, D.-F. 2020. Ordinal Priority
Approach (OPA) in Multiple Attribute Decision-Making. Applied Soft Computing,
86, art.number:105893. Available at: https://doi.org/10.1016/j.as0c.2019.105893.

Baykasoglu, A. & Gélciik, I. 2017. Development of an interval type-2 fuzzy
sets based hierarchical MADM model by combining DEMATEL and
TOPSIS. Expert Systems with Applications, 70, pp.37-51. Available at:
https://doi.org/10.1016/j.eswa.2016.11.001.

Bozani¢, D.I., Pamucar, D.S. & Karovi¢, S.M. 2016. Application the MABAC
method in support of decision-making on the use of force in a defensive
operation. Tehnika, 71(1), pp.129-136  (in  Serbian).  Available  at:
https://doi.org/10.5937/tehnika1601129B.

-Canadian Army Command and Staff College. 2018. The Operational
Planning Process: OPP Handbook CACSC-PUB-500. Kingston, Ontario, Canada:
Canadian Army Command and Staff College [online]. Available at:
https://www.canada.ca/content/dam/dnd-
mdn/army/lineofsight/files/articlefiles/en/ CACSC-PUB-500-2018.pdf [Accessed:
10 May 2024].

Chang, D.Y. 1996. Applications of the extent analysis method on fuzzy
AHP. European journal of operational research, 95(3), pp.649-655. Available at:
https://doi.org/10.1016/0377-2217(95)00300-2.

Field A.P. 2005. Kendall’'s Coefficient of Concordance. In: Everitt, B.S. &
Howell, D.C. (Eds.) Encyclopedia of Statistics in Behavioral Science, 2, pp.1010-
1011. New York: Wiley [online]. Available at:
https://discoveringstatistics.com/repository/kendall's_coefficient_of concordance
_ebs.pdf [Acessed: 05 July 2024]. ISBN: 978-0-470-86080-9

Ghorabaee, M.K., Amiri, M., Sadaghiani, J.S. & Goodarzi, G.H. 2014.
Multiple criteria group decision-making for supplier selection based on COPRAS
method with interval type-2 fuzzy sets. The International Journal of Advanced
Manufacturing Technology, 75, pp.1115-1130. Available at:
https://doi.org/10.1007/s00170-014-6142-7.

Gul, M., Celik, E., Aydin, N., Gumus, A.T. & Guneri, A.F. 2016. A state of the
art literature review of VIKOR and its fuzzy extensions on applications. Applied
Soft Computing, 46, pp.60-89. Available at:
https://doi.org/10.1016/j.asoc.2016.04.040.

Indi¢, D., Petrovié, I., Ivankovié, N. & Buki¢, B. 2018. Chemical accident area
reconnaissance by unmanned aircraft. Vojno delo, 70(8), pp.109-127. Available
at: https://doi.org/10.5937/vojdelo1808109I.

Kahraman, C., Oztaysi, B., Sar, i.U. & Turanoglu, E. 2014. Fuzzy analytic
hierarchy process with interval type-2 fuzzy sets. Knowledge-Based Systems, 59,
pp.48-57. Available at: https://doi.org/10.1016/j.knosys.2014.02.001.

1114



Khan, F., Ali, Y. & Pamucar, D. 2022. A new fuzzy FUCOM-QFD approach
for evaluating strategies to enhance the resilience of the healthcare sector to
combat the COVID-19 pandemic. Kybernetes, 51(4), pp.1429-1451. Available at:
https://doi.org/10.1108/K-02-2021-0130.

Opricovic, S. & Tzeng, G.-H. 2004. Compromise solution by MCDM
methods: A comparative analysis of VIKOR and TOPSIS. European Journal of
operational research, 156(2), pp.445-455. Available at:
https://doi.org/10.1016/S0377-2217(03)00020-1.

Pamuéar, D. & Cirovié, G. 2015. The selection of transport and handling
resources in logistics centers using Multi-Attributive Border Approximation area
Comparison (MABAC). Expert Systems with Applications, 42(6), pp.3016-3028.
Available at: https://doi.org/10.1016/j.eswa.2014.11.057.

Petrovi¢, J. & Petrovi¢, I. 2021. What makes a successful helicopter pilot? A
fuzzy multi-criteria decision-making approach. International Journal for Traffic and
Transport Engineering, 11(4), pp.507-527. Available at:
https://doi.org/10.7708/ijtte2021.11(4).02.

Sabaei, D., Erkoyuncu, J. & Roy, R. 2015. A Review of Multi-criteria Decision
Making Methods for Enhanced Maintenance Delivery. Procedia CIRP, 37, pp.30-
35. Available at: https://doi.org/10.1016/j.procir.2015.08.086.

Stevié, Z., Pamuéar, D., Puska, A. & Chatterjee, P. 2020. Sustainable
supplier selection in healthcare industries using a new MCDM method:
Measurement of alternatives and ranking according to COmpromise solution
(MARCOS). Computers & Industrial Engineering, 140, art.number:106231.
Available at: https://doi.org/10.1016/j.cie.2019.106231.

TeSi¢, T. & Bozani¢, D. 2023. Optimizing Military Decision-Making:
Application of the FUCOM- EWAA-COPRAS-G MCDM Model. Acadlore
Transactions on Applied Mathematics and Statistics, 1(3), pp.148-160. Available
at: https://doi.org/10.56578/atams010303.

-UK Ministry of Defence. 2019. Allied Joint Publication-5 Allied Joint Doctrine
for the Planning of Operations. Ministry of Defence UK [e-book]. Bristol: UK
Ministry of Defence [online]. Available at:
https://assets.publishing.service.gov.uk/media/6054d017e90e0724be025a8f/202
10310-AJP_5_with_UK_elem_final_web.pdf [Accessed: 12 May 2024].

Yu, S.M., Wang, J. & Wang, J.Q. 2017. An Interval Type-2 Fuzzy Likelihood-
Based MABAC Approach and Its Application in Selecting Hotels on a Tourism
Website. International Journal of Fuzzy Systems, 19, pp.47-61. Available at:
https://doi.org/10.1007/s40815-016-0217-6.

Zavadskas, E.K., Kaklauskas, A., Turskis, Z. & Tamosaitiene, J. 2008.
Selection of the effective dwelling house walls by applying attributes values
determined at intervals. Journal of Civil Engineering and Management, 14(2),
pp-85-93. Available at: https://doi.org/10.3846/1392-3730.2008.14.3.

Zavadskas, E.K., Turskis, Z. & Kildiené, S. 2014. State of art surveys of
overviews on MCDM/MADM methods. Technological and Economic
Development of Economy, 20(1), pp.165-179. Available at:
https://doi.org/10.3846/20294913.2014.892037.

Petrovi¢, I. et al, Improvement of the operations planning process using a hybridized fuzzy-multi-criteria decision-making approach, pp.1093-1119



@VOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2024, Vol. 72, Issue 3

Zizovié, M. & Pamudar, D. 2019. New model for determining criteria weights:

Level Based Weight Assessment (LBWA) model. Decision Making: Applications

in

Management and Engineering, 2(2), pp.126-137. Available at:

https://doi.org/10.31181/dmame1902102z.

Mejora del proceso de planificacion de operaciones mediante un
enfoque hibrido de toma de decisiones difusa y multicriterio

Ivan B. Petrovi¢?, Milan Z. Milenkovi¢?

@ Universidad de Defensa de Belgrado, Academia Militar,
Belgrado, Republica de Serbia, autor de correspondencia

b Universidad de Defensa de Belgrado, Escuela de Defensa Nacional
"Mariscal de campo Radomir Putnik", Belgrado, Republica de Serbia

CAMPO: matt,améticas aplicadas, ciencias militares
TIPO DE ARTICULO: articulo cientifico original

Resumen:

Introduccion/objetivo: En el articulo se muestra la posibilidad de optimizar
la toma de decisiones en el proceso de planificacion de operaciones en
unidades de defensa aérea mediante la aplicacién de un enfoque de toma
de decisiones multicriterio en un entorno difuso. Analizando el contenido
de la bibliografia disponible, se determinaron los criterios de seleccion a
partir de los cuales es posible evaluar y comparar los planes de accién de
las unidades de defensa aérea. Los criterios se basan en los parametros
de evaluacion de los planes de accién de la matriz de decision en la fase
del proceso de planificacion de operaciones denominada los planes de
accion validacion y comparacion.

Métodos: El enfoque propuesto combina el Laboratorio de Pruebas y
Evaluacion de la Toma de Decisiones (DEMATEL) y la Evaluacion
Proporcional Comprimida (COPRAS) que han sido modificados con éxito
mediante conjuntos triangulares difusos. Se aplicoé el método difuso-
DEMATEL para determinar los pesos de los criterios y el método difuso-
COPRAS para evaluar las alternativas - planes de accion.

Resultados: Se integraron multiples métodos de toma de decisiones
difusos y multicriterio en un modelo Unico que se puede aplicar en el
proceso de planificacion de operaciones con el objetivo de optimizar el
proceso de toma de decisiones.

Conclusion: El articulo contribuye a la ciencia militar en la toma de
decisiones relacionadas con el proceso de planificacion de operaciones a
nivel tactico en unidades de defensa aérea.

Palabras claves: Toma de Decisiones Multicriterio (MCDM), DEMATEL,
COPRAS, Conjuntos Difusos Triangulares, Proceso de Planificacion de

Operaciones.
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CoBepLueHCTBOBaHMWE NpoLiecca NNaHnpoBaHus onepawuuii ¢
UCnornb30BaHWEM MMBPUAHOIO HEYETKO-MHOMOKPUTEPUANBHOIO
noaxoa K NPUHSATUIO pPeLLEHWIA

Usan B. MeTtposny?, MunaH XK. MuneHkosny®
2YHuBepcuTeT 06opoHsbl B . benrpaa, BoeHHas akagemus,
r. benrpag, Pecnybnvka Cepbusi, KoppecnoHAeHT

6 YuueepcuteT 060poHsI B r. Benrpaa, LLIkona HaumoHansHon 060poHbI,
«®enbgmapwan Pagomup MNyTHuk», r. Benrpag, Pecnybnuka Cepbus

PYBEPUKA TPHTW: 27.47.19 UccnenoBaHue onepauuii,
28.17.31 MogenvpoBaHve nNpoueccoB ynpaBneHus
BWL CTATbW: opurmHanbHasa Hay4yHas ctaTbs

Pesome:

BeedeHue/uenb: B  cmambe  npedcmaernieHa  803MOXXHOCMb
onmumusayuu rfpouyecca npuHImMuUsi peweHull no MiaHUpo8aHuto
onepayuli 8 nodpasdeneHusix Mpomueogo30yuwHol 0BOPOHbI Mymem
MPUMeHEHUs] MHO20KpuUmepuaabHo20 nodxoda K MpUHSMuUIo peuweHul
8 Heyemkol cpede. C nomMouwbto aHanusa codepxaHusi docmyrnHol
numepamypsl 6binu oripedernieHbl Kpumepuu ombopa, Ha OCHo8aHUU
KOmoOpbIX  MOXHO  OUeHusamb U  cpasHusamb  Oelicmeusi
rnodpasdeneHuli npomueogo3dywHol 060poHbIl. Kpumepuu ocHo8aHbI
Ha napaMempax OUeHKU eapuaHmos Oelicmeuli U3 Mampuuybi
npuHaAmMuUs peweHul Ha amarne rnpoyecca CpasHeHUs 8apuaHmos
MPUMEHEHUS.

Memoodebi: [lpednasaembili nodxod obbveduHssem nabopamopHbie
ucribimaHusi U oueHKy npouecca npuHsmusi peweHuli (DEMATEL) ¢
memodom KomrisieKcHoU  nporiopyuoHanbHol oueHku (COPRAS),
Komopble bbinu ycrnewHo ModuguyupoeaHbl C MOMOUWbIO HEYEMKO20
mpeyaonbHo20 Yucna. [ns onpedeneHusi 8ecosbix KoaghghuyueHmos
Kpumepueg 6bin1 npumeHeH memod fuzzy-DEMATEL, a dnsi oueHku
anbmepHamue — gapuaHmos delicmeuli bbin npumeHeH Memod fuzzy-
COPRAS.

Pe3ynbmamai: Heckornbko HeYemKux MHO20KpumepuasbHbIX Memodos
npuHaAMUs peweHul 6binu uHmMezpuposaHbl 8 €OUHYH MOOeslb,
Komopasi mMoxem Obimb fpuMeHeHa & rfpouecce r1aHuposaHusi
ornepayul ¢ yesnbo onmumu3ayuu npoyecca npUHIMUs peweHud.

Bbigo0Obl: [aHHasi cmambsi @HOCUM 8Kad 8 B0EHHYI0 HayKy, 8
yacmHocmu, 8 obriacmu NPUHAMUST peweHul, cesi3aHHbIX C MPOUeCccoMm
rriaHUpos8aHus orepayuli Ha maKkmu4yecKoM yposHe 8 riodpa3derneHusIx
pomugogo30yuwHOU 0O60POHSI.

Kniroueeble crioga: MHO20KpumepuasibHoe npuHsmue peuweHul
(MCDM), DEMATEL, COPRAS, mpeyzonbHble He4Yemkue 4ucra,
npouecc nnaHupoeaHusi onepayull.
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YHanpeheke npoueca onepaTtUBHOr NiaHupara NPUMEHOM
XMBPUOHOT (hasu-BULLEKPUTEPUjYMCKOT NPUCTYNa OANy4YMBakHY

Uean B. MeTposuh?e, Munax X. MuneHkosuh®

2 YHuBepauteT oabpaHe y beorpaay, BojHa akagemuija,
Beorpaa, Penybnuka Cpbuja, ayTop 3a npenucky

6 YuueepauTeT onbpaHe y Beorpagy, Lkona HaunoHanHe onbpaHe
.Bojsoga Pagomup MyTHWK”, Beorpaa, Penybnuka Cpbuja

OBNACT: npumereHa maTtemaTyka, BojHe Hayke
KATETOPWUJA (TUIM) YNAHKA: opyriHantm Hay4YHu pag

Caxemak:

Yeod/yurb: Y pady je npukazaHa Mmoz2yhHocm —onmumusayuje
OoHowersa OOfyka y [pouecy orepamusHo2 rnaHupawa Yy
apmurbepujcko-pakemHum jeQuHuyama 3a npomueeasdyxorsioeHa
dgjcmea npumeHoM Memoda euleKpumepujymMckoe odsnydusara y
a3u okpyxewy. AHanuzom cadpxaja OocmyrHe Jfumepamype,
odpefjeHu cy Kpumepujymu Ha OCHO8Y Kojux je moayhe epedHosamu u
rnopedumu eapujaHme yrnompebe apmusrbepujCKO-pakemHux jeQuHuya
3a rnpomusesa3dyxornsiogHa 0ejcmea Koje pasgujajy 4YnaHosu epyre 3a
ornepamueHo rnaHupaH-e y MoKy rpoueca orepamueHoe rniaHupara.
Kpumepujymu ce 3acHusajy Ha napamempuma ouerbusara sapujaHmu
ynompebe u3 mampuue 0driyHueara y hasu ropehera gapujaHmu
ynompebe.

Memode: lNpednoxeHu npucmyn Koju kKombuHyje memode JEMATEJT u
KOIIPAC ycrniewHo je modughukogaH mpoyenacmum gha3u CKyrnosuma.
Memoda cpasu-JEMATEJ] npumerseHa je 3a odpehusare mexuHe
kpumepujyma, a @a3u-KOMMIPAC memoda 3a 8pedHOBaH-€e
anmepHamuea — eapujaHmu yrompebe.

Pesynmamu: WHmMeepucaHo je euwe ¢ha3u-suwiekpumepujyMcKux
memoda odnyqugar-a y jeduHcmeeH MOoOe 1 Koju ce Moxe npumMeHumu
y npouecy nnaHupama onepauuja padu onmumu3ayuje npouyeca
doHowera odrnyKa.

Bakrpydak: Pad donpuHocu 80jHOj Hayyu npuiukomM OoHowera 00nyKa
y nfpouecy orepamueHo2 [faHupaka Ha maKmuykoM HUgoy Y
apmurbepujcko-pakemHumMm jeduHuyama 3a npomueea3dyXxornioeHa
Oejcmea.

KrbyyHe pedu: suwekpumepujymcko odnydyusarse (BKO), JEMATE]J],
KOIPAC, mpoyanacmu ¢ha3u cKynoeu, oriepamugHo niaHupame.
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Abstract:

Introduction/purpose: The paper presents the multi-criteria Fuzzy DIBR-
Fuzzy DIBR II-EWAA-BM-DEXi-Fuzzy LMAW model for choosing a
location for crossing water obstacles by fording in a defense operation. After
the identification of the criteria by experts in this field, the mentioned model
was applied and the optimal point was determined. In order to test the
consistency of the results and the validity of the model, experts were
consulted again, and the sensitivity analysis and the comparative analysis
were performed.

Methods: The Fuzzy DIBR and Fuzzy DIBR Il methods were used to
determine the weighting coefficients of the identified criteria, while the
aggregation of the expert opinions and the obtained values was performed
using the EWAA and BM operators. To select the optimal location, the
Fuzzy LMAW method was applied, while the linguistic descriptors were
determined using the DEXi decision support system.

Results: The proposed methodology made it possible to identify all the
criteria that determine the choice of a location and the choice of the optimal
point for crossing a water obstacle in a defense operation. The testing of
the model by experts, the analysis of the sensitivity of the output results to




changes in the weights of the criteria and the comparison of the obtained
results with the results of other methods indicated the fact that the model is
valid and that it gives consistent results.

Conclusion: It was concluded that the multi-criteria model provides the
necessary help to decision makers in conditions of imprecise and
unspecified information and that it is applicable in real situations. Also, the
proposed model takes into consideration all the aspects that must be
considered when making such a complex decision and helps less
experienced officers in the decision-making process, reducing the
possibility of errors, which can resulf in human casualties. Finally, directions
for further research in the field of overcoming water obstacles and multi-
criteria decision making are suggested.

Key words: wading, location, selection, military, MCDM, DIBR, DIBR I,
Fuzzy, LMAW, EWAA, BM, DEX.

Introduction

Overcoming water obstacles is a challenge that is present in all
armies around the world and is considered one of the most difficult, most
dangerous and complex combat actions and is a type of counter-
engineering action aimed at ensuring the movement (maneuver) of units
in combat operations (Pifat, 1980, p.13; Falkowski & Model, 2019).
Considering a great number of waterways in our country, overcoming
water obstacles in defensive actions against the enemy will be of great
importance. Depending on deployment needs, different crossing points
can be established: raft crossing point, bridge crossing point, ice crossing
point, swimming crossing point, ford crossing point, deep fording crossing
point, and underwater fording crossing point (Pifat, 1980, pp.225-233). The
specifics of each of the operations determine the different conditions in
which the water obstacle is overcome. Successfully overcoming such
obstacles requires knowledge of various techniques and tactics, as well as
detailed preparation. The preparation process includes collecting
information on locations for crossing points, deciding on the most suitable
location, and as a final step, establishing the crossing point itself. This is
where the role of engineering officers comes into play - they must have a
good understanding of the tactical and technical aspects of using various
means to overcome water obstacles. Due to the complexity of these tasks,
long-term experience of officers working in pontoon units and training is
required to ensure the efficiency and safety of operations.

The location where the crossing over the water obstacle is established
must meet the necessary conditions (criteria) in the assigned area, in
accordance with the given task. The very choice of a location, for each of
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the crossing points, is basically defined by the normative - legal regulations
that regulate this area in the Serbian Armed Forces. The existing
documents only outline the criteria and rely on the experience of officers.
The criteria that have been established do not consider in detail all the
factors that influence the decision on the location, i.e., they are not
complete. Also, the mentioned factors are not elaborated in detail, nor are
they described to such an extent that they can serve as a standard
operating procedure when choosing a location, especially for officers who
do not have enough experience in this area. Part of the criteria is of a
qualitative nature, so its assessment is influenced by the subjectivity of the
decision maker.

In order to eliminate errors when deciding on the choice of locations
for overcoming water obstacles in a defense operation, primarily due to
the lack of experience of decision makers and the inaccuracy and
incompleteness of available information, it is necessary to establish a
decision-support model that would allow decision makers to choose the
optimal location, based on previously defined criteria, in which subjectivity
would be reduced to the smallest possible error. It is necessary to note
that mistakes made during the selection of a location for the establishment
of a crossing point over a water obstacle can result in human casualties
and cause damage to weapons and military equipment.

In order to make faster and better decisions about the choice of the
site of crossing by fording, i.e., the point on the water obstacle that is
"overcome by treading on the bottom of its bed" (Pifat, 1980, p.226), and
better optimization of time and assistance to less experienced officers for
making such a decision in a defense operation, in this research a decision
support model was established, which includes all the factors necessary
for making an optimal decision on the choice of a location. The mentioned
model includes the application of multi-criteria decision-making (MCDM)
methods for the subject choice. The application of different MCDM
methods, for solving different decision-making problems in different areas,
is shown in numerous papers (Keshavarz-Ghorabaee et al, 2022; Mishra
et al, 2023; Sahoo & Goswami, 2024; De & Nandi, 2024; Aldaghi & Muzik,
2024; Radovanovi¢ et al, 2024; Kumar et al, 2024, etc.). The selection of
different locations using different methods was also the subject of different
research studies (Ulutas & Karakus, 2021; Ao Xuan et al, 2022; Aykac et
al, 2023; Maghfiroh & Kavirathna, 2023; Nghiem & Chu, 2024; Alwedyan,
2024; Raad & Rajendran, 2024; Yicenur & Maden, 2024; etc.). The field
of MCDM was also applied to solving various problems in the military field,
including location selection, as evidenced by a large number of papers
(Sanchez-Lozano & Rodriguez, 2020; de Araujo Costa et al, 2022;
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Swethaa & Felix, 2023; Kurnaz et al, 2023; TeSi¢ & Bozani¢, 2023;
Dagistanli & Kurtay, 2024; Bilgin et al, 2024; etc.). The specific choice of
locations (points) for crossing a water obstacle using multi-criteria
decision-making methods is presented in a small number of papers, which
are mainly research studies conducted by the authors of this article, e.g
(Tesi¢ & Bozanié, 2018; Bozani¢ et al, 2018; Setiadiji et al, 2020; Znidarsi¢
et al, 2024; etc.), but no research deals with the choice of a fording
crossing site in a defensive operation. Given that the choice of indicators
is conditioned by data that confirm or refute the hypothesis and reflect the
properties of the subject and research objectives, the indicators are based
on previous scientific knowledge about the subject of research (Bazi¢ &
Danilovi¢, 2015), and, given that there are no detailed criteria that
influence the subject selection, that there are no previous research studies
in this specific area, and that the area is defined by normative-legal
documents, there was a need for this research as well as for this way of
defining indicators.

The most frequently used criteria for evaluating alternatives, in the
previous research in this area, were: Concealment of preparations, Degree
of exposure to enemy fire, Characteristics of shores/banks, Camouflage,
Bank characteristics, Characteristics of the terrain for the redirection of
units and vehicles, Depth of water obstacles, Protection of own forces,
Width of water obstacles, Speed of water current, Quality and number of
access routes, Scope of work on the approaches to banks, Bottom
composition, Existence of material deposits, Existence of obstacles, etc.
From the aforementioned research, it is concluded that the problems of
choosing locations for overcoming water obstacles can be successfully
solved by applying MCDM methods.

Given that the aspects from which the subject of research is viewed
represent incomplete and imprecise data, i.e., that most of them are known
through linguistic descriptions, and that in previous research Fuzzy theory
was used (which gave good output results with this type of data (Rashid et
al, 2023; Bozanic¢ et al, 2018; Setiadji et al, 2020; Wang et al, 2024)), the
authors in this paper also decided to use methods that were improved
using Fuzzy theory. The model formed and used in this paper includes
relevant MCDM methods for defining the weighting coefficients of the
criteria Fuzzy DIBR (Defining Interrelationships Between Ranked) and the
Fuzzy DIBR Il, based on expert opinions, with the DEXi decision support
system (used to form linguistic descriptors for qualitative criteria), as well
as the Fuzzy LMAW (Logarithm Methodology of Additive Weights) method
for determining the optimal location from a set of possible solutions in
conditions of imprecise and incomplete input parameters. The EWAA
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(Einstein Weighted Arithmetic Average) operator was used for the
aggregation of expert opinions, while the BM (Bonferoni Mean) operator
was used for the aggregation of weighting coefficients obtained by different
methods (Fuzzy DIBR and Fuzzy DIBR Il). The validity of the proposed
methodology was tested by experts in this field. In order to check the
stability and validity of the proposed model, a sensitivity analysis of the
output results of the proposed methodological procedure was performed,
as well as a comparison of the obtained results with the results obtained
using six other fuzzy MCDM methods. The reasons for the formation of
such a multi-criteria model are reflected in the following: considering that
experts are not always completely sure of their claims, the degree of
confidence of the experts was used to form a triangular fuzzy number,
which, by reducing the expert's confidence in the statement, blurs the fuzzy
number and reduces its crisp value; in order to obtain more precise values
of the weights of the criteria, two methods were used to determine the
weights, which use different scales to define the relationship between the
criteria; and when defining the weights, the competences of the experts
were also taken into account using the EWAA operator. The reasons for
applying Fuzzy theory have been previously explained. In Figure 1, the
algorithm of the proposed methodology is presented.
=

( START )

‘ Analysis of the literature related to the research problem and engagement of experts in the field

2

Formation of MCDM model }:

v

Defining criteria and their weighting coefficients using Fuzzy
DIBR and Fuzzy DIBR Il methods, EWAA and BM operators

7
Selection of the optimal alternative (location) using the Fuzzy
LMAW method
v

‘ Model testing by experts
I

L2

v

- s —

;Qn Test positive \////> <;\\;/ Test negative \///
E Sensitivity analysis
I

;;:;:C: gr;i stent resu It/s::/::/:» <\1j;j;l/rlco nsistent res glt}:/:::,_/ h
|:‘ — Comparative analysis =
I
v .
vl i;ﬁ'”\""\"\n,,\,} /ln;t| g T
= =
» < END >

Figure 1 — Algorithm of the proposed MCDM methodology
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Description of the methods

So far, various MCDM methods have been developed, both for
determining the weighting coefficients of the criteria and for the calculation
of the optimal alternative; they have been used in numerous areas to solve
various decision-making problems. For the purpose of this research, DIBR,
DIBR II, and LMAW methods were used, improved by triangular fuzzy
numbers formed using degrees of confidence.

More about Fuzzy theory and numbers can be seen in (Zadeh, 1965;
Zadeh, 1973; Pathinathan et al, 2015). Figure 2 shows an example of a
triangular fuzzy number based on the degree of confidence of the decision
maker in the given statement (TeSi¢ et al, 2024).

Degree of confidence

= 01 02 03 04 05 06 07 08 09 10
g [ [ [ [ [ [ [ [ [ [
4.0
3.0—
o}
Q
Ea
=Z 320
ke ]
s
=
(N
1.0—
= \ | | | | | | | | |
- 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Degree of confidence

Figure 2 — Example of a triangular fuzzy number based on the degree of confidence of
the decision maker

Fuzzy DIBR

The DIBR method (Pamucar et al, 2021a), with its simple
mathematical apparatus, is intended for the calculation of weighting
coefficients of criteria. In order to apply this method to imprecise and
incomplete data, it was improved using triangular fuzzy numbers (Pamucar
et al, 2022).

Figure 3 shows the steps of applying the method.
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# Step 1: Ranking criteria by importance

IF there exists a set of criteria and criterion is chosen as most importance THEN
Rank the other criteria in set C by importance so that criterion is at the first place.

ENDIF

# Step 2: Comparing criteria by importance and defining mutual relationships
FOR each criterion in set C DO
FOR each other criterion in set C DO
IF is not equal to THEN
Enter the value of relationship
# Ratio values are triangular fuzzy numbers.
ENDIF
ENDFOR
ENDFOR

# Step 3: Defining relations for calculating weight coefficients
FOR each criterion in set C DO

Define relations for calculating weight coefficients of criteria based on defined relationships and
ENDFOR

# Step 4: Calculating the weight coefficient of the most influential criterion
Calculate the weight coefficient for criterion based on defined relationships
# The values of the weight coefficients of the criteria are triangular fuzzy numbers

Calculate the weight coefficients for other criteria ( to ) based on defined relationships
Calculate the crisp value of weight coefficients and and

# Step 5: Defining the degree of satisfaction of subjective relationships between criteria
FOR and DO
Calculate
IF Difference between and is less than 10% THEN
Print "Relationship between criteria is satisfied."
ELSE
Print "Relationship between criteria is not satisfied."
# It is necessary to define new relationships between the criteria in order to satisfy the stated condition.
ENDIF
ENDFOR

Figure 3 — Pseudocode of the Fuzzy DIBR method

Fuzzy DIBR Il

The DIBR Il method (Bozani¢ & Pamucar, 2023) represents an
improved DIBR method, based on a small number of pairwise
comparisons, and has so far found application in various research areas.
The method is additionally improved by Fuzzy theory (TeSi¢ et al, 2024),
and the steps of the method are presented in Figure 4.
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# Step 1: Identification of the criteria
Identify_criteria_C(m) # Where m is the total number of criteria
Print "C(m)"

# Step 2: Determining the importance of each identified criterion
IF there exists a set of criteria C(m) and criterion is chosen as most importance THEN
Rank the other criteria in set C(m) by importance so that criterion is at the first place.

# Step 3: Defining the relationship between criteria
FOR each criterion DO
FOR each criterion DO
IF is not equal to THEN
Determine_degree_of_confidence( )
IF Degree_of_confidence satisfies condition THEN
Define_relationship_between_criteria() based on
ENDIF
ENDIF
ENDFOR
ENDFOR

# Step 4: Defining the relationship between the most significant and other criteria
Define_relationship_between_most_significant_and_other_criteria():

# Step 5: Determination of the value of the weight coefficient of the most significant criterion
Determine_weight_coefficient_of _most_significant_criterion():
# The values of the weight coefficients of the criterion is triangular fuzzy number

# Step 6: Determination of the value of the weight coefficient of the other criteria
# The values of the weight coefficients of the criteria are triangular fuzzy numbers
Determine_weight_coefficient_of_other_criteria( to )

# Step 7: Defuzzification of the value of the weight coefficient of the criteria
Defuzzify_weight_coefficient_of_criteria():

# Step 8: Determining the quality of the relationship between the criteria
Determine_quality_of_relationship_between_ criteria():
Calculate_deviation_values() # Using Equation
Calculate_control_value() # Using Equation
IF Deviation_values satisfy condition THEN
Print "Relationship quality between criteria is satisfactory."
ELSE
Print "Relationship quality between criteria is not satisfactory."
# It is necessary to define new relationships between the criteria in order to satisfy the stated condition.
ENDIF

Figure 4 — Pseudocode of the Fuzzy DIBR Il method

Aggregation operators

For aggregating expert opinions, the EWAA operator, presented in
(TesSi¢ & Bozanic¢, 2023), was used. The mathematical expression of the

operator is presented by expression (1).
e e

. L1a+fGoy =T Ta-fGhy
WA 1t = 31 .
N (o Cal B (G Cplk
j=1

j=1

where e is the total number of experts, A=1/e when all experts have the
same competence coefficient, and A=w® when the competences of the
experts are different (w®) .
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The BM operator was used to aggregate the obtained values of the
weighting coefficients of the criteria using the Fuzzy DIBR and Fuzzy DIBR
Il methods and to obtain the final criteria weights (Bonferroni, 1950; Tesi¢
& Bozani¢, 2023), and its mathematical formulation is presented by
expression (2).

1

n r+s
BM”S(X1,X1,...,XH)=£ 1 Zx[xf] (2)

n(n-1) =

Fuzzy LMAW

Pamucar et al. (2021b) presented the LMAW method in 2021. It has
a dual purpose: 1) determining the weighting coefficients of the criteria,
and 2) calculating the optimal alternative. Like the previous methods, this
method has been improved using triangular fuzzy numbers and applied in
various research areas (TeSic et al, 2023). The mathematical apparatus of
the Fuzzy LMAW method for determining the weights of the criteria is
presented in the following text.

Step 1: Formation of the initial decision matrix ( X :[)?U] )

Step 2. Normalization of the elements of the initial decision matrix (

N=[f;] )

X x{D xts) (d)

i i i Xi | s '
T+——=|1+——1+——,1+— if j € Benefit,
. () Xk
n; = 7 N Y N @)
1+ |1+ 2142147 _|if jeCost
D7) )

where ﬁ,j represents the normalized values of the initial decision matrix,
(+) (d) ) — min(x® ;
x;” =max(x;""), and x;” =min(x;’), / represents the left, d- on the right

is the distribution of the fuzzy number, and s is the value where the
membership function of the fuzzy number is equal to 1.

Step 3. Calculation of the weighted matrix (Z =[2;] ).

mxn




N 27
G =—— =
@) 7y @
2" 2
(2-7{)" + 749 "2 Tj.s)) O (2_75,))% 40
In(A In(n!" Ny In(n'@
where 7 = (’/)_ (’/), (u)’ (n;”) (5)

i=1 i=1 i=1 i=1

Step 4. Calculation of the final index for ranking the alternatives (Q. )

=1 =1 =1 =1

(6)
The ranking of the alternatives is formed on the basis of defuzzificated
index values (Q, ), i.e., a higher value of the index of the alternative implies

a higher rank and vice versa.

Application of the MCDM model

For the purpose of this research, 26 experts in this particular field were
engaged. The experts were sent a questionnaire to identify the criteria that
influence the choice of a location for crossing a water obstacle by fording
in a defense operation. After applying the Delphi method and processing
the obtained data, the opinions of four experts were rejected due to a large
deviation from the opinion of the expert group, so that in the end 22 experts

were engaged in the entire research process, i.e.E {E1,E2,...,E22} , and,
by applying the methodology presented in Tesi¢ & Bozani¢ (2024), their

competencies were defined
{0.0484, 0.0535,0.0365, 0.0439, 0.038, 0.0375, 0.0424, 0.043,0.0388,0.0372, 0.0364, }
(o e

0.0375, 0.0498, 0.0579, 0.0554,0.0536, 0.0496, 0.0492, 0.0417, 0.0444, 0.0529, 0.0526
Based on expert opinions, a total of 13 criteria affecting the location choice
Ce{C,C,,...Ci;3} were identified (Table 1).

After defining the criteria, each of the experts defined the ranking of

the criteria in accordance with their significance and the relationships
between the criteria, as well as their degree of confidence.
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Table 1 — Criteria that affect the choice of a fording location

Criterion type

crierion BenefiuCost | \umerical

C1 - Quality of access routes on both banks Benefit Linguistic
C2 - Scope of works on the entry and exit banks Cost Linguistic
Cs - Water obstacle width (m) Cost Numerical

C4 - Water obstacle depth (m) Cost Numerical

Cs - Water current speed (m/sec) Cost Numerical

Cs - Composition of the water obstacle bed Benefit Linguistic
Cr - Camouflage conditions Benefit Linguistic

Cs —Vulnerability of the crossing point to the
enemy attacks
Co - Natural and man-made obstructions in and
along the water obstacle

C10 - Conditions for bank preparations Benefit Linguistic

C11 - Existence of local material sites, resources
and workshops (industrial plants)

C12 - Water level change tendency Benefit Linguistic

C13 - Possibility of deploying tanks for action and
maneuvering on the exit bank

Cost Linguistic

Benefit Linguistic

Benefit Linguistic

Benefit Linguistic

By applying the steps of the Fuzzy DIBR method (Figure 3) and the
Fuzzy DIBR Il method (Figure 4), for each of the experts, aggregation was
performed using the EWAA operator, expression (1), and the coefficients
of the expert competences, which resulted in the criteria weight values for
each method (Table 2).

Table 2 — Aggregated values of the criteria weights for each of the methods

Cq C2 Cs Cs Cs Ce Cr
Fuzzy
DIBR | 00438 | 0.0410 | 0.1219 | 01741 | 0.1462 | 0.1417 | 0.0440
Fuzzy | 0459 | 0.0396 | 01199 | 0.1846 | 0.1511 | 0.1431 | 0.0407
DIBR II

Cs Co Cio Cn Ci2 Ci3
';‘:ZBQ’ 0.0906 | 0.0345 | 0.0271 | 0.0179 | 0.0552 | 0.0620
Fuzzy
DIBR | 0-0905 | 0.0337 | 0.0263 | 0.0162 | 0.0564 | 0.0550




In order to arrive at the final values of the weighting coefficients of the
criteria using the BM operator, expression (2), the data from Table 2, i.e.,
the weights of each of the criteria for both methods are aggregated. The
final values of the criteria weights are presented in Table 3 and represent
the input data for the initial decision matrix.

Table 3 — Final values of the criteria weights

Ci C2 Cs Cs Cs Ce Cr
w 0.0434 0.0403 0.1209 0.1793 0.1487 0.1424 0.0423

Cs Co C1o Cu C12 C13 Cs
w 0.0906 0.0341 0.0267 0.0170 0.0558 0.0584 0.0906

In order to choose the optimal location for crossing a water obstacle
by fording in a defense operation, it is necessary to evaluate the defined
alternatives in accordance with each identified criterion. The evaluation for
the linguistic type criteria is performed using Fuzzy linguistic descriptors,
presented in Table 4.

Table 4 — Fuzzy linguistic criteria descriptors

Linguistic descriptors for criterion C1o

Linguistic descriptors for criterion C13

Description of the Scale

Description of the

linguistic descriptor value linguistic descriptor Scale value
Excellent (OD) @, 9, 10) Fa"”“é‘;ﬁ‘)’”d't"’”s @, 9, 10)
Partially favorable
Very Good (VD) (5,6,7) bl dityions 5P) (5,6,7)
Partially adverse
Good (DO) (8.4.5) conditions (DN) (2.3,4)
- (1,2,3)
Sufficient (DV) Unfavorable conditions
(1, 1,1) (NU) (.11
Insufficient (NDV) T

Linguistic descriptors for criterion Co

Linguistic descriptors for criterion C12

Description of the linguistic Scale Description of the Scale value
descriptor value linguistic descriptor
Positive impact (P) (8,9, 10) Favorable Trend (PT) 8,9, 10)
. e Partially Favorable
Partial positive impact (PD) (5,6,7) Trend (DPT) (5,6,7)
Partially negative impact (ND) (2, 3, 4) Partially Unfavorable 2,3, 4)

Negative impact (N) (1,1,1)

Unfavorable Trend (NT)

Trend (DNT)

(1,1, 1)
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Linguistic descriptors for criterion C7

Linguistic descriptors for criterion C+

Description of the

Description of the

. s . Scale value . - . Scale value
linguistic descriptor linguistic descriptor
Excellent (O) (8,9, 10) Excellent (OD) (8,9, 10)
Very good (V) (5,6,7) Very Good (VD) (5,6,7)
Good (D) (3,4,5) Good (DO) (3,4,5)
Satisfactory (Z) (1,2,3) Sufficient (DV) (1,2,3)
Unsatisfactory (NZ) 1,1,1) Insufficient (ND) 1,1,1)

Linguistic descriptors for criterion Cs

Linguistic descriptors for criterion Cs

Description of the

linguistic descriptor Scale value

Description of the

linguistic descriptor Scale value

The bottom of the water
obstacle has sufficient
bearing capacity and is flat
(DDR)

The bottom of the water
obstacle has sufficient
bearing capacity, but it is
not flat (DDN)

The bottom of the water
obstacle does not have
sufficient load-bearing
capacity (the load-bearing
capacity can be increased),
but it is flat (DNR)

The bottom of the water
obstacle does not have
sufficient load-bearing
capacity (the load-bearing
capacity can be increased)
and is not flat (DMN)
The bottom of the water
obstacle does not have
sufficient load capacity (the
load capacity cannot be
increased) and is not flat
(DNN)

(8,9, 10)

(5,6,7)

(3,4,5)

(1,2,3)

(1,1, 1)

Very Large (VV) (8,9, 10)

Large (VE) (5,6,7)

Middle (SR) (3,4,5)

Small (MA)

(1,2,3)

Does not exist (NP) (1,1, 1)

Linguistic descriptors for criterion C11

Linguistic descriptors for criterion C2

Description of the

Description of the

linguistic descriptor Scale value linguistic descriptor Scale value
Exist (P) (6, 8, 10) Big (VEL) (6, 8, 10)
Partially Exist (DP) (2,4,6) Medium (SRE) (2,4,06)
Non Existant (NPo) 1,1, 1) Small (MAL) (1,1,2)

To determine the linguistic descriptor, for the purposes of this
research, the DEXi decision support system (Bohanec, 2023), based on
the DEX methodology (Bohanec et al, 2013), was used. The DEXi uses a




system of logical rules to make decisions. Each linguistic descriptor is
broken down into several criteria and sub-criteria and depending on the
logical rules, its value is determined.

Based on all the above, an initial decision-making matrix was formed.

It consists of five alternatives A e{A1,A ,...,As} and 13 criteria (Table 1),
previously identified by experts (Table 5).

Table 5 — Initial decision matrix

C1 C2 Cs C4 Cs Ce C7
A1 DO SRE 60 1.1 0.8 DDR D
A2 DV SRE 55 11 0.9 DNR (0]
As DV MAL 58 1.2 0.8 DDN Nz
A4 ND SRE 51 1 2 DDR z
As ND MAL 60 0.9 2.1 DDN D
Cs Co C1o Cu Ci2 Ci13
Ad vV ND DO DP DPT PU
Az VE ND NDV DP PT PU
As VE N VD NPo DNT DP
A4 vV N DV DP DPT DN
As SR ND NDV P PT PD

The initial decision matrix (Table 5), using fuzzy linguistic descriptors

(Table 4), is translated into the Fuzzy initial decision matrix (Table 6).

Table 6 — Fuzzy initial decision matrix

C1 C: Cs Ca Cs Cs Cr
A1 | (3,4,5) | (2,4,6) | (60,60,60) | (1.1,1.1,1.1) | (0.8,0.8,0.8) | (8,9,10) | (3,4,5)
Az | (1,2,3) | (2,4,6) | (55,55,55) | (1.1,1.1,1.1) | (0.9,0.9,0.9) | (3,4,5) | (8 9,10)
A3 (1,2,3) | (1,1,2) | (58,58,58) | (1.2,1.2,1.2) | (0.8,0.8,0.8) | (5,6,7) (1,1,1)
Al (1,1,1) | (24,6) | (51,51, 51) (1,1, 1) 2,2,2) (8,9,10) | (1,1, 1)
As (1,1,1) | (1,1,2) | (60,60,60) | (0.9,0.9,0.9) | (2.1,2.1,21) | (5,6,7) (3,4,5)

Cs Co C1o C11 C12 C13
A1 | (8,9,10) | (2,3,4) (3,4,5) (2, 4, 6) (5,6,7) (8,9, 10)
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A2 | (5,6,7) | (2,3,4) (1,1, 1) (2,4,6) (8,9,10) (8,9,10)
As | (5,6,7) | (1,1, 1) (5,6,7) (1,1, 1) (2,3,4) (5,6,7)
As | (8,9,10) | (1,1, 1) (1,2,3) (2,4,6) (5,6,7) (2,3, 4)
As | (3,4,5) | (2,3,4) (1,1, 1) (6, 8, 10) (8,9, 10) (5,6,7)

The formation of the initial decision matrix represents the first step in
the application of the Fuzzy LMAW method. After the other steps of the
method, expressions from (3) to (6), have been applied, the final ranking
indices are defined for each of the alternatives, and, by dephasing the
specified values, the final rankings of the alternatives are obtained (Table

7).
Table 7 — Values of the final index (Q) and the ranking of the alternatives
Alternative Q Q Rank
Aq (11.71, 11.95, 12.21) 11.950 1
A2 (11.64, 11.9, 12.18) 11.907 2
As (11.63, 11.87, 12.11) 11.866 4
A4 (11.56, 11.79, 12.04) 11.797 5
As (11.67,11.9, 12.13) 11.898 3

In order to validate the obtained results, the experts were asked to
rank the alternatives (Table 8) based on the initial decision matrix (Table

o) Table 8 — Ranking alternatives based on the expert opinions

A1 Az As As As A1 A As A4 As
E1 2 1 4 5 3 E12 1 4 2 3 5
E2 1 2 5 4 3 E13 2 1 4 5 3
E3 1 3 2 5 4 E14 2 1 3 5 4
E4 2 1 5 4 3 E15 1 2 4 5 3
E5 3 2 1 4 5 E16 1 2 4 5 3
E6 1 5 3 2 4 E17 1 2 5 4 3
E7 1 2 4 5 3 E18 1 2 4 5 3
E8 1 2 4 5 3 E19 1 2 4 5 3
E9 2 1 4 5 3 E20 1 2 4 5 3
E10 1 2 5 4 3 E21 1 2 4 5 3
E11 1 3 2 5 4 E22 1 3 2 5 4




Given that there is a consensus of expert opinions (TeSi¢ & Bozanic,
2024), the ranks were aggregated using the EWAA operator and the final
ranking of the alternatives was obtained by the experts (Table 9).

Table 9 — Final ranking of the alternatives based on the expert opinions

Alternative EWAA Rank
Ai 1.286692 1
Az 2.058976 2
As 3.778465 4
As 4528116 5
As 3.350265 3

Based on the ranks obtained by expert evaluation, it can be concluded
that the proposed methodology is valid, i.e., that it gives correct results.

Sensitivity analysis

In order to check the stability of the model to changes in the weighting
coefficients of the criteria, 40 different change scenarios were formed
(Figure 5).

1
0,8
0,6
0,4

0,2

0
S1 S3 S5 §7 S9 S11S13515517519521523525S527S529S31S33535S37S39

mC1 mC2 mC3 mC4 mC5 mC6 mC7 mC8 mC9O mC10 mC11 mC12 mC13

Figure 5 — Scenarios of changes in criteria weights

Applying the mentioned scenarios in the Fuzzy LMAW method leads
to the following results (Figure 6):
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X

S1 S3 S5 S7 S9 S11 813 815 817 S19 S21 S23 S25 S27 S29 S31 S33 S35 S37 S39

A1 A2 A3 A4 A5

Figure 6 — Rankings of the alternatives obtained by applying scenarios

As it can be seen from the previous figure, the methodology used in
this research produces very consistent results. The first-ranked alternative
A+ was chosen as optimal in all cases, while the last-ranked alternative
was in the last place in all cases. Also, it can be stated that the ranking of
alternatives As and Az changes slightly in the scenario S1, i.e., in the case
when all criteria have equal weights.

Comparative analysis

In order to validate the model, the obtained results were compared
with the results obtained by the Fuzzy WASPAS (Weighted Aggregated
Sum Product Assessment) (Turskis et al, 2015), Fuzzy VIKOR
(VISekriterijumsko KOmpromisno Rangiranje) (Chang, 2014), Fuzzy SAW
(Simple Additive Weighting) (Roszkowska & Kacprzak, 2016), Fuzzy
MABAC (Multi-Attributive Border Approximation Area Comparison)
(Bozani¢ et al, 2018), Fuzzy COPRAS (Complex Proportional
Assessment) (Zarbakhshnia et al, 2018) and Fuzzy CoCoSo (Combined
Compromise Solution) (Fernandez-Portillo et al, 2023) methods. As it can
be concluded from the obtained results shown in Figure 7, the alternative
A1 is ranked first in all methods. Also, in Figure 8, it can be seen that the
Pearson correlation coefficient of the ranks (Rodgers & Nicewander, 1988)
obtained by the mentioned methods, in relation to the Fuzzy LMAW
method, tends to an ideal positive correlation.




A3 - The values of the Pearson correlation coefficient

Al A2

F-CoCoSo
A comm— 5 1
P78
0.6
F—LMAW F-WASPAS  F-COPRAS
0.4 J

0.2

0

F-VIKOR F-MABAC
F-SAW
Figure 7 — Rankings of the alternatives Figure 8 — The values of the Pearson
obtained by different methods correlation coefficient of the obtained
ranks

Conclusion

In this research, a model was developed for the selection of a location
for fording a water obstacle in a defense operation using MCDM methods,
i.e., the Fuzzy DIBR-Fuzzy DIBR I[I-EWAA-BM-Fuzzy LMAW model. The
proposed model represents significant progress in the field of overcoming
water obstacles and decision making, enabling more accurate and efficient
decisions in choosing a site to cross a water obstacle in conditions of
uncertainty and inaccuracy, in a defense operation. The application of the
Fuzzy DIBR and Fuzzy DIBR Il methods, which are based on expert
opinions and use the DEXi decision system, allows the inclusion of
imprecision in the decision process, which is of extreme importance in the
context of defense operations where information is usually incomplete or
unclear. At the same time, the application of the Fuzzy LMAW method
contributes to the determination of the optimal location in conditions of
uncertainty in the input parameters. The use of the EWAA and BM
operators for the aggregation of expert opinions and weighting coefficients
implies the importance of taking into account different aspects in decision
making. This approach provides a complex evaluation of various criteria
and aspects that influence the choice of location.

The validity of the proposed methodology was confirmed by expert
testing, which guarantees the relevance and applicability of the model in
real situations. Additionally, the performed sensitivity analysis and a
comparison with other MCDM methods confirm the stability and validity of

the proposed model.
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The developed model represents a significant contribution to the field
of military decision making and provides necessary assistance to less
experienced officers. Its application can significantly improve the selection
of the location for fording water obstacles, which is crucial for the
successful execution of defense operations. The main innovation in this
research is the introduction of MCDM methods and DEXi software in this
area, specifically in solving this problem, as well as comprehensively
defining the criteria that condition the subject choice. Practical application
is reflected in clearly defined criteria and the MCDM model that can easily
be converted into an application, the use of which will be adjusted to the
user.

This research opens up new opportunities for further research and
applications of other theories that deal well with inaccuracies and
uncertainties, as well as the development of application software for wider
use. Also, the proposed methodology can be used for any research
problem, with the definition of new criteria and new decision models in
DEXi software.The main limitations of this research are related to the
subject of the research itself; namely, the criteria that have been defined
refer exclusively to deciding on a location in a defense operation while for
other types of operations it would be necessary to redefine the criteria.
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Resumen:

Introduccion/objetivo: El articulo presenta el modelo multicriterio Fuzzy
DIBR-Fuzzy DIBR II-EWAA-BM-DEXi-Fuzzy LMAW para elegir una
ubicacion para cruzar obstaculos de agua al vadear en una operacion de
defensa. Luego de la identificacion de los criterios por parte de expertos en
este campo, se aplic6 el modelo mencionado y se determiné el punto
optimo. Para comprobar la consistencia de los resultados y la validez del
modelo, se consulté nuevamente a expertos y se realizaron analisis de
sensibilidad y anélisis comparativo.

Meétodos: Se utilizaron los métodos Fuzzy DIBR y Fuzzy DIBR Il para
determinar los coeficientes de ponderacién de los criterios identificados,
mientras que la agrupacion de las opiniones de los expertos y los valores
obtenidos se realizd utilizando los operadores EWAA y BM. Para
seleccionar la ubicacion optima se aplicé el método Fuzzy LMAW, mientras
que los descriptores lingliisticos se determinaron mediante el sistema de
soporte a la decision DEX.

Resultados: La metodologia propuesta permitio identificar todos los
criterios que determinan la eleccion de una ubicacion y la eleccion del punto
optimo para cruzar un obstaculo de agua en una operacion de defensa. La
prueba del modelo por parte de expertos, el analisis de la sensibilidad de
los resultados de salida a los cambios en los pesos de los criterios y la
comparacion de los resultados obtenidos con los resultados de otros
meétodos indicaron el hecho de que el modelo es valido y que proporciona
resultados consistentes.

Conclusion: Se concluyd que el modelo multicriterio brinda la ayuda
necesaria a los tomadores de decisiones en condiciones de informacién
imprecisa y no especificada y que es aplicable en situaciones reales.
Ademas, el modelo propuesto toma en consideracion todos los aspectos
que deben considerarse al tomar una decision tan compleja y ayuda a los
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oficiales menos experimentados en el proceso de toma de decisiones,
reduciendo la posibilidad de errores que pueden resultar en victimas
humanas. Finalmente, se sugieren direcciones para futuras
investigaciones en el campo de la superacion de los obstaculos del agua y
la toma de decisiones multicriterio.

Palabras claves: vadeo, ubicacion, seleccion, militar, MCDM, DIBR,
DIBR Il, Fuzzy, LMAW, EWAA, BM, DEXi

MpuMeHeHne MHOFOKPUTEPUANBbHOMO NPUHSTUS peLLleHnn ans Bblbopa
MecTa NpeooneHns BOAHOro NpensTcTBus BOpoa B xoae
0bopoHUTENBLHOM onepaumm

Aywko 3. Tewny?, Japxo N. Boxanudb, Aduc Mywika®

@ YHuBepcuTeT 0b6opoHbl B . benrpaa, BoeHHas akagemusi, gekaHar,
r. benrpag, Pecnybnuka Cepbusi, KOppecnoHAeHT

6 YHueepcuteT o60poHsbI B . benrpaa, BoeHHaa akagemusi, AenaptaMeHT
TaKTUKN U cUCTeMbl BOOpyXeHusi, r. benrpaa, Pecnybnuka Cepbus

& MpaBuTenbcTBO Ookpyra bpyko BocHum n epueroBuHbI,
AenapTameHT obLiecTBeHHoM 6e3onacHocTy, r. bpyko, BocHus u MepuerosrHa

PYBPUKA T'PHTW: 27.47.19 WccnepoBaHue onepauuin,
78.21.53 UccnepoBaHua 1 pa3paboTku B obnactu
3(pPEKTUBHOCTHU, HaAEXHOCTM U BoeBoro
MCMNONb30BaHNSA BOOPYXXEHWNSI U BOEHHOW TEXHUKN
BWO CTATbW: opurmHanbHasa Hay4Has ctaTbs

Pesome:

BsedeHue/uensn: B OaHHoU cmamee npedcmasreHa
MHo20KpumepuanbHas modesns Fuzzy DIBR-Fuzzy DIBR II-EWAA-BM-
DEXi-Fuzzy LMAW 0dns ebibopa mecma rpeodosieHusi B00HbIX rpezpad
86pod 8 xode obopoHumenbHoU onepauyuu. [locrne onpedeneHus
Kpumepueg 3Kkcriepmamu 8 OaHHoU obnacmu 6bina npuMeHeHa
yrnomsiHymasi Mooenb U ornpedenieHo onmumarnbHoe mecmo. [ns
rposepKku  coaniacogaHHocmMuU pe3dyribmamog U 0ocmosepHocmu
modenu bbinu nposedeHb! MOBMOPHbIE KOHCYbmayuu ¢ 3Kcrepmamu,
a makxe aHanu3 4yecmeumesibHOCMU U CpasHUMeslbHbIU aHau3.

Memoosi: [ns onpedesnieHusi 8eco8biX KO3GhPUUUEHMO8 8bISI8IIEHHbIX
Kpumepueg ucrionb3osanuck memods! Fuzzy DIBR u Fuzzy DIBR I, a
aspeauposaHue MHeHUU 3KCriepmos U [10fly4eHHbIX 3HayeHuu
ocyuiecmernisinock ¢ nomouwibto ornepamopos EWAA u BM. [ns ebibopa
onmumMarbHO20 MeCMOIOIOXKEHUSI nNpuMeHsiricss Memod Fuzzy LMAW,
a JuHesucmuyeckue OecKpurnmopbl onpedensanucb C MOMOWbH
cucmembi NoAdepKKU npuHamus peweHuti DEXI.

Pesynbmamebi: [pednoxeHHass mMemodosio2usi 1038osusna ebisieums
e8ce Kpumepuu, obycrasnusaruue 8bI60p MeCMONONIOXKEeHUS U cam
8bI60p onmumarnibHo20 Mecma O peodosieHuUss 800HOU npezpadbl
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86pod & xode obopoHumersnsHoU onepayuu. TecmupogaHue modenu
3Kcrepmamu, aHasau3 4yecmaumebHOCMU 8bIXOOHbIX Pe3yibmamos K
U3MEHEHUI0  8ec08 Kpumepues U  CpasHeHUe  [OJ1y4YeHHbIX
pe3ynbmamos ¢ pesynbmamamu Opyaux mMemodoe rokasasu, 4mo
moOerb HadexHa u pe3yrnbmamugHa.

Bbigo0bi: Ha ocHosaHuu pesyrnbmamos uccredogaHusi coesnaH 8bi1800,
Umo MHO20KpumepuasnbHas MoOefib oOKa3bleaem Heobxo0umyro
noMowb nuyam, NPUHUMAarWUM peweHUsi 8 yCri08usix HemoyHou u
HeornpedeneHHOU UHGopMayuu, U Ymo OHa MPUMEHUMa 8 peasibHbIX
cumyauusix. Takxe rpednoxeHHas MoOe b y4umbleaem 8ce acreKkmsl,
Komopble Heobxodumo umMems 8 8UGY NPU MPUHAMUU CMOJIb CII0XKHO20
pewenrusi. [loMumMo moeo, OHa [oMo2aem MeHee OfbIMHbIM
KoMaHOUpaM 8 rpoyecce NPUHIMUS peweHusi, CHUXasi 8eposimHOCMb
owubokK, Komopble Mo2ym npusecmu K 4eriogedeckum xepmeam. B
3aknodeHue npednoxeHbl HanpasneHus danbHeluwux uccrnedogaHull 8
obnacmu rnpeodosneHusi 800HbIX npensmcmauti u
MHO20KpUMepUanbHO20 NMPUHSIMUSs peuweHud.

Knoyesblie crioea: 6po0, J1I0Kayus, 8blbop, apmusi,
MHO20KpumepuarsnsHoe npuHsamue peweHud, DIBR, DIBR Il, Fuzzy,
LMAW, EWAA, BM, DEXi.

MpymeHa BULLEKPUTEPUjYMCKOT OANYyYMBaHa 3a M3bop nokauuje 3a
caBnahaBare BodeHe npenpeke razoM y ogbpambeHoj onepaumjmn

Hywrko 3. Tewuh?, Japko WN. Boxanuh®, Aduc lMywika®

2 YHuBep3auTteT oabpaHe y beorpaay, BojHa akagemuja, [ekaHar,
Beorpaa, Penybnuka Cpbuja, ayTop 3a npenucky

6 YHusepanteT onbpaHe y beorpaay, BojHa akagemuja,
KaTtegpa TakTvke ca cucteMmnmMa Haopyxarba,
Beorpap, Penybnuka Cpbuja
B Bnapga bpuko guctpukta bocHe n XepLerosuHe,
Opjememne 3a jaBHy 6e36jeaHocT, Bpuko, BocHa 1 XepuerosmHa

OBINACT: maTemaTtuka, onepaumoHa NCTpaxnBaha, BojHE Hayke
KATETOPUJA (TWM) YJTAHKA: opurmHanHm Hay4Hu pag

Caxemak:

Yeod/yurb: Y pady je npuka3aH suwiekpumepujymcku moden Fuzzy DIBR-
Fuzzy DIBR II-EWAA-BM-DEXi-Fuzzy LMAW rniomohy kojee ce epuwiu
uzbop nokauyuje 3a caenahusarbe B00EHUX rpernpeka ea3om y
00bpambeHoj onepayuju. HakoH uleHmudpukauyuje Kpumepujyma 00
cmpaHe ekcriepama, rnpuMer-eH je HasedeHu modern u odpeheHa je
onmumarniHa siokayuja. Padu mecmupara  KOH3UCMEHMHocmu
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pesynmama u eanudHocmu Modersia, NoOHOBO Cy aH2axo8aHU eKcriepmu,
u3epuieHa je aHanu3a 0cembUoCMU U KoMrapamueHa aHasu3a.

Memode: Memode Fuzzy DIBR u Fuzzy DIBR Il kopuwheHe cy 3a
odpehuesarbe  MEXUHCKUX  KoeguyujeHama  uOeHMUGUKO8aHUX
Kpumepujyma, 00K je aspezauuja eKCriepmcKux Mullirberba u 0obujeHux
epedHocmu epweHa nomohy EWAA u BM onepamopa. 3a u3bop
onmumariHe fiokauyuje npumerseHa je memolda Fuzzy LMAW, dok cy
nuHesucmuyku deckpunmopu odpehusaHu riomohy DEXi cucmema 3a
roOPWKyY O0My4UBaH.Y.

Pesynmamu: lpednoxeHa memodosioauja omoeyhuna je
udeHmucbukayujy ceux Kpumepujyma Koju ycrioerbasajy usbop nokauyuje u
cam u3bop onmumarsiHe JloKauuje 3a rnpenasak 2a3oM peKo 800eHe
npernipeke y o06bpambeHoj onepauuju. Tecmuparem moderia, aHaru3oM
ocemrbUBOCMU  U3NasHUX  pe3yimama Ha  [POMEHe  MmeXuHa
Kpumepujyma u ropeherbem 0obujeHUXx pe3ynmama ca pe3ynmamuma
Opyeux MmemoOQa, yka3aHo je Ha YureHUUy 0a je Modesn eanudaH u Oa Oaje
KOH3UCMeHmHe pe3ynmame.

Sakrpyqak: BakrbydeHO je 0Oa euweKkpumepujyMcku Mooen rpyxa
Heorxo0Hy nomoh OoHocuouyuma 00ryka y ycrioguma HerpeuyusHux u
HeoOpeheHux uHghopmayuja u 0a je NpUMerU8 y peasiHuMm cumyauujama.
Takohe, npednoxeHu moders1 paamampa cee acreKkme Koje je HeornxodHo
cazneGamu rpunukomM OOHOWeEHa jedHe KomrinemHe 00/lyKe U romMaxe
Marbe UCKYCHUM cmapewuHama y rpouecy o0rnydusara, cMamsyjyhu
moeyhHocm Hacmadka 2pewaka, Koje 3a rocrneduyy mo2y umamu u
Jbydcke xpmee. Ha kpajy, npednoxeHu cy npasyu darbux ucmpaxusar-a
u3 obriacmu caenahuear-a 800eHUX MperpeKka U 8UWEKpUMepUjyMCKoa
odrniyqusarba.

KrbyyHe pevu: ea3, nokauuja, u3bop, 8ojcka, euweKpumepujymcKo
odnyyqusare, DIBR, DIBR I, Fuzzy, LMAW, EWAA, BM, DEXi.
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Abstract:

Introduction/purpose: The paper presents the method of applying multi-
criteria decision-making methods in order to improve shooting and select
the most favorable conditions for shooting. Alternatives were ranked by
individual multi-criteria decision-making methods AHP and VIKOR by
experts, and then the most favorable alternative was selected using the
Borda method of group decision making. The aim of the work is to select
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the most efficient way of shooting with minimal human fatigue, consumption
of movable things and in the shortest possible time through a combination
of multi-criteria decision-making methods, which will ensure the accuracy
and precision of the rifle for subsequent shooting and other operations.

Methods: The paper presents one of the ways of using multidisciplinary
methods of multi-criteria decision making for a specific problem in the field
of tactics with weapon systems. Experts from the field of armaments, using
the AHP and VIKOR methods of individual multi-criteria decision making,
selected the most favorable alternative in accordance with four given
criteria. Then, by applying the Borda method of group decision making, the
the most favorable alternative was selected - the most favorable conditions
for the execution of preparatory shooting at serial number one with a 12.7
mm long range rifle. The alternatives are four shootings, namely, two ways
of performing preparatory shooting with a 12.7 mm long range rifle at serial
number one, one from the current Instructions and Program of Shooting
with Infantry Weapons and the other newly proposed method, as well as
two ways of realizing shooting for testing the accuracy and precision of a
long range rifle.

Results: The selection of the most effective conditions for the execution of
the first initial preparatory shooting at serial number one with a long range
rifle, which will ensure maximum accuracy of the weapon and the minimum
consumption of resources - time, ammunition, targets, and personnel
fatigue.

Conclusion: The solution takes into account the simultaneous optimization
of several criteria in order to select the most efficient way of performing
preparatory shooting at serial number one in order to ensure rested and
trained personnel as well as accurate and precise long range rifles for
subsequent shootings, which leads to the maximum saving of resources,
the satisfaction of personnel, and precise weapons.

Key words: long range rifle, rectification, shooting, AHP, VIKOR, Borda
method.

Introduction

The application of individual and group methods of multi-criteria
decision making is an unavoidable segment in the decision-making
process in complex organizational systems such as the Serbian Armed
Forces. The work represents one of the models for choosing the most
economical conditions for the execution of preparatory shooting at serial
number one with a 12.7 mm long range rifle M-93 with the application of
the individual AHP and VIKOR methods and the Borda method of group
multi-criteria decision making (Suknovic¢ et al, 2021).




The symbiosis of multi-criteria decision-making methods in solving
problems in the field of tactics and weapons is already known, as well as
in other fields. Jokic et al. (2024 ) write about the best caliber for rifles, while
Petrovi¢ et al. (2018) used the DEMATEL-AHP method to select the best
jet for the protection of Serbia's airspace. The same authors apply the
Fuzzy - AHP approach in evaluating the criteria for choosing a missile
system for anti-aircraft operations (Petrovi¢ et al, 2018). Radovanovi¢ &
Stevanovi¢ (2020) apply the fuzzy AHP-VIKOR method to select the best
method for testing the accuracy and precision of sniper rifles. Akmaludin
et al. (2023) use the AHP-VIKOR methods for smartphone selection.
Demir et al. (2023) use the AHP-VIKOR method extended by the
Pythagorean set of fuzzy numbers to evaluate the railway transport system
in Turkey. Akmaludin et al. (2021) use a combination of the AHP-VIKOR
methods for the selection of the best swimming athletes. Radovanovi¢ et
al. (2021) analyze the accuracy and precision of shooting with automatic
rifles using the AHP method. Oufella (2024) uses a hybrid model of the
Borda number and the PROMETHEE method to select a maintenance
strategy. Sonatha et al. (2021) use the AHP, Topsis and Borda methods
to support a group decision-making system.

The 12.7 mm long range rifle M-93 (named BLACK ARROW) is a tool
of high accuracy and precision, which achieves its firepower by shooting
immediate targets at distances of up to 1800 m (Zastava Arms, 2024) or
2000 m, depending on the optical sight it has. The stated conditions for the
execution of the first shooting with a long range rifle in the Serbian Army
do not give satisfactory results and require a lot of time. The subject of the
research is the arrival of more efficient conditions for the execution of initial
shooting with a long range rifle.

The paper proposes the conditions for the execution of preparatory
shooting at serial number one, which at the same time represent a test of
the accuracy and precision of a long range rifle and a check of a sniper in
uniform aiming and firing. The described rectification procedure with the
help of binoculars is unique and requires the introduction of binoculars into
the tool kit. The aim of the work is to choose the most efficient and effective
shooting procedure in relation to the presented alternatives by applying
multi-criteria decision-making methods whose contribution will be a
reduction in shooting time and a smaller amount of ammunition as well as,
at the same time, an improvement in accuracy and weaponry for all
subsequent shooting and combat tasks.
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Problem description

During the realization of the preparatory shooting at number one in
accordance with the regulations, certain problems appear. The existing
way of performing preparatory shooting at serial number one with a long
range rifle is realized at a distance of 400 m, and before that it is necessary
to test the accuracy and precision of the rifle at a distance of 100 m or 400
m, depending on the optical sight it has. The optical sight M-93 has an
aiming distance on the distance mechanism of 0, and it is possible to carry
out a test at both 100 and 400 m, while the optical sight M-94 has an aiming
distance of 4, and no rule or instruction describes the use of the existing
targets for testing accuracy and precision. This work is the first place where
a unique procedure for the rectification of both optical sights and the
procedure for testing the accuracy and precision of the sights at the same
target for testing accuracy and precision at a distance of 100 m is
described, which can also represent preparatory shooting at serial number
one. The rectification procedure is necessarily performed after every
removal and re-installation of the optical sight on the rifle.

The optical sight rectification procedure is carried out in such a way
that the test target is placed at a distance of 100 m and with the help of a
universal stand and binoculars for the rectification of a long range rifle, the
barrel is aimed at the control point 400, and that the optical sight, on which
the distance mechanism is set to 4 and the direction mechanism to O,
brings it to the aiming point which is at the bottom of the target, i.e., 30 cm
vertically below the control point 400. Then, with 4 bullets, the accuracy
and precision of the rifle is tested on the same target with sight 4, aiming
at the aiming point at the bottom of the target. Hits should be grouped
around control point 400 in a 12 cm diameter circle described around the
control point. The procedure for testing accuracy and precision can also
be a preparatory shooting at serial number one, which, compared to the
existing conditions, saves 3 test bullets and shortens the distance from
400 m to 100 m.

The procedure can also be implemented at control point 800, which
is 72 cm above the aiming point, sight 8; then, at the same distance of 100
m, the hits will be grouped around control point 800 in a circle with a
diameter of 12 cm. This method of rectification and testing of accuracy and
precision combines shooting for testing accuracy and precision with
preparatory shooting at serial number one and ensures the accuracy of
the rifle at all aiming distances depending on the model of the optical sight.




Description of the methods used

The work will use the AHP and VIKOR individual multi-criteria
decision-making methods (Hanif et al, 2022; Gbébeloglu & Ungan, 2023;
Abdillah et al, 2023; Komazec & Petrovi¢, 2019); and the Borda group
multi-criteria decision-making method.

Description of the AHP method

The Analytical Hierarchy Process method was developed by Thomas
Satti (1988). The method has undergone a large number of modifications
(Petrovic et al, 2018; Bozani¢ et al, 2016; Ayvaz et al, 2024), but in some
cases it is still used in its original form (Radovanovi¢ & Stevanovi¢, 2020)
both in individual and group decision making (TeSi¢ et al, 2024), and is
used in a large number of different decision-making cases.

For pairwise comparisons, which are the basis of this method, the
Saati scale is used, Table 1. The pairwise comparison leads to the initial
decision matrix. Satie's scale is used to determine the value of criteria and
can also be used to rank alternatives.

Table 1 — Saati's scale of comparison

Standard values | Dominance of strength Derived/invasive values
1 same meaning 1

3 weak dominance 1/3

5 strong dominance 1/5

7 very strong dominance 117

9 absolute dominance 1/9

2,4,6,8 limit 1/2,1/4,1/6, 1/8

The first step of using the method is to compare the alternatives in
accordance with the criteria. In individual as well as in group decision
making and the application of the AHP method, it is first necessary to
perform a comparison of alternatives in pairs in accordance with each
criterion separately, respecting the following: on the diagonals of the
matrix, the value is

aij= 1/aji . (1)

Then a new matrix is formed for the same criteria and all alternatives,
and it is filled based on the previous one in such a way that the sum total
value of the column is divided by the value from the cell of that column of
the previous matrix and the value is entered in the same cell of the new
matrix. The next step is to determine the mean value of each type of the
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second matrix. In this way, a certain value of the criterion column is
obtained for all alternatives in accordance with the given criterion in the
decision matrix. The sum of the resulting column is 1 and represents the
degree of confidence in the alternatives for the given criterion.

The next step is the comparison of n pairs of criteria, i.e., determining
the eigenvector W for the criteria - determining the degree of confidence
in the criteria or the weight of the criteria or weights. A matrix of criteria by
type and column is formed and filled in as described above. Then the types
are summed up and a new matrix is formed as mentioned above. The
mean value of the species of the second tick is represented by the vector
W and the sum of that column is 1.

The next step is to calculate the consistency ratio of the CR matrix,
which must be less than 0.1.

CR=CI/RI (2)

where
- Cl is the consistency index

Cl = (Amax-n) / (n-1) (3)
- Rl is a random index according to Sati and depends on the number of
criteria and is taken from the table (in this case it is 4 criteria, i.e., 0.9)
- Amax is its own value which is calculated in accordance with the formula
for each criterion

Amax = (Aw*w)/w*w (4)
A - is the criteria comparison matrix.

Table 2 — Random index by Saati

n 3 4 5 6 7 8 9 10
RI 0.58 0.9 1.12 1.24 1.32 1.41 145 | 1.49

The matrix is multiplied by the vector by multiplying W by each row-
row cell and summing the products. If the consistency ratio (CR) is greater
than 0.1, the criteria matrix is inconsistent and it is necessary to check the
comparisons or change the method. The closer CR is to 0, the more
consistent the matrix is, and one goes to the initial - main matrix.

Then the weighted sum is calculated for all alternatives, by multiplying
the matrix by W. This is done by writing W below the alternatives and
adding the product of the cells of the matrix and the vector W. In this way,
the cells of the alternatives are joined. Again, the number of columns is 1.
By comparing the numbers, the most favorable alternative is reached. The
higher the value, the more acceptable the alternative.




Description of the VIKOR method

Multi-criteria Compromise Ranking is a method proposed by the
Serbian scientist Serafim Opricovi¢ in 1998 (Opricovi¢, 1998). The VIKOR
method was applied in a large number of works in its original form (Nisel,
2014; Opricovi¢ & Tzeng, 2004; Delibasi¢ et al, 2023; Yue & Lv, 2024;
Khan et al, 2024; Sennaroglu & Celebi, 2018) as well as in vague
envinronment (Chatterjeea & Chakrabortib, 2016). It is favorable in cases
where decision makers do not have equality in decision making, when
individuals have the right of veto, when they are committed to certain
criteria, and when the criteria are easily measurable. It represents a
compromise when choosing alternatives, observing the minimum or the
maximum in the desired criteria.

First, the initial matrix is filled based on the qualitative properties of
the criteria for each alternative, where the criteria are in the first row, and
the alternatives are in the first column of the matrix. Then, another type is
formed above the criteria, where it is defined whether it is necessary for
the criterion to be minimal if it is a negative property, for example, costs,
or the maximum if good performance is in question.

It is necessary to define the weighting coefficients of the criteria
obtained on the basis of some other method, in this case on the basis of
the AHP method. A weight-normalized matrix is formed by multiplying each
cell of the previous matrix by the weight coefficient of the criterion.

Then, at the end of each column, two more types of the minimum and
the maximum are formed. The minimum and the maximum for each
criterion are extracted from each column.

Then, the strategy S is calculated as the sum value of each type, that
is, the sum of all criteria for a given alternative, as well as the strategy R
which is obtained as the minimum of each type, that is, criteria for each
alternative. If more than one strategy R is minimal, i.e., 0, it is necessary
to determine the corrected value of the strategy R* by subtracting Rmin
from S.

The matrix is formed based on the formulas:

for MAX: t=X - X(min) / X(max) - X(min) (5)

for MIN: t=X(max) - X / X(max) - X(min) (6)

The next step is to determine the normalized strategy Sn, in
accordance with the formula:

Sn = (S — Smin) / (Smax — Smin) (7)

Next, it is necessary to determine the normalized strategy Rn, which

is obtained by the formula:
1153
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Rn = (R* - R*min) / (R*max - R*min) (8)
Finally, a compromise strategy Q is obtained for the value of the
parameter v=0.5. The highest value of Q represents the most favorable
alternative, but if the conditions are met:
that it is sufficiently better than the second-ranked alternative
DQ(a") - DQ(a™) 2 DQ (9)
DQ =min (0,25,1/1-J) (10)
where J-number is an alternative.
That is, J = 4 in this case. So, DQ is 0.25 because it is less than
0.333; and
that it has a strong enough position, that one of the three conditions
is met: (it maintains the first position for v=0.25 and for v=0.75; or it
maintains the first position for v=1 or it maintains the first position for v =0).

Description of the Borda method of group reading

The Borda method is one of the oldest methods of group decision
making, developed by the Frenchman Borda in 1781. It was widely used
in the process of voting for the election of deputies in many countries of
the world (Barbera et al, 2023; Sonatha et al, 2021; Saari, 2023; Suknovi¢
et al, 2021). It can be used in its original form (Murti et al, 2021; Everaere
et al, 2023; limiyah et al, 2023), and there are a number of modifications
(Costa, 2017; Lin & Lin, 2023; Jones & Wilson, 2024). The basis of the
method is to choose the alternative that in most cases was the first or
tended to be the first one.

First, a matrix is formed in accordance with the rank of all decision
makers, where the first column is the rank of alternatives and the first type
is decision makers. Then, the second matrix is formed where the decision
makers are in the left-wing column of the alternatives and in the first row,
and the cells - fields of the matrix are filled by assigning the value 0 to the
last ranked alternative for each decision maker, the second ranked
alternative from the back the value 1 and the best placed alternative An
the value n -1. Finally, the vector W is obtained in the new right column
where the values by species are summarized. The best placed alternative
- the most acceptable alternative is the one that has the highest value of
the vector W.

If it happens that two alternatives have the same rank, then the
following is examined: the independence of the irrelevant alternative (the
rank of the third alternative is changed and it is monitored whether it affects
the two that have a higher rank); the group agreement (which is the order




of ranks of two equally ranked alternatives among all decision makers);
and non-dictatorship (check whether the result was obtained as the
opinion of one individual).

Description of the alternatives and the criteria

Multi-criteria decision making was implemented for four alternatives
in accordance with four criteria:

Alternative 1 - Preparatory shooting at serial number one with a 12.7
mm long range rifle M-93 from the 2020 provisional Instructions and
Programs of Shooting with Infantry Weapons temporarily at a distance of
400 m, with 3 + 4 = 7 bullets at target number 1 with the aiming point -
black circle with a diameter of 10 cm. It is necessary to go to the target
twice for one executor, which is 800 m and requires 40 minutes to execute
the shooting. If the rifle is not accurate and precise, it may happen that the
entire 1x1 m target is missed, and the accuracy and precision of the rifle
must be tested additionally, which increases the time required for shooting,
as well as the amount of ammunition.

Alternative 2 - Testing the accuracy and precision of the rifle at a
distance of 400 m with 4 + 4 = 8 bullets. It requires a time of 40 minutes
and consumes one bullet more and is carried out at the same target
number 1 with the aiming point - black circle with a diameter of 10 cm. It is
favorable that both optical sights, M-93 and M-94, can be tested, and
unfavorable that it may happen that there are no hits on the target.

Alternative 3 - Testing the accuracy and precision of the rifle at a
distance of 100 m with 4 + 4 = 8 bullets. It requires a time of 10 minutes
and consumes one bullet more compared to A1 and is carried out at the
same target number 1 with the aiming point - a black circle with a diameter
of 10 cm or some other aiming point on the target. It is favorable that the
distance is 100 m, but it is unfavorable that the optical sight M-94 has a
minimum aiming distance of 400 m, and it is necessary to define a control
point in relation to the elevation of the bullet path at 100 m, because the
aiming point and the control point do not coincide, which requires another
target.

Alternative 4 - Proposal for preparatory shooting on regular color 1 at
a target for testing accuracy and precision with the aiming point and control
point 400 at 30 cm above the aiming point and control point 800 at 72 cm
above the aiming point, at a distance of 100 m (with prior optical sight
rectification) with 4 bullets at one of the control points. A distance of 200
m is covered, which is four times less compared to A1, 4 bullets are used
and fired at the same target on which rectification is performed.

Aleksi¢, A. et al, Application of the AHP and VIKOR methods of individual decision making and the Borda method of group decision making when

choosing the most efficient way of performing preparatory shooting at serial number one from a 12.7 mm long range rifle M-93, pp.1147-1170



@VOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2024, Vol. 72, Issue 3

The criteria are as follows:

Criterion 1 - The time for which the shooting procedure ends, which is
directly related to the shooting distance and the number of bullets. It is
preferred to be the minimum value;

Criterion 2 - Ammunition consumption ranging from 4 to 8 rounds. A
minimum value is also desirable;

Criterion 3 — The target is determined by type and it can be: target
number three with a black circle aiming point with a diameter of 10 cm; a
target with a crosshair as an aiming point; a target for testing accuracy and
precision into which both rectification and shooting are performed. In the
target for accuracy testing, we perform two actions, but it must be
sketched, while target number 1 exists, and the second in order should be
sketched or the aiming point marked on a clean target support. The
criterion is of a linguistic type and depends on the choice of an alternative.
The maximum value is preferred; and

Criterion 4 - Fatigue of personnel, which carries weights from 1 to 4
and is directly related to the shooting distance, shooting time, and the
number of bullets. It is preferred to be the minimum value.

The alternatives and the criteria are evaluated by decision makers,
experts in the field of weapons with shooting training who work at the
Military Academy with many years of teaching experience and experience
in the troops, and experts in the field of weapons with experience of
working in the Serbian Army units.

Ranking results

The first and the second decision maker used the AHP method of
individual multi-criteria decision making, for the third decision maker (DO3)
the alternative ranking method is unknown and the rank is (the best is A1;
the second place is A2; the third place is A3, and the last place is the A4
alternative), while the fourth decision maker used the VIKOR method of
multi-criteria decision making.

The first decision maker ranked the alternatives as follows:

Table 3 — Ranking of alternatives in accordance with the time criterion

Time A1 A2 A3 A4

A1 1 0.5 0.5 0.3333
A2 2 1 0.25 0.25
A3 2 4 1 0.2

A4 3 4 5 1




Decision maker 1 works as follows: The first matrix is filled in with
respect to (1), while the second is filled in based on the first, and so on for
all four criteria. It can be concluded that for alternative A4, the criterion
"time" has the greatest importance, then for alternative A3, and for A2, and
for A-1 it has the least importance.

Table 4 — Ranking of alternatives in accordance with the ammunition criterion

Ammunition A1 A2 A3 A4
A1 1 2 2 2
A2 0.5 1 0.8 0.8
A3 0.5 1.25 1 1
A4 0.5 1.25 1 1

From the above tables, it can be seen that the ammunition is the most
important for A1, the target for A4, while the fatigue of the executor is equal
for A3 and A4 because the shortest distance is covered.

Table 5 — Ranking of alternatives in accordance with the target criterion

Target A1 A2 A3 A4
A1 1 1 2 0.5
A2 1 1 0.5 0.5
A3 0.5 2 1 0.5
A4 2 2 2 1

Table 6 — Ranking of alternatives in accordance with the fatigue criterion

Fatigue A1 A2 A3 A4
A1 1 1 0.25 0.25
A2 1 1 0.25 0.25
A3 4 4 1 1

A4 4 4 1 1

The following tables check the importance of the criteria
"ammunition", "target" and "fatigue", according to Satie's scale of
comparison of Tables 4 - 6. The procedure is identical to the previous case
and requires attention when filling out the initial matrix.

Now it is necessary to check the consistency of the matrix and the
consistency ratio CR (2), by ranking the criteria in Table 7. The procedure
is identical to the previous two cases and requires attention when filling
out the initial matrix.
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Table 7 — Ranking of the criteria and determining the weighted sum of the criteria

K-1 K-2 K-3 K-4
K-1 1 0.33 0.33 1
K-2 3 1 0.25 4
K-3 3 4 1 5
K-4 1 0.25 0.2 1

The mean values of other matrices represent the initial values for the
initial decision matrix, Table 8.

Table 8 — Formation of the initial matrix and the priority vector - weighting W

Time Ammunition Target Fatigue
A-1 0.1097 0.3992 0.2381 0.1
A-2 0.1331 0.1788 0.1699 0.1
A-3 0.2328 0.2110 0.2066 0.4
A-4 0.5244 0.2110 0.3854 0.4
W 0.1156 0.2645 0.5267 0.0932

Table 9 — Matrix consistency check

A*w Amax Cl RI CR
0.47 4.09 0.078 0.9 0.087
1.12 4.22
24 4.55
0.38 4.08

4.23

From Table 9, it can be concluded that the CR=0.087, which is less
than 0.1, the matrix is consistent, and the alternatives are then ranked
using the same procedure.

Table 10 shows that, for decision maker 1 (DO1), A4 was ranked best,
followed by A1, then A3 and the lowest ranked one was A2.

Table 10 — Final ranking of the alternatives with weighted sums for DO1

A-1 0.2530 2.
A-2 0.1615 4.
A-3 0.2288 3.
A-4 0.3567 1.




In the same way, the second decision maker, DO2, with the help of
the AHP methods, arrived at the final decision-making matrix and ranked
the alternatives as in Table 11.

Table 11 — Formation of the initial matrix and the priority vector - weighting W

Time Ammunition Target Fatigue
A-1 0.1339 0.4 0.2 0.1
A-2 0.1339 0.2 0.2 0.1
A-3 0.2054 0.2 0.2 0.4
A-4 0.5268 0.2 0.4 0.4
W 0.1981 0.2748 0.3873 0.1397

For decision maker 2 (DO2), the CR is 0.045, better than for DO1.
Since this is less than 0.1, it means that the matrix is consistent, Table 12.

Table 12 — Final ranking of the alternatives with weighted sums for DO2

A-1 0.2279 3.
A-2 0.1729 | 4.
A-3 0.229 2.
A-4 0.3702 1.

Decision maker 4 (DO4) used the VIKOR method and formed the
initial decision matrix as in Table 13.

Table 13 — Initial decision matrix

L max-min min min max min
K1 K2 K3 K4
A1 40 7 1 4
A2 40 8 1 4
A3 10 8 2 1
A4 10 4 2 1
MAX 40 8 2 4
MIN 10 4 1 1

Then in Table 14, the field of the previous matrix is multiplied with the
weight vector from the AHP.
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Table 14 — Normalized decision matrix

Then, in accordance with (5) and (6), he formed a normalized decision
matrix, Table 15. From there, he determined the strategies S and R, then

R*, then with formulas (7) and (8).

The strategies Sn, Rn and finally the compromise strategy Q, for the
probability v = 0.5, a simple comparison of which leads to the ranking of
the alternatives, if certain conditions of sufficient advantage and a
sufficiently firm position of the first-ranked alternative compared to the

second-ranked alternative are met.

The complete procedure for calculating the strategies is described in

the text above.

W 0.1953 0.35007 0.21867 0.2758
L max-min min min max min
K1 K2 K3 K4
A1 7.812 2.450 0.219 1.103
A2 7.812 2.801 0.219 1.103
A3 1.953 2.801 0.437 0.276
A4 1.953 1.400 0.437 0.276
MAX 7.812 2.801 0.437 1.103
MIN 1.953 1.400 0.219 0.276
Table 15 — Second normalized decision matrix
K1 K2 K3 K4 S R R* Sn Rn Q
A1 0 0,5 0 0 0.25 0 0.0025 0.0625 0.0625 0.0625
A2 0 0 0 0 0 0 0 0 0 0
A3 1 0 1 1 3 0 0.03 0.75 0.75 0.75
A4 1 1 1 1 4 1 0.04 1 1 1
min 0 0 0
max 4 1 0.04

Table 16 — Checking the sufficient advantage of the first-ranked alternative

In accordance with (9), DQ =1 - 0.75 = 0.25. In accordance with (10),
the sufficient advantage of the first-placed alternative A4 in relation to the

Q Rang
A1 0.0625 3.
A2 |0 4.
A3 | 0.75 2.
A4 1 1.




second-placed alternative A3 is 0.33333 = 0.25. Further, from Table 17, it
is checked whether one of the three conditions is fulfilled, so that the first
ranked alternative satisfies the condition of a sufficiently firm position.

Table 17 — Checking a sufficiently firm position

v=1 v=0 v=0.75 v=0.25
A1 0.0625 0.0625 0.0469 0.0156
A2 0 0 0 0
A3 0.75 0.75 0.5625 0.1875
A4 1 1 0.75 0.25

Although only one of the three conditions needs to be met, in this case
all three conditions are met. It is concluded that the first-ranked alternative
maintains a strong enough position in relation to the second-ranked
alternative both when v=0 and when v=1 and when v=0.75 and 0.25. It can
be concluded that the individual methods of multi-criteria decision making,
the VIKOR and the AHP, gave similar results. In certain cases, the use of
one of the methods does not give the expected results, and it is necessary
to change the method.

From Table 18, it can be concluded that for the first, second and fourth
decision maker, the best alternative is A4, while the opinion of the third
decision maker deviates and for him the best alternative is A1 and the
lowest ranked alternative is A4. Regardless of everything, his opinion is
taken into consideration even if he does not agree with the others.

Table 18 — Results of the individual multi-criteria decision-making methods

METOD | AHP AHP VIKOR
RANG DO 1 DO 2 DO 3 DO 4
1. A4 A4 A1 A4

2. A1 A3 A2 A3

3. A3 A1 A3 A1

4 A2 A2 A4 A2

When the alternative rankings of all four decision makers are entered
in Table 18, the following results are obtained. From the aforementioned
table, a new Table 19 is formed, which represents the summarization and
ranking of the results of all decision makers while respecting the rule that
the worst-placed alternative is assigned 3, the second-placed 2, the third-
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placed 1, and the last or fourth-placed 0. In Table 19, a simple sum of the
ranks leads to the best ranked alternatives to A4.

Table 19 — Use of the Borda method in the ranking of the alternatives

DO 1 DO2 |DO3 |DO4 |W RANG
A1 2 1 3 1 7 2.
A2 0 0 2 0 2 4.
A3 1 2 1 2 6 3.
A4 3 3 0 3 9 1.

The Borda method gives the final ranking of alternatives A4, A1, A3,
and A2. The best alternative is A4, while the least favorable is A2.

Conclusion

Individual multi-criteria decision-making methods AHP and VIKOR
can give different results or be less favorable for a certain problem. In this
case, the decision makers obtained favorable results by applying two
different methods. Using the VIKOR method, the first-ranked alternative
A4 satisfied the criterion of sufficient advantage and sufficiently solid
position for all three conditions, out of which only one is sufficient to be
fulfilled in relation to the second-ranked alternative A3. The third decision
maker only presented the results without explaining the method used. All
four decision makers had an equal right to vote in the decision. By applying
the Borda group decision-making method, their results were summarized
and the most favorable alternative was selected, which is the fourth
alternative, A4.

The paper presents a model of the application of multi-criteria
decision-making methods for solving a specific problem in the field of
weapon use for the purpose of training and realization of the first initial
preparatory shooting at serial number one with a 12.7 mm long range rifle,
through the selection of the most favorable conditions for shooting. The
mentioned procedure combines three actions into one, rectification of the
sight - without the use of ammunition, testing the accuracy and precision
of the rifle and at the same time the implementation of preparatory
shooting, i.e., checking the sniper's training in uniform aiming and firing.
The rectification procedure is the product of the author's experiment and
for the first time in any official literature in Serbia it is shown here; it was
tested in practice where it gave positive results. The idea for the procedure
was taken from the shooting with the 30 mm Automatic Grenade Launcher
M-93, where the preparatory shooting at serial number one is also the




shooting for testing accuracy and precision and checking the operator's
training in proper aiming and firing.

The results show that there is a need for a justified change in the
conditions for the execution of preparatory shooting with a long range rifle,
and the mentioned procedure can be used to select any other four
alternatives with four criteria in any field with the ranking of alternatives
and criteria by experts in that field.

Multi-criteria decision-making methods have shown results and are
used in all areas, both in natural and social spheres of life, in order to
obtain maximum product performance. The proposal for future research is
that before purchasing and putting weapons into use, multi-criteria
optimization methods should be used, the existing and new systems
should be compared with the proposed procedure, and the results and the
opinions of experts should be followed when purchasing or modernizing
assets. Through the aforementioned procedure, the performance of the M-
19 modular rifle or the M-20 modular machine gun can be compared with
the existing rifles and machine guns or the Kornet EM anti-armor system
with the existing anti-armor weapons.
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Resumen:

Introduccion/objetivo: El articulo presenta el método de aplicar métodos de
toma de decisiones multicriterio para mejorar disparos y seleccionar las
condiciones mas favorables para disparos. Los expertos clasificaron las
alternativas mediante los métodos individuales de toma de decisiones
multicriterio AHP y VIKOR, y luego se seleccioné la alternativa mas
favorable utilizando el método Borda de toma de decisiones grupales. El
objetivo del trabajo es seleccionar la forma mas eficiente de disparar con el
minimo cansancio humano, consumo de objetos méviles y en el menor
tiempo posible mediante una combinacion de métodos de toma de
decisiones multicriterio, que garanticen la exactitud y precision del disparo
del rifle para disparos posteriores y otras operaciones.

Métodos: El articulo presenta una de las formas de utilizar métodos
multidisciplinarios de toma de decisiones multicriterio para un problema
especifico en el campo de la tactica con sistemas de armas. Los expertos
en el campo de armamentos, utilizando los métodos AHP y VIKOR de toma
de decisiones individuales segun multiples criterios, seleccionaron la
alternativa mas favorable de acuerdo con cuatro criterios dados. Luego,
aplicando el método Borda de toma de decisiones en grupo, se eligio la
alternativa mas favorable: las condiciones mas favorables para realizar el
tiro preparatorio en el nimero de serie uno con un rifle de largo alcance de
12,7 mm. Las alternativas son cuatro tiros, a saber, dos modos de realizar
el tiro preparatorio con un fusil de largo alcance calibre 12,7 mm ndmero
de serie uno, uno del actual Instructivo y Programa de Tiro con Armas de
Infanteria y el otro método recientemente propuesto, asi como dos modos
de realizar tiros para probar la exactitud y precision de un rifle de largo
alcance.

Resultados: La seleccion de las condiciones mas efectivas para la
ejecucion del primer tiro preparatorio inicial en el nimero de serie uno con
un rifle de largo alcance, que garantizara la maxima precision del arma y el
minimo consumo de recursos: tiempo, municiones, objetivos y fatiga del
personal.

Conclusion: La solucion tiene en cuenta la optimizacion simultanea de
varios criterios para seleccionar la forma mas eficiente de realizar tiros
preparatorios en el numero de serie uno para garantizar personal
descansado y capacitado, asi como rifles de largo alcance precisos y
exactos para tiros posteriores. lo que conduce al maximo ahorro de
recursos, la satisfaccion del personal y armas precisas.

Palabras claves: rifle de largo alcance, rectificacion, tiro, AHP, VIKOR,

método Borda.
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MpyMmeHeHne MeToO0B MHAMBUAYANbLHOrO NpUHATUA pewweHnid AHP 1
VIKOR 1 meToga rpynnoBoro npuHsatus pewexun Borda npu Beibope
Hambonee apdeKTUBHOro cnocoba BbIMOMHEHNSI MONOArOTOBUTENBbHBLIX
ynpaxHeHun Nel no cTtpenbbe n3 panbHoGoWHOW BUHTOBKM M-93
kannbpa 12,7-mm
AnexcaHop P. Anekcny®, koppecnoHaeHT, bopuc B. Oenunbaiumnys,
XKenbko M. Nokuy?, Mapko P. PagoBaHoBun4?
2 YHuBepcuTeT 0bopoHsbl B . benrpaa, BoeHHas akagemusi,

Kadeapa TakTUKM 1 cuctem BoopyxeHus, r. benrpaa, Pecnybnuka Cepbus

6 Benrpaackuin yHMBEpCUTET, dhaKynbTeT OpraHn3aLMOHHbIX HayK,
kadeapa opraHunsauum busHec-cuctem, r. benrpaa, Pecnybnuka Cepbus

PYBEPUKA TPHTW: 27.47.19 WUccnepoBaHue onepauui,
78.25.00 BoopyxeHune 1 BOeHHas TexHuka
BWO CTATbW: opurmHanbHasa Hay4Has ctaTbs

Pesrome:

BsedeHue/uenb: B daHHOU cmambe npedcmassieH  criocob
npumeHeHuUs1 Memo0da MHO20KpumepuanbHo20 MPUHAMUS peweHul ¢
uenblo cosepuieHcmeosaHusi cmpesnbbbl U ebibopa Haubonee
briazonpusamHbix  ycrosul  Ons cmpenbbbl.  AnbmepHamuebi
paHXuposanucb 3dKcriepmamu  Ha  OCHO8aHUU  UCIMO/b308aHUst
UHOuBUdyarbHbIX  MHO20KpumepuarsbHbIX  Memodo8  MPUHSAMUS
pewenuti ,AHP“ u ,VIKOR®, nocne 4ezo nyywas anbmepHamuea
8bibupanack Memodom epyrnnogoeo NpuHaIMus peweHud ,Borda“. Llernb
OaHHOU cmambu - e6blbpamb Haubonee aghghekmusHbIl crnocob
cmpenbbbi ¢ MUHUMaIbHBLIM YMOoMIeHUeM JYesiogeka, pacxooom eeuwleli
u 8 Kpam4yadiwue CPOKU, ucronb3ys covyemaHue
MHO20KpumepuarbHbIX memodos npuHaMUS peweHud,
obecrieyusatowiux mMoyHocmb cmpesnbbbl U opyXxusi 8 nocnedyowux
y4eHusix u Opyaux delicmeusix.

Memoodbi: B daHHOU cmambe npedcmasrieH 00UH u3 crocobos
ucronbL308aHUs MYnbMuOUCYUMNITUHaPHbIX memodos
MHO20KpUmepuanbHo20 MPUHAMUS peweHul o KOHKpemHouU 3adaye 8
obracmu makmuKu cucmeM 800pYXeHUs. dkcriepmsl 1o bannucmuke
8blbpanu Hauboree 8bi200HYI0 aflbmepHamuegy ¢ MoMoWbo Memodos
UHAUBUQYarIbHO20 MHO20KpUMepUaabHo20 NpuHamMus peweHut ,AHP*
u ,VIKOR“ no 4yembipem 3adaHHbIM Kpumepusm. 3amem ¢
npumeHeHuem memoda 2pyrnrnoeoao npuHAmMus peweHul ,Borda“ 6bin
rnpoussedeH OKOHYamersbHbIl 8bl6op Haubonee 6nasonpusmMHoO20
anbmepHamueHo20 g8apuaHma-ycrosusi 8bIMOSTHEHUS
rnodeomosumeribHbIX yripaxHeHul rno cmpesnsbe Ne1 u3 dansHobolHou
8UHMOBKU Kanubpa 12,7 mm. ArilbmepHamugHbIMU S8/1110Mcs Yembipe
criocoba cmpenbbbl, a uMeHHo dsa criocoba  8bIMNOSIHEHUS
rnodzomosumeribHbIX  yrpaxHeHuli no cmpensbe Ne 1 u3




OasibHObOUHOU 8UHMOBKU Kanubpa 12,7 MM, 00uH criocob coeanacHo
UHecmpykyuu u npoepamme cmperibbbl U3 CMPESIKOBO20 OPYXUsS U
emopol — Hoeblli crocob, a makxe dea criocoba 8bINoHEeHUs
ynpaxHeHud no cmpesnbbe 051 Mpoeepku moyHocmu 0aribHOb60UHOU
B8UHMOBKU.

Pesynbmamel: Bbibop Haubonee 6nazonpusmHbiXx ycroeul 0Ons
rnposedeHusi nepgoeo  M0O020MO8UMENIbHO20  YrPaXXHeHUs o
cmpenbbe Ne1 u3 QOanbHoboUHOU 8uHMOSKU obecriequsaem
MaKcuMarsibHy MOYHOCMb OPYXKUSI U MUHUMAaSTIbHbIU pacxo0 pecypcos
- 8pemeHu, boernpunacos, MuweHel, ycmanocmu cocmasa.

Bbigodsl:  PeweHue yyumbsigaem OOHOBPEMEHHYIO — ONMuMU3ayuto
HECKOJIbKUX Kpumepuee C Uesibio 8bibopa Hauboree aghgheKkmusHo20
criocoba 8bIMosHEHUST T0020mMo8UMETbHbIX YrpaxHeHUU rno cmperbbe Ne
1 ¢ yenbio obecrieyeHusi 0mMOOXHy8wWe20 U Nod20moe/IeHHO20 JIUYHO20
cocmasa u mo4Hocmu 0anbHOO0UHOU BUHMOBKU Orsi 1ocriedyrouux
yyeHul, 4mo npueodUM K MaKCUMaslbHOU 3KOHOMUU PEeCypcos,
ydo8remeopeHUo cocmaea U moYyHOCMU OPYKUS.

Knovesble  crioga: OanbHoboUHas  8UHMOBKa,  UcrpasrieHue,
cmpensba, AHP, VIKOR, memod Borda.

Mpumena AHP n VIKOR meToga nnamesuayanHor ognyymsana n Borda
MeToda rpynHor oanyyvMBaka npu u3bopy HajedmkacHujer HadmHa
u3BpLlerwa npunpemHor rahawa Ha pegHoM 6pojy 1 ganekoMeTHOM
nywkom M-93 kanmbpa12,7 mm
Anexcandap P. Anekcuh?, ayTop 3a npenucky, 6opuc B. Jennbawmh®,
XKerbko M. Jokuh@, Mapko P. PagoBaHoBsuh?
2YHuBepauteT oabpaHe y beorpaay, BojHa akagemuja,

Katenpa TakTuke ca cuctemmma Haopyxama, beorpaa, Penybnuka Cpbuja

5 YuusepauteT y Beorpagy, ®akynteT opraHM3aLMoHUX Hayka,
Katepnpa 3a opraHmnsauujy nocnosHux cuctema, beorpag, Penybnuka Cpbuja

OBJIACT: npumereHa matemaTtuka, MalLMHCTBO, BOjHE HayKe
(TakTMKa ca cucTemmma Haopyxama)
KATETOPWJA (TUIT) YNAHKA: opuruHanHm Hay4Hu pag

Caxxemak:

Yeod/yurb: Y pady je npedcmasrbeH HaquH rnpumeHe memoda
suLwieKkpumepujymckoe odrydugara Yuju je yurb yHanpeherme eahama u
odabupa wmoO [OBO/BHUUX yCrioea 3a u3epwere 2afjarba.
AnmepHamuse cy  paHaupaHe UHOUBUOYanHUM memodama
suwekpumepujymckoe oodnydyuearka AHP u VIKOR 00 cmpaHe
eKcrepama, HakOH 4eea je HajliosorbHUja anmepHamusa odabpaHa
npumeHom Borda memoda epynHoz odnyqusarka. Ljurb pada jecme Oa ce

Aleksi¢, A. et al, Application of the AHP and VIKOR methods of individual decision making and the Borda method of group decision making when

choosing the most efficient way of performing preparatory shooting at serial number one from a 12.7 mm long range rifle M-93, pp.1147-1170
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KoMbuHayujom memoda suweKkpumepujyMmckoa o0nydusara 00abepe
HajeghukacHUju Ha4yuH u3spwerba eahama y3 MUHUManaH 3amop
Jsbydcmea, ympouwiak roKpemHux cmeapu U 3a wmo kpahe epeme, koju he
obe3bedumu mayHocm uripeyusHocm opyha 3a HapeOHa eahar-a u Opyaa
Ogjcmea.

Memode: lpukazaH  je  jedaH o0 HayuHa ynompebe
MynmuduCyUNIUHapHUX Memoda 8ULLEKPUMEPU)yMCKO2 00/Ty4Yusara Ha
KOHKpemHom npobriemy u3 obracmu makmuke ca cucmemuma
Haopyxarba. Ekcriepmu u3 obrnacmu Haopyxarsa cy npumeHom AHP u
VIKOR memode uHOusudyasiHoz2 euleKpumepujyMckoe 00s1yqusarha,
npema Yemupu 3aBama Kpumepujyma, udepuwiunu u3bop HajnososrbHuje
anmepHamuee. 3amum je rnpumeHom Borda memoda epyrHoe
odnyqusarba usspuwieH KoHa4aH 00abup HajrosorbHUje anmepHamuee —
ycrioea 3a usspwetrbe rpuripemHoz 2ahawa Ha pedHom 6pojy 1
Oanekomem+om nywkom M-93, kanubpa 12,7 mm. AnmepHamuee cy
yemupu eaharba — 08a HauyuHa u3epwera rnpunpemMHoz 2afjama Ha
pedHom b6pojy 1, jedaH u3 ,Ynymemea u npoepama 2afjarba newadujckum
Haopyxarem” u Opyeu HO80MpedroxXeHU HayuH, Kao u 0ea HayuHa
peanusayuje 2ahara 3a ucrumuearse mayHocmu U Mpeyu3Hocmu
OarilekomemHe ryuike.

Pesynmam: UsabpaHu cy HajrnogorbHUjU yCrioeu 3a u3spulere rpeoe
rnoyemHoe npuripemHoe 2afjarba Ha pedHom 6pojy 1 danekomMemHom
nywkoM, Koju he ob6esbedumu MmakcumanHy mayHocm opyha u
MUHUMaraH ympouwak pecypca — epemMeHa, MyHuuuje, mema U 3amopa
spydcmea.

Sakrpyyak: Pewerse y3uma y 063up ucmospeMeHy onmumu3auujy euwie
Kpumepujyma padu olabupa HajehukacHujee HaqyuHa U3eplieHsa
npuripemMHoe 2ahara Ha pedHom 6pojy 1. Ha maj Ha4yuH obe3behyje ce
0OMOPHO U 0by4eHO Sbydcmeo, Kao U rpeyusHocm dasiekoMemHe rnywKe
3a HapeOHa 2afjarba, wimo 0o8odu 0o MakcumariHe yuimede pecypca.

KrbyyHe peyqu: anekomemHa nywka, pekmucbukauyuja, eahare, AHP,
VIKOR, memoO0 Borda.
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Abstract:

Introduction/purpose: During their lifetime, ships and aircraft are subjected
to severe service and aerodynamic loads that can cause structural damage
and cracking. These cracks grow and propagate over time. Extending the
life of a damaged structure is a very important area of research. In this
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context, the repair of composite panels is recommended to restore the
performance of cracked structures.

Methods: In order to minimize the concentration of stresses at the bottom
of a crack, to stop and even to delay the propagation of this crack, this study
seeks to propose a two-dimensional analysis by the software ANSYS to
predict the effect of the propagation of a possible crack on the nonlinear
behavior of cracked stiffened composite panels.

Results: The results from this analysis will be a very good reference for
improving performance and repairing cracked composite panels using
stiffeners.

Conclusion: It is recommended to provide patches for repairing cracked
panels based on the modeling given in this study.

Key words: composite panels, damaged structure, crack propagation,
ANSYS, concentration of stresses.

Introduction

Over the past two decades, composite materials have played an
important role in the development of high-performance structures.
Researchers have studied different topics in this field such as the control
of cracks, vibrations, shape, buckling, and stresses in structures
(Fesharaki et al, 2016).

Unfortunately, an important aspect of the behaviour of composites is
their impact resistance as ships and aircraft are subjected to severe
service and aerodynamic loads that can cause structural damage and
cracking. During their service, cracks develop in the structures of ships
and aircraft. In addition, other unexpected damaging loads or use beyond
their service life exaggerate the growth of these cracks (Mall & Conley,
2009). The occurrence of cracks in the stiffened plates will reduce their
ultimate compressive strength (Bayatfar et al, 2014; Shi et al, 2019; Xu et
al, 2014; Xu et al, 2021), as the damage will induce earlier collapse (Shi et
al, 2021). This situation constitutes a subject of great importance and a
temptation to resolve it has become necessary. Therefore, repair
techniques for cracked aerospace structures are needed (Mall & Conley,
2009).

To regain the initial structural capacity for which the device was
designed, repairing or reinforcing the cracked or weakened part of the
structure is an essential operation, thus requiring in-depth mastery. In
recent years, a bonded composite patch is widely used as a very good
alternative to repair cracked aerospace structures (Duong & Wang, 2007;
Baker et al, 2003). In this context, to better understand the effect of crack
propagation on the behavior of structures repaired by bonded patches,
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many studies have been carried out (Baker, 1993; Sun et al, 1996; Young
etal, 1993; Jones et al, 1982; Jones et al, 1988; Rose, 1982; Tarn & Shek,
1991; Naboulsi & Mall, 1998, 1999; Denney & Mall, 1997; Heller et al,
1989; Chue et al, 1994; Xu & Guedes Soares, 2012; Xu & Guedes Soares,
2013; Shi et al, 2017). The bonded patch repair reduces the stresses near
the crack, it retards or completely stops the growth of this crack. Bonded
composite patch repairs offer advantages such as the absence of
additional stress concentration, a higher stiffness-to-weight ratio, the ability
of the patch to be formed into complex shapes, and the ability to repair
irregular components (Makwana et al, 2021).

Modeling

This present research consists of modeling, using the ANSYS
software, the nonlinear behaviour of a composite panel with a crack. The
considered panel is simply supported on its periphery and is subjected to
a bidirectional tensile loading (Figure 1).

Figure 1 — Simply supported panel under a bi-axial tensil loading

The panel is made entirely of a graphite/epoxy composite with the
mechanical characteristics given in Tables 1 and 2.

Table 1 — Mechanical characteristics of an epoxy graphite composite

E4 E> Es G2 Gis Ga3
V12 V13 V23
(GPa) | (GPa) (GPa) | (GPa) (GPa) (GPa)
130 10 10 4.85 4.85 3.62 | 0.31 | 0.31 | 0.52
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Table 2 — Strengths of a graphite epoxy composite

Xt (MPa) | Xc (MPa) | Yt (MPa) | Yc (MPa) | S (MPa)

1933 1051 51 141 61

Ratio and the resistance index

In the ANSYS software, the resistance ratio R, also called the safety
factor, is expressed by:

R=1.0/K—£+ (B/2A)2+1.0/A]
24

L (o) (o) (o) (o) (0.) (o)

- —+ -
f ~f f f ~f 2 2 - \2
Gxt ch GJ’t G)’c Gzt Gzc (O'f ) (O'f ) (sz )

ny 0, O-y Cyz O-y o C.oo

XZ X Z

" Jootaal,  Johohahel  Neoohal

Xt~ xc Tyt~ yc yt — yc Tzt 7 zc zt 7 ze (2)

B_L+LU+L+LO'+L+LO'
GI t G)( ¢ ’ O-}/»‘t G;t . Gz/ t Gz/ t ’ ( 3 )

Cyy» Cyz, Cxz = x-y, Y-z, x-z are respectively the coupling coefficients
for the Tsai-Wu theory.

The rupture will take place if this resistance report satisfies the
condition 0<R<1.

The resistance index & can also be expressed as:

E=A4+B 4)

If &£ <1, the structure is completely safe. Otherwise, breakage is likely

to occur.

Finding the critical zone

In order to find the critical values of the resistance index &, three points
likely to have the critical stresses have been chosen. The first point is at
the tip of the crack, the second one is in the position of the transverse
stiffener and the third point is at the end of the panel (Figure 2). Figure 2
represents the distribution of the resistance index under a loading
P=50MPa.

In order to find the most critical zone, the authors analysed the
evolution of this index as a function of time for the three points chosen on
the screen. The modeling results (Figure 3) show that the most important

(1)

1174



values are offered at point 1 (point of the crack). Therefore, point 1
represents more risk for the panel because of the presence of the crack
which tends to propagate for resistance indices greater than the value 1.
To this end, the analysis focuses on the point 1 strong constraint.

AN

Peint?

.583E-03 -057934 .115408 -172817 .230228
_0z3za8 .0867 S144111 .201523 258934

Figure 2 — Resistance index ¢ of a stiffened panel for a load of 50 N/m

5—1o
/D/
0,1 E /D A—0
o A/
A/
wp | o / /o_,—o
% o
v e
E 0y
° 3
g o/ point of the crack 1
g point of the crack 2
'% point of the crack 3
A 1E-3
T T T T T T T T T T
0,0 0,2 0,4 0,6 0,8 1,0

Time (s)

Figure 3 — Evolution of the resistance index & as a function of time for three points
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Results and the discussion

Effect of loading

In order to see the effect of the load variation on the evolution of the
resistance ratio R and the resistance index &, the cracked panel was
subjected to several loadings.

The results obtained (Figure 4) clearly show that initially, at time t =
0.1 second, this ratio is very high and decreases as the simulation time
increases. In parallel, this ratio R increases with increasing load. For
example, at time t = 1s, this ratio goes from 40.225 for P=5 MPa to 0.47504
for P=400 MPa. This means that the load has a considerable effect on the
evolution of the resistance ratio R.

Since the resistance index & is the inverse of the resistance ratio R,
the curves of Figure 5 are therefore inverse of those of Figure 4. By way
of example, at time t = 1s, the resistance index & reached = 0.02486 for a
load of 5 MPa. Under the application of a load of 400 MPa, the latter is =
2.1051.

004 o o —
< \\ [m}

~ \?\A o 0 | —0— 5[MPa]
B TT—— | —o— 10[MPa]
ER N \A\ ° | —&— 20 MPa)
Y 104 < W\ A— A —¥— 50 [MPa]
g 7 N " —%— 100 [MPa]
2 1 e 5 T —<— 200 [MPa]
i F—
& AN \Q\%& ¥ | —— 400 [MPa]
S T
\w\ﬁ\&\&
4 \» G4
—
T T T T T T T T T T
0,0 0,2 0,4 0,6 0,8 1,0
Time (s)

Figure 4 — Evolution of the resistance ratio R at point 1 as a function of time and the
applied loading




—— 5 [MPa]
—O— 10 [MPa]
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|

0014 &7 o D/

Resistance index &
&
<%

0,0 0,2 0,4 0,6 0,8 1,0
Time (s)

Figure 5 — Evolution of the resistance index & at point 1 as a function of time and the
applied loading

Effect of the position of the transverse stiffeners

In order to analyse the influence of the spacing of the stiffeners on the
evolution of the index and the resistance ratio, the position of the stiffeners
was varied.

The stiffeners were located 40mm (Figure 6), 80mm (Figure 7) and
120mm (Figure 8) from the end of the panel.

Under a loading P= 50 MPa, it is obvious that the safety index is very
high at the crack tip (Figures 6, 7, and 8). Moving away from the tip of the
crack, the safety index values show that the panel is completely safe.

1177

Beghdad, H. et al, Effect of a crack on the nonlinear behavior of a stiffened composite panel, pp.1171-1187



ﬁVOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2024, Vol. 72, Issue 3

AN

DEC 9 2010
11:43:38

point dela fissure

-.103438 .o17188 .137893 .25858% .379z284
-.04315 -07754% -158241 318537 435632

Figure 6 — Strength index for the non-linear behavior of a stiffened panel
with 40mm end spacing
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Figure 7 — Strength index for the non-linear behavior of a
stiffened panel with 80mm end spacing
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Figure 8 — Strength index for the non-linear behavior of a
stiffened panel with 120mm end spacing

The results (Figure 9) provided by this modeling indicate that the
position of the stiffeners considerably affects the evolution of the
resistance index &. The latter becomes smaller with the approximation of
the stiffeners to the crack tip (for t=1s, =0.00446).

So there is more security. In addition, the evolution of the resistance
ratio as a function of time, for the three positions of the stiffeners, is
presented in Figure 10. In this figure, the resistance ratio tends towards
zero when the position of the stiffeners moves away from the crack tip.

It can therefore be concluded that bringing the stiffeners closer to the
tip of the crack prevents the propagation of the cracks and ensures fairly
high resistance ratios.
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Figure 9 — Evolution of the resistance index & as a function of time of the
cracked panel for different spacings of the transverse stiffeners
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Effect of the variation of the thickness of the stiffeners

To analyse this parameter, the stiffener thickness was changed while
keeping the initial thickness of the panel constant.

From the results obtained (Figures 11 and 12), it is evident that the
progressive increase in the thickness of the stiffener leads to a significant
reduction in the resistance index & and an increase in the resistance ratio
R.
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o /O/ —0O— e=2.50 [mm]
z A —A— =
E 0,014 o e=3.75 [mm]
© ] o
2
<
Az
‘%
(]
[~
1E-3 o
T T T T T T T T T 1
0,0 0,2 0,4 0,6 0,8 1,0

Time (s)

Figure 11 — Evolution of the resistance index & depending on the thickness of the
stiffener

In Figure 11, the resistance index at t=1s goes from 0.26 for a
thickness of 1 mm to 0.06 for a thickness of 3.75 mm.

On the other hand, in Figure 12, the resistance ratio at t=1s is 3.86 for
a thickness of 1 mm. On the other hand, for a thickness of 3.75 mm, it
increases to 14.48.
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Figure 12 — Evolution of the resistance ratio R depending on
the thickness of the stiffener
Conclusion

In order to follow the behaviour of a composite panel with a crack in
its center in the case of large displacements, it seemed logical to carry out
an analysis in the nonlinear domain.

In order to find the critical values of the index and the resistance ratio,
along the panel, three points likely to have the critical stresses were
chosen. The first point is at the bottom of the crack, the second one is at
the level of the transverse stiffener while the third point is at the end of the
panel.

From all the results provided by this modelling, it was noticed that the
safety ratio increases remarkably, as a function of time, for the three
chosen points. But the first point represents the most critical case because
it is at the tip of the crack.

Regarding the effect of the variation of the load on the evolution of the
safety ratio at the bottom of the crack, it was found that the initial state
presents more risk for the panel because the resistance ratio registers to
these lower values. On the other hand, the resistance index is quite

important.
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Following the results of this analysis, it is recommended to provide
patches for the repair of cracked panels based on the presented modelling.
In order to ensure structural stability, the authors intend to address panel
buckling and associated stiffener-sheet separation in future research.
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Resumen:

Introduccién/objetivo: Durante su vida util, los barcos y aeronaves estan
sometidos a cargas aerodinamicas y de servicio severas que pueden
causar darios estructurales y grietas. Estas grietas crecen y se propagan
con el tiempo. Extender la vida util de una estructura dafiada es un area de
investigacion muy importante. En este contexto, se recomienda la
reparacion de paneles compuestos para restaurar el rendimiento de las
estructuras agrietadas.

Métodos: Con el fin de minimizar la concentracién de tensiones en el fondo
de una grieta, detener e incluso retrasar la propagacion de esta grieta, este
estudio busca proponer un andlisis bidimensional mediante el software
ANSYS para predecir el efecto de la propagacion de una posible grieta en
el comportamiento no lineal de paneles compuestos rigidos agrietados.

Resultados: Los resultados de este andlisis seran una muy buena
referencia para mejorar el rendimiento y reparar paneles compuestos
agrietados utilizando rigidizadores.

Conclusién: Se recomienda proporcionar parches para reparar paneles
agrietados en funcioén del modelado proporcionado en este estudio.

Palabras claves: paneles compuestos, estructura dafiada, propagacion
de grietas, ANSYS, concentracion de tensiones.
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Abstract:

Introduction/purpose: Porosity is a significant factor that causes voids to
become trapped in materials during composite material fabrication. This
study is dedicated to modelling fracture modes within highly stressed areas
of an advanced SiC/Cr component at a macroscopic scale.




Methods: The finite element method is used to analyze defects within
composites, considering factors such as porosity size, shape, and tensile
stress. The Monte Carlo method predicts the distribution function (F).
Results: Three pores are distributed across the width of the material, which
reduces the active cross-sectional area of the material and, consequently,
leads to a significant reduction in strength. Overall, resistance tends to
decrease, with a more noticeable drop.

Conclusion: It is concluded how the form and the size affect the failure load,
employing the Extended Finite Element Method (XFEM) to predict mode-I
fracture behaviour. The porosity parameter significantly affects the
durability of the structure. It is noted that the size of pores (¢) is a crucial
component that affects the distribution function (F). The variability in this
parameter substantially elevates the likelihood of plate failure and
diminishes the longevity of a structure.

Keywords: composite, XFEM, tensile load, failure load, fibre reinforced,
size.

Introduction

A composite material is a mixture of two or more materials that exhibit
improved properties when combined. Each material retains its unique
chemical, physical, and mechanical properties, as demonstrated by
various studies, in contrast to metallic alloys. (Kumari et al, 2018;
Venkatesan et al, 2020; Michael et al, 2021; Muthalagu et al, 2021; Kishore
et al, 2021; Hatti et al, 2021; Mizerska et al, 2022)

Ceramic matrix composites (CMC) demonstrate exceptional
characteristics such as superior strength, stiffness, stiffness-to-density
ratios, and thermal stability at elevated temperatures (Gavalda Diaz et al,
2019; Gowayed et al, 2013; Xia et al, 2019). Ceramic composite materials
are increasingly used in major industrial sectors such as aeronautics,
automotive, and nuclear industries. Defects can sometimes arise within
composite materials, including ceramic matrix composites, during
manufacturing, regardless of the specific method employed. These
imperfections may occur during the forming process because of the
uneven composition of composite materials. A porosity defect is
characterized by the presence of small cavities that contain gaseous
matter known as pores. These pores are classified based on their size,
including micro, meso, and macro-pores. There are various methods to
characterize porosity; the thermal and mechanical properties of porous
ceramic bodies are influenced by factors such as the size, shape,
distribution, orientation, volume fraction, and interconnection of pores
(Meille et al, 2012; Bartuli et al, 2009). Various models have been
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suggested to explain the strength of brittle materials, but the Weibull
analysis is widely utilized, as demonstrated by Cui et al. (2017) and Keles
et al. (2018). An approach to calculate the pore volume and the area
distribution directly from the isotherm desorption of porous substances
was introduced by Barrett et al. (1951).

The approach has effectively been used for adsorbents with various
maximum pore volumes. An innovative numerical simulation technique
utilizing the Finite Element Analysis (FEA) is regarded as a powerful tool
for enhancing the utilization of ceramics in components and members.
This method can accurately assess the likelihood of fractures produced by
fault distribution characteristics. Evans et al. (1979) presented data
regarding microstructure distribution, including relative density, pore size,
aspect ratio, and grain size. These data were used as input values and
incorporated into a continuum damage model through a fracture
mechanical model. The fracture mechanical model was based on a
circumferential circular crack originating from an oval spherical pore. The
findings indicate that the suggested Finite Element Analysis (FEA)
approach is applicable for assessing the likelihood of fractures in ceramics.
Zimmermann & Rddel (2004) have illustrated and given results based on
a model that describes the instability of the cracks that occur with the
configuration of a micro-crack positioned in the effect of concentration of
the stresses of a large pore. The study conducted by Rezaee et al. (2020)
established that pores exhibit a nearly spherical shape, consistent size and
distribution, and strong connection. This work aimed to enhance the
strength of porous alumina-zirconia ceramic composites by combining the
toughening and strengthening properties of tetragonal zirconia with the
positive densification impact of niobium oxide. In this study, Ying et al.
(2018) examined how the amount of Al,Os fibre in ceramic materials
affects pore size distribution, porosity, compressive strength, and load-
displacement behaviour. The materials were created using the gel-casting
process. Pia et al. (2016) have introduced an intertwined fractal model that
can establish a connection between the thermal characteristics of ceramic
materials and their pore microstructure.

The investigation into fracture phenomena such as crack propagation
and delamination in composite materials continues to evolve, aiming for a
more precise modelling approach. (Luan et al, 2018; Carrére et al, 2000).
The ongoing refinement of assumptions and methodologies aims to
accurately predict damage, optimize computational resources, and
facilitate progressive damage modelling. The finite element technique
(XFEM) has been widely employed in the prediction of fracture
propagation in composite materials, as demonstrated by the research




conducted by Swati et al. (2019) and Benzaama et al. (2018). XFEM
methodology has recently emerged as a distinctive way of tackling the
simultaneous propagation of mode-l cracks and delamination in
composites. This has been proved in research conducted by Hu et al.
(2016), and Daggumati et al. (2020). Previous applications of this method
have mainly concentrated on either simulating large-scale specimens in
carbon fibre-reinforced polymer (CFRP) composites, as demonstrated in
the research conducted by Stuparu et al. (2016), or simulating individual
fibres in SiC/SiC composites at a microscopic level, as investigated by
Daggumati et al. (2020) and Lang et al. (2018). Hence, the primary
objective of the present investigation is to replicate different types of
fractures occurring in the concentrated area of high stress within a non
standard SiC/SiC component but on a larger scale. To accomplish this,
XFEM methodology was utilized to forecast fracture behaviour in both
mode-|I and mode-lIl, using the strategy described by Sun et al. (2013).

This study aimed to reproduce the fracture behaviour in the highly
strained region of an advanced SiC/C component on a macroscopic scale.
This inquiry utilized the Extended Finite Element Method (XFEM) to
analyze a defect in a composite material. An analysis was conducted on
factors like the dimensions, the configuration, and the alignment of the
pores, the interplay between multiple holes and the rigidity of the matrix
when subjected to tensile stress. An evaluation was conducted on the
influence of the interaction among the pores on the load at which failure
occurs. In addition, the extended finite element approach was used to
predict the behaviour of mode-I| fracture.

XFEM input parameter and materials

The cell of a unidirectional composite domain is created as a solid
part of the solid section. The XFEM enrichment domain function is input
as follows:

*Enrichment, name=Crack-1, type=Propagation Crack, activate= On

The solid composite section is used for the XFEM domain.

The evaluated damage is maximal at the crack opening and is
calculated using the following equation (Dassault Systems, The 3D
EXPERIENCE platform, 2014):

@)+ @) + o) = 1 Q
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The maximum principal stress measured for the composite material
SiC/C; is (178425.7) MPa and the shear stress measured is 93 MPa
(Udayakumar et al, 2014). The damage evaluation criteria also take into
account the maximum traction energy (the maximum crack opening of the
composite specimen has been experimentally determined to be 2.8KJ/m?
(Udayakumar et al, 2014). The ABAQUS code included various
mechanical properties and their failure parameters as damage parameters
(See Table 1), in order to simulate an increase in the failure/damage level
after reaching the ultime stress.

Table 1 — Mechanical properties of the constituents of the composite material used
(Vijayakumar et al, 2016; Metehri et al, 2009)

Materials SiC-matrix Epoxy R368- | Al 6061- Carbon-fiber
1-matrix matrix

E (GPa) 410 3.05 72 230

v 0.14 0.35 0.33 0.3

Max principal stress 3 0.08 0.12 3.2

(GPa)

Displacement failure 0.007 0.4 0.2 0.013

damage

The XFEM technique and the Irwin hypothesis (Irwin, 1960) are used
to calculate the energy release rate components, G;, Gy, and Gy, by
multiplying the nodal forces. This analysis is performed to study crack
propagation in the SiC/C: porous composite material, specifically at the
crack tips of the matrix and fibres.

According to Griffith's fracture theory (Griffith, 1921), a crack will
propagate when the variation in elastic energy is more significant than
surface energy.

0 =0, = |k 2

where: E: Young modulus and
or: failure stress.

This corresponds to a decrease in the system's free energy, meaning
that the total energy release rate (Gt), measured at a particular location
along the crack front, will reach a critical value denoted by Gc.




Gr =G+ G+ Gy (3)

where G, Gy, and Gy represent the energy release rates for Mode |, Il, and
I, respectively.

To achieve crack propagation, it is necessary: Gt = Ge.

Table 2 — Mechanical interface properties of composites materials (Monerie, 2000)

Gic (J/m3) | Gic (J/Im?) G iiic (J/m?)

SiC/SiC | 9 1 0

Finite element modeling of the problem

Residual strains are generated during the elaboration process as the
temperature lowers from the elaboration temperature to the ambient
temperature. The stresses frequently occur due to the difference in
stiffness and thermal expansion coefficient between the reinforcing
material (fibre) and the matrix.

As a result, this encourages the development and spread of fatigue
micro-cracks and geometric or metallurgical flaws. Therefore, examining
the escalated failure or damage in these areas and the fibres is crucial. A
three-dimensional model has been created for this study.

The model consists of a ceramic matrix shaped like a parallelepiped,
with two capillaries running down its central axis. Inside these capillaries,
two cylindrical carbon fibres have been placed (Figure 1). The latter refers
to a basic unit of a composite material that is unidirectional and has
porosity.

The model dimensions are 60um in length, 30um in width, and 15um
in thickness. The carbon fibres are separated by 16um and their diameter
is 7um. The porosity is situated at the core of the ceramic matrix and is
represented as a pore with a diameter of 6um. This pore serves as a
reference point for comparing the dimensions of the cells in a unidirectional
composite.

Figure 1 provides a diagrammatic representation of the composite
material with porosity. A study was conducted to analyse the material
properties and geometric characteristics. The porosity is located within the
ceramic matrix at a distance of 25um from the bottom of the structure.
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Figure 1 — The finite element model: a) Boundary conditions, b) Total meshes structure

This structure is subjected to tensile behaviour, with the fixing and
loading conditions involving fixing the structure at one edge direction (Ux =
Uy = Uz = 0) and applying a traction displacement on the opposite edge
(Uy=2um). (Refer to Figure 1a).

This behaviour, fixed at one edge and subjected to traction
displacement on the opposite edge.

The accuracy of the numerical computation is highly dependent on
the mesh quality surrounding the porosity and the interface between the
fibre and matrix. It is essential to have an adequate number of mesh
elements in the areas between the pores and the matrix, as well as in the
fibres and matrix, on which the damage properties rely. For this analysis,
we used 1980 linear hexahedral elements of type C3D8R (8 Nodes Linear
Brick, reduced integration) for the fibres and 35377 quadratic tetrahedral
elements of type C3D10 (10 nodes Linear tetrahedron) for the matrix (refer
to Table3). Figure 1b displays the finite element model, which features a
dense grid in the porosity considering the concentration of stresses and
the appearance of cracks.

Table 3 — Number of nodes and the element types of the mesh

Element type Number of elements Total number of nodes
Fibre: C3D8R 1980
Matrix: C3D10 34711 54796




Results and analysis

Numerical models have been developed to evaluate the effect of the
presence of porosity of different shapes and sizes in the matrix on the
mechanical resistance of the composite material. In all of this work, it is
considered that the stress analysis is given at a displacement equal to
1.7um, i.e., just before the damage of ceramic composite material. The
two sections A-A of this structure are taken to demonstrate the stress
distribution at the porosity level, as shown in Figure 2.

Z

Figure 2 — Unidirectional composite cell with the sections

Tensile simulation and experimental

This study considers the SiC/C: couple with a porosity of 4um
diameter.

200
180 4
160 4
1404
120
1004
80
604
40
204

Stress (MPa)

Experimental (Zhang Chao et al. 2020)
o Present numerical analysis

T T T T
0,00 0,02 0,04 0,06 0,08 0,10
Strain

Figure 3 — Comparative analysis of the experimental and computational results for the
SiC/Cs
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This section demonstrates that the software can accurately simulate
the beginning and the propagation of the fibre/matrix interfacial fracture by
validating the numerical approach results against experimental data. The
results agreed with the experimental values (Zhang et al, 2020;
Udayakumar et al, 2020). A good agreement is observed for a couple of
composite materials, SiC/Cs, from Figure 3. These results are helpful for
further studying the fracture toughness of SiC. The current results are in
good agreement with the analytical solution, with a difference of around
3%.

Effect of porosity size

The influence of the porosity size (diameter) on the variation of the
breaking force was considered. The force-displacement curves
representing the numerical analysis results consider the average
displacement and response force.

Figure 4 presents the distribution of the equivalent stresses in SiC/Cs
for a displacement in tension Uy of 2 ym. This result shows a concentration
of equivalent stresses around the porosity and the fibre/matrix interface.
Further from the porosity, the deformation and the normal stresses
became weaker and weaker.
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Figure 4 — vonMises and normal longitudinal stress distribution (Uy=2um, ¢p =10um)




Compared to the section A-A, one can note an interaction between
the fibre-porosity and porosity-free edge; this porosity generates a low
material resistance compared to the applied stress.

The level of the standard stress o2 follows the direction Y, and
according to the section A-A, it shows areas of high concentrations.
Compressive stresses are generated at the porosity level. A high
concentration of stress generates a crack in the fibre.

The variation of the failure load as a function of the displacement for
different sizes of the porosity is shown in Figure 5. It is noted that the
breaking force is in an order of value of ~ 13KN, decreased proportionally
with the increase of the pores to reach a minimum value for a large porosity
size, which shows that the strength of the material becomes low. On the
other hand, if the porosity size is minimal, it can be observed that the
SiC/Cs couple is more rigid, which means that the damage will appear
sooner.

The existence of porosity in the composite material enables the
identification of the crack's starting point, which is challenging to determine
due to its dependence on factors such as the elastic displacement of the
constituent materials and the characteristics of the fibre/matrix interface
and porosity/matrix.

In other words, referring to the material response to the applied
displacement, the increase in the porosity volume generates the most
considerable drop in the material resistance; the maximum breaking force
appears sooner than in the case of a material without porosity.
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Figure 5 — XFEM stress-displacement curve for different porosity sizes
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Cubic shape

In this part of the work, the effect of the geometric shape
(characterized by different porosity lengths in a composite material) on the
damage force was analyzed.

In the presence of a cubic-shaped porosity, the value of the von Mises
stresses increases more considerably than in the case of the presence of
circular and elliptical-shaped porosity. This is mainly due to four wedges,
areas of high-stress concentration.

The high concentration of stresses at the porosity level lightens the
stresses compared to the rest of the structure. It is noted that compressive
stresses are present at the porosity level. Therefore, the crack is initiated
in the two fibres. The results of this analysis are shown in Figure 6.
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Figure 6 — vonMises stresses distribution for the cubic porosity (Uy= 2um, lp=4um)

Comparing these curves (Figure7), the changes in the ultimate failure
load are almost the same, but with an increase in the level in all cases; a
higher level is observed in the case of cubic shapes with lengths equal to
2 um. When subjected to tensile stress, the crack propagation rate is
significantly reduced as it nears the interface between the fibre and the
matrix. However, it then quickly expands within the fibre. This behaviour




becomes more pronounced as the stresses increase for all the examples
tested (lengths ranging from 2 to 6um). In these circumstances, the failure
load is relatively modest compared to spherical porosity.
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Figure 7 — XFEM load-displacement curve related to the cubic porosity

Comparative analysis

These models were developed to evaluate the influence of the
organization of the porous structure on the effective mechanical
resistance. They have closed porosities. In the first case, closed-pore
composites are connected in the same direction (direction x), and in the
second case, they have a composite with closed pores that is only
distributed.

This paper proposes an ideological model that considers the
probability of multiple porosities and the influence of the interaction with
the surrounding existing porosity, suggesting that mono-porosity is
insufficient.

Figure 8 represents the equivalent stresses of von Mises along the y
direction of the three cylindrical connected unidirectional pores with @,
=6pum (See Figure 8a), the three cubic pores with the length |,=6um
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connected unidirectionally (Figure 8b). The last one is one of the three
randomly dispersed pores with ®, =6um (Figure 8c).
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Figure 8 — vonMises stresses distribution with closed pores connected to the cylindrical
cubic organization and the triangle organization (¢p=6um)

Some three-dimensional models of composite materials with closed
pores, possibly connected, were studied to evaluate the ultimate failure
damage on the mechanical resistance at a displacement Uy=2um—the
pores of cylindrical, cubic, and triangle shapes.

In the presence of three porosities of a circular shape arranged
linearly along the width, the value of the von Mises stress is very high only
if the arrangement is according to the case of Figure 8a.

However, the cubic and triangular shapes of the porosity are always
the most dangerous for the material (Figures 8b, 8c), especially if there will
be more porosity arranged along the width. The stress concentration is at
the acute point of the porosity with a high concentration between
porosities. At the same time, in the case of the triangular and cubic shapes,
we notice a high stress concentration between the porosities and another




stress concentration between the porosity and the free edge of the
material.

Figures 8b and 8c show the fracture microstructure of the composite
material after the tensile test where the cracks propagated and deflected
along the edge of the fibres in the matrix under the applied displacement,
and the existence of the fibres effectively blocked the further expansion of
the cracks, as well as broken fibres at the same time.

The tensile response of the material following the presence of three
porosities according to different arrangements clearly shows a
considerable drop in the curve of the force-displacement variation,
especially in the case of the cubic shape of the porosity.

Figure 9 shows the variation of the damage force for three defect
shapes, i.e., cylindrical, cubic, and triangular, with the organization of the
porous structure (ordered and randomly). Comparing these porosity
shapes, the change in the curve of the ultimate failure load is observed,
though a higher level is observed in the case of a triangular shape.

The structure of the composite material has the propagation crack in
the fibres in the case of the circular shape, but in the case of triangular and
cubic pores, we observed very clearly that the crack has been initiated in
the matrix and propagated to the other side; the composite material is not
very strong. More porosity can trigger the rupture of the composite material
too early and for low applied stress.

Suppose there is the presence of three porosities arranged along the
width of the material. In that case, this minimizes the active section of the
material and, therefore, a considerable drop in its resistance. Higher,
linked pore densities tend to result in a more notable decrease in overall
resistance.
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Figure 9 — XFEM load-displacement curve related to the porosity organization (circular,
cubic, and triangle)

Effect of the matrix type

In this section, the impact of the matrix on the natural behaviour is
examined, taking into account the severity of the tensile loading and the
size of circular porosity ($=10um). The matrix chosen for this study is
Epoxy R368-1 and Al alloy with a carbon fiber; tensile loading is applied
for comparative analysis.

For Figure 10, the most intense longitudinal stresses are observed in
the pores of the SiC/Cs and Epoxy/Cs couples, which reduce the rigidity of
the composite material structure and its resistance to the damage to
chemical bonds. As it loses its strength. Epoxy/Cs has a long breaking path
and a corresponding curve segment. The shape of this segment depends
on the matrix type and the nature of the interface. The most damage-
resistant couple is Al/C:. Conversely, the Al/C; combination with relatively
slow damage responds to loading for this behaviour.

As a result, porosity significantly impacts how composites fracture
when external displacement is applied. It modifies the location and




evolution of damage and results in a notable reduction in the tensile
strength of the composites. In summary, porosity-induced longitudinal
stresses need to be considered in both the design and the analysis of
composites since they can significantly impact the damage behaviour of
materials.

1- Appearance of a crack which first drops in stress at point (1).

2- Propagation of this break (from point (1) to point (2)).

3- Stabilization of the damage (no propagation), which causes an
increase in stress with a resistance lower than the initial resistance. This
step is between points (2) and (3).

4- Appearance of new cracks that cause the total ruin of the composite
material and the relaxation of longitudinal stresses in the case of Epoxy/C:.
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Figure 10 — XFEM Stress-displacement curve as a function of the matrix nature and the
tensile load intensity

Figure 11 displays the PHILSM profile of the ceramic unidirectional
composites containing a single circular pore with a diameter of 8um.

It also shows the location of the signed distance function, which is
utilized to represent the surface of the fracture.
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Figure 11 — Contours of PHILSM of the XFEM technique (1 circular pore ¢=8um)

Crack propagation

Probabilistic Fracture Mechanic Analysis

Monte Carlo methods find extensive application in diverse scientific
and mathematical domains, including physics, chemistry, biology, and
engineering (Mechab et al, 2016). Monte Carlo methods are frequently
employed through computer simulations to yield approximate answers for
situations that are otherwise difficult or too intricate to evaluate
mathematically.

A probabilistic technique has been created to estimate different
response statistics and the reliability of a structure.The uncertainties are
associated with the estimation of load and the attributes of the geometry
and materials. These parameters are depicted as stochastic variables,
distinguished by their distribution type and parameters. To ensure safety,
it is necessary to manage the uncertainties in the system design. For this
instance, the five random variables represent the uncertainties related to
the plate geometry (thickness and height), Young modulus, and crack
length.




Probabilistic results

The histogram of the (F) obtained from the Monte Carlo run is shown
in Figure 12. The probability density function (pdf) uses theory models to
fit the histogram. Three distribution laws are being examined: Gaussian
and polynomial (8th order). Based on the information presented in Figure
12, it is evident that all three distributions provide a reasonably accurate
approximation of the variable (F). The polynomial function provides a
higher mean value compared to the Gaussian function. Based on the data
presented in Figure 12 and Table 4, it can be inferred that the Gaussian
distribution offers a reasonably precise approximation of the probability

density function (F) and a dependable calculation of the mean.

0,18 -
/I Histogram
0,16 === Gaussian function
T Polynomial function (8 order)
T 0,14
E _
> 0,12 1
= 1
S 0,10
°
20,08 1
é
8 0,06 1
2
2 0,04
0,02 +
0,00
8 6 4 -2 0 2 4 6 8 10 12 14 16 18 20
F(x)
Figure 12 — Histogram and the density function of (F)
Table 4 — Mean (F) and the fitting error for probabilistic distributions
Probability density functions Average (F) Fitting error
Gaussian 0.1388 0
Polynomial 0.13236 0.00221
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Figure 13 displays the probability density of (F) for various crack (a)
lengths. It is observed that when the diameter (¢) of porosities is large, the
probability density of (F) also increases significantly. The margin
experiences a significant increase when faced with uncertainties
surrounding the diameter (¢), resulting in a higher probability of failure.
Ultimately, the failure probabilities are contingent upon the value of the
diameter of porosities ().
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Figure 13 — Probability density of (F) for different diameter (¢) values

Conclusion

A finite element model using a single cell of a unidirectional composite
(MCC) based on the progressive failure analysis was effectively utilized to
examine the impact of geometrical characteristics (such as size and shape
of the porosity) and the density of porosities (specifically the connected
porosities) under a uniform uniaxial tensile load. This analysis aimed to
estimate the mechanical resistance accurately. Furthermore, examining




the interaction effects between porosity and the ultimate damage force
was of interest. The primary findings can be inferred as the culmination of
this investigation:

The XFEM has proven to be highly effective in accurately predicting
fracture behaviour during crack propagation, leading to the failure of
unidirectional ceramic composite materials—nevertheless, the existence
of pores in ceramics results in decreased mechanical strength.

The more significant equivalent stresses are concentrated near
the interface between the matrix and the pore while they are
positioned at the interface between the fibre and the matrix.

The size of the pores influences the extent of damage. It has
been noted that the intensity of this phenomenon increases in
direct proportion to the diameter of the porosity.

The contact between the matrix and the pore and the interface
between the fibre and the matrix strongly influences the
propagation of cracks. These interfaces are areas where normal
and tangential stresses are concentrated.

Triangle and cubic porosities in composite materials exhibited
fracture propagation primarily and deflected along the edge of
the fibres in the matrix, and the existence of the fibres effectively
blocked the further expansion of the cracks.

The material Al/C: porous enhances the structural stiffness and
damage resistance of composite materials.

The Monte Carlo method forecasts the probability distribution
function of (F). It is vital to recognize that the size of the pores ()
has a significant role in determining the distribution function of
(F). The variability in this parameter substantially impacts the
likelihood of plate failure and the structure's longevity.
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Resumen:

Introduccion/objetivo: La porosidad es un factor significativo que hace que
los huecos queden atrapados en los materiales durante la fabricacion de
materiales compuestos. Este estudio esta dedicado a modelar los modos
de fractura dentro de areas altamente estresadas de un componente
avanzado de SiC/Cf a escala macroscopica.

Métodos: ElI método de elementos finitos es utilizado para analizar los
defectos dentro de los materiales compuestos, considerando factores
como el tamafio de la porosidad, la forma y la tension de traccion. El
método de Monte Carlo predice la funcion de distribucion (F).

Resultados: Tres poros se distribuyen a lo ancho del material, lo que reduce
el rea transversal activa del material y, en consecuencia, conduce a una
reduccion significativa de la resistencia. En general, la resistencia tiende a
disminuir, con una caida mas notoria.

Conclusion: Se concluye cémo la forma y el tamafio afectan la carga de
falla, empleando el Método de Elementos Finitos Extendido (XFEM) para
predecir el comportamiento de fractura en modo- I. El parametro de
porosidad afecta significativamente la durabilidad de la estructura. Se
observa que el tamafio de los poros (¢) es un componente crucial que
afecta la funcion de distribucion (F). La variabilidad de este parametro eleva
sustancialmente la probabilidad de falla de la placa y disminuye la
longevidad de una estructura.

Palabras claves: composite, XFEM, carga de traccion, carga de falla,
reforzado con fibra, tamano.
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Bbigo0bi: C yernbio MpoeHo3UposaHusi nosedeHus1 pa3pyweHusi 8 Nepeom
pexume C roMOWbI pacuupeHHo20 Memoda KOHEYHbIX 311EMEHMOo8
(MK3) 6bin1 cdeniaH 6bi800 0 moMm, Kak ¢hopMma U pa3Mmep e/usitom Ha
paspywarowlyro Haepysky. [lapamempbl ropucmocmu CyuiecmeeHHO
8rusom Ha 0or20cpoYHocmb cmpykmypbl. Criedyem ommemums, Ymo
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Abstract:

Introduction/purpose: This paper presents the results of the research on
visually lossless image compression which is of particular interest because
it achieves a high degree of compression, while the visual quality of the
image is not impaired, i.e., end users are very satisfied with the image
quality. The analysis was carried out using the publicly available large-scale
picture-wise KonJND-1k database which contains the results of subjective
tests on JPEG and BPG compressed images.

Methods: Thanks to the availability of images from the KonJND-1k
database, the dependence of objective assessments of image quality on
parameters that control the degree of compression of source signals
(quality factor for JPEG and quantization parameter for BPG) is analyzed.
The results of the visually lossless subjective tests are used for a deep
analysis of the boundary and typical values of the parameters that control
these two types of compression, as well as for the analysis of the
corresponding values of the objective quality scores. Furthermore, reliable
features for predicting the boundary between visually lossless and visually
lossy compression have been identified. For that purpose, the degree of
agreement between the predictions and the ground truth values of the peak

1214



signal-to-noise ratio (PSNR) and image representation in bits per pixel (bpp)
is used. The visually lossless compression ratio is used to compare JPEG
and BPG techniques.

Resuilts: It is shown that the boundary between visually lossless and visually
lossy image compression is found in a wide range of PSNR values (about
20 dB for JPEG and 15 dB for BPG). The corresponding JPEG image
compression quality factor values at this threshold also range widely from
31 to 79, with concentration between 40 and 45. For the BPG encoder, the
values of the quantization parameter are grouped around 30, and the
boundary values are 25 and 34. Furthermore, it is shown that this boundary
can be reliably determined based on simple features derived from the
original uncompressed image. Gradient-based features known as spatial
frequency and spatial information proved to be the best predictors. The
degree of agreement between the predictions obtained from these features
with the ground truth values of PSNR and bpp in both types of compression
is greater than 85%. A comparative analysis has showed that, using BPG
compression, it is possible, on the average, to achieve a twice larger
compression ratio of visually lossless compression than for JPEG (80
versus 40).

Conclusion: Although a high degree of agreement is achieved between the
predictions and the ground truth values of PSNR and bpp of the boundary
between visually lossless and visually lossy compression, there is a need
for the development of new prediction approaches, especially with the BPG
technique, which through the compression ratio proved to be superior to the
JPEG technique. The existing databases used for the analysis of visually
lossless compression contain color images from the visible part of the
electromagnetic spectrum. Considering the increasing use of images from
the infrared part of the spectrum, there is a need to conduct similar tests in
this spectral range.

Key words: BPG compression, JPEG compression, just noticeable
difference (JND), peak signal-to-noise ratio (PSNR), visually lossless
image compression.

Introduction

With the increasing use of images and videos in everyday life,
compression of visual signals is gaining more and more importance. The
compression process adapts the image/video to the bandwidth of the
transmission system while the requirements for memory resources are
reduced. It is well known that compression techniques can be divided into
lossless compression and lossy compression (Bull & Zhang, 2021). In real
applications, the degree of compression of lossless techniques is often not
sufficient, while lossy compression techniques can achieve a significantly
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higher degree of compression, but at the expense of impairing the visual
quality of the signal. As a compromise solution, visually lossless
techniques have been increasingly used in recent years. Some
researchers classify these techniques as the third type of compression,
while some of them divide lossy compression techniques into visually
lossless and visually lossy (Krivenko et al, 2018).

The just noticeable difference (JND) concept is very important within
the visually lossless techniques, and it refers to the smallest degree of
degradation that the observer is able to notice if the image is compressed
with some compression process (Kovalenko & Lukin, 2023). The JND
threshold can be defined for individual pixels (pixel-wise), at the region
level (patch-wise), or at the level of the entire image (picture-wise) (Shen
et al, 2021).

Thanks to the publicly available JND image databases with subjective
test results, such as MCL-JCI (Jin et al, 2016), JND-Pano (Liu et al, 2018),
JND-VVC (Shen et al, 2020), VLT (Mikhailiuk et al, 2021), KonJND-1k (Lin
et al, 2022), researchers are enabled to analyze the JND concept in
different types of compression. The JPEG compression type has been
included in MCL-JCI and JND-Pano databases, JND-VVC database uses
Versatile Video Coding (VVC) compression, VLT database contains JPEG
and WebP compressed images, and the large-scale crowdsourced JND
database KonJND-1k contains test results on JPEG and Better Portable
Graphics (BPG) compressed images. The JPEG standard was developed
more than 30 years ago and is still widely used, while the BPG coder is
one of the promising lossy compression coders (Bellard, 2018; Kovalenko
et al, 2022). The degree of JPEG compression is controlled using a quality
factor (QF) that ranges from 1 to 100, where lower QF values provide a
higher degree of compression. BPG compression uses a quantization
parameter (QP) that ranges from 0 to 51, where lower values correspond
to better visual quality (Lin et al, 2022). As BPG relies on the H.265/HEVC
video compression standard, this dynamic range corresponds to the QP
values used to adjust the quality of the H.265/HEVC compressed video
signal. Recently introduced JND databases include subjective tests on a
larger number of codecs (Testolina et al, 2023), and on a larger number of
degradation types (Liu et al, 2023).

The boundary between visually lossless and visually lossy image
compression (first JND point or JND #1) can be determined through
QF/QP prediction, image representation prediction in bits per pixel (bpp)
or through objective quality prediction using some of the measures such
as PSNR (Saha & Vemuri, 2000), PSNR-HVS-M (Zemliachenko et al,
2016), SSIM (Cai et al, 2019), FSIM (Li et al, 2021), MDSI (Li et al, 2022),




VIF (Fiorucci et al, 2012) and similar measures. The simple approach
presented in (Bondzuli¢ et al, 2021) to predict the PSNR of the first JND
point of JPEG compressed images uses only one feature of the original
uncompressed image (the mean gradient magnitude). The effectiveness
and acceptable prediction error of the PSNR value of the first JND point of
this approach inspired the authors in (Pavlovi¢ et al, 2023) to analyze the
prediction based on other features, where it was shown that good
predictors are spatial information, spatial frequency, contrast and degree
of compression. Deep learning approaches (Fan et al, 2019; Lin et al,
2020; Liu et al, 2020) for the prediction of the position of the first JND point
of JPEG compressed images provide a smaller PSNR prediction error and
can be used for direct QF/QP prediction.

The proposed approaches, where the prediction of the position of the
first JND point is carried out through bpp or objective measures, require
that the desired bpp or objective quality be reached through an iterative
way by changing QF/QP (Zemliachenko et al, 2016). In the literature, one
can find approaches such as the two-step approach (Li et al, 2024) or the
approach with linear interpolation of the rate distortion curve (Poth et al,
2020; Bondzuli¢ et al, 2024) by which the process of achieving the desired
quality is carried out in a few iterations. However, the error introduced by
such approaches is superimposed on the prediction error of the position of
the first JND point.

In this paper, the results of subjective tests of the KonJND-1k
database are analyzed, as it is the largest JND database, which covers
JPEG and BPG compressed images, and instead of tests in a laboratory
environment, the authors used a crowdsourcing framework. The positions
of the JND points in both types of compression are analyzed through the
values of PSNR (Wang & Bovik, 2009), PSNR-HVS-M (Ponomarenko et
al, 2007) and bpp. Dependences of objective quality measures on
parameters that control the degree of compression are shown. The
possibility of predicting objective quality scores of visually lossless
compressions based on simple features derived from original
uncompressed images is analyzed. Finally, the gain (compression ratio)
that can be achieved with both types of compression at the JND threshold
is given.

KonJND-1k database content analysis

KonJND-1k is a publicly available picture-wise JND image database
(Lin et al, 2022). The database consists of 1008 source images and their
JPEG and BPG compressed versions with dimensions of 640x480 pixels,
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together with the results of JND subjective tests. One half of the source
images is compressed with JPEG, while the other half is compressed using
the BPG encoder. The degree of compression of JPEG images is
controlled by the quality factor (QF) which ranges from 1 to 100, so that for
one original image there are 100 JPEG compressed images. The degree
of compression of BPG images is controlled by the quantization parameter
(QP) which is changed from 1 to 51, so that there are 51 BPG compressed
images per one original image.

A total of 503 observers participated in the subjective tests, and an
average of 42 opinions per original image were collected. Unlike the MCL-
JCI (Jin et al, 2016) where the subjective results were collected using
binary search comparison, in the KonJND-1k database the results were
collected using slider adjustment and a flicker test to determine the position
of the first JND point. In the flicker test, the original image and its
compressed version alternate at a frequency of 8 Hz, whereby subjects
drag the slider to the position corresponding to the smallest distortion level
with a noticeable flicker effect. With the flicker approach, the duration of
the subjective test can be reduced by 50% while doubling the perceptual
sensitivity compared to the standard binary search approach, in which the
compressed images are compared side by side with their original.

Figure 1 shows two original images from the KonJND-1k database,
their JPEG and BPG compressed versions corresponding to the first JND
points, and SSIM (Wang et al, 2004) maps of the structural similarity
between the original and compressed version. From Figure 1, it is visually
very difficult to find the differences between the original and its
compressed versions. Furthermore, in Figure 1(e) and Figure 1(f), the
regions with structural information degradation can be observed. For
Figure 1(a), it is the lower part of the original image, while for Figure 1(b),
it is the central part of the image. The differences in quality can be seen
visually if parts of the images are enlarged, as shown in Figure 2, with
150x150 pixel patches. In Figure 2, a blocking effect is observed with the
JPEG compressed image, while a blurring effect is observed with the BPG
compressed image. In both cases, the SSIM image similarities are close
to the maximum value, and the PSNR-HVS-M values are very high. The
PSNR values are greater than 30 dB.
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Figure 1 — (a) (b) original images, (c) JPEG JND #1 compressed image, (d) BPG JND #1
compressed image, (e) structural similarity map for JPEG image, and (f) structural
similarity map for BPG image
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Figure 2 — Patches of: (a) original image SRC0336.bmp, (b) JPEG compressed image,
(c) original image SRC0845.bmp and (d) BPG compressed image

Subjective tests conducted by (Alakuijala et al, 2020) showed that
H.265/HEVC Intra and JPEG 2000 codecs, with a noticeable blurring
effect, generally result in better rate distortion curves when compared to
JPEG, with a dominant blocking effect. This means that by blurred
(H.265/HEVC Intra and JPEG 2000) images, more visually pleasing
images can be obtained.

The content of the source images of the KondJND-1k database is wide,
including the categories of people, animals, plants, things, buildings and
transport means. Spatial information (SI) and colorfulness (CF) are used
as indicators of the complexity of images that need to be compressed.
While the definition of colorfulness is unified, different approaches are
used to determine spatial information. After determining the local values of
image gradient magnitudes, the spatial information can be determined as
their maximum value, mean value, root mean square value or as standard




deviation of local scores. Although the ITU recommends using the
maximum value, (Yu & Winkler, 2013) has showed that it is better to use
the mean gradient magnitude (Slnean) to estimate the complexity of the
image in compression. Thus, Figure 3 shows scatterplots of Slmean Versus
CF, along with the convex hulls for two subsets of original KonJND-1k
database images. From Figure 3, it can be concluded that both subsets
have approximately the same dynamic range of both indicators and that
the contents are almost uniformly distributed within their convex hulls.

200

160

Figure 3 — Spatial information (Slmean) versus colorfulness (CF) plots of the source images
belonging to the: (a) JPEG and (b) BPG subsets

Visually lossless compression and objective quality
assessment

Objective image quality assessment measures are often used with
the aim of achieving the desired quality of the visually lossless compressed
image. In some papers, visually lossless quality is defined using fixed
thresholds of objective measures, and algorithms for predicting objective
values on the boundary between visually lossless and visually lossy
compression can also be used. Therefore, it is interesting to analyze the
relationship between the objective quality scores and the parameters that
control the compression, together with the positions of this boundary.

Figure 4 shows the dependences of PSNR, PSNR-HVS-M and bpp
on the quality factor of JPEG compression (rate distortion curves, RDCs).
A subset of the KonJND-1k images used for JPEG compression is utilized.
Additionally, the positions of the first JND points obtained in the subjective
tests (marked with x symbols) are shown.
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Figure 4 — RDCs PSNR, PSNR-HVS-M and bpp on QF, along with JND #1 points, for a
subset of scene images taken from the KonJND-1k database and compressed by JPEG

From Figure 4, no relationship can be observed between the objective
quality scores (PSNR, PSNR-HVS-M and bpp) and the QF values of the
first JND points (visually lossless compression). It can be observed that
the dynamic range of PSNR is significantly higher than the dynamic range
of PSNR-HVS-M quality scores. Furthermore, some PSNR and PSNR-
HVS-M rate distortion curves show a non-monotonous dependence on the
quality factor, known as the strange effect (Bondzuli¢ et al, 2022). This
effect does not exist in bpp curves. Similarly, Figure 5 shows the RDCs,
along with the positions of the first JND points on the subset of the
KonJND-1k images that were used for BPG compression. In this case, the
RDCs are monotonous so that the strange effect does not exist for BPG
compressed images.
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Figure 5 — RDCs PSNR, PSNR-HVS-M and bpp on QP, along with JND #1 points, for a
subset of scene images taken from the KondJND-1k database and compressed by BPG

Table 1 provides the boundary values of QF/QP, bpp and objective
quality scores for the first JND points of JPEG and BPG subsets. The
positions of the first JND points are found in a wide range of PSNR quality
values, of almost 20 dB for the JPEG subset, and about 15 dB for the BPG
subset. According to PSNR-HVS-M, the range corresponding to the
positions of the first JND points on both subsets is about 14 dB. If bpp is
used as an indicator, it can be concluded that the positions of the first JND
points can be reached by applying lower bpp values in BPG compressed
images, which means that a higher degree of compression is achieved
than in JPEG compressed images. Additionally, a wide range of QF factors
is observed in JPEG compressed images (from 31 to 79). For BPG
compressed images, the boundary values of the QP quantization
parameter are 25 and 34.
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Table 1 — Boundary values of PSNR, PSNR-HVS-M, QF/QP and bpp of the first JND
points of the JPEG and BPG subsets

Subset JPEG BPG

minimum | 23.3149 28.6247
PSNR maximum | 42.9831 43.7344
minimum 37.5680 34.7033
PSNR-HVS-M maximum | 50.3154 48.9101

minimum 31 25

QF/ap maximum 79 34
b minimum 0.1841 0.0237
PP maximum | 2.1429 1.9232

With the histograms of QF/QP values, Figure 6, it can be concluded
that the positions of the first JND points of JPEG compressed images are
grouped between the QF values of 40 and 45, while in BPG compressed
images, the QP values are grouped around 30.

180 ——1————— T 180

frequency
frequency

0 0
30 35 40 45 50 55 60 65 70 75 80 24 25 26 27 28 29 30 31 32 33 34
QF IND #1 QP IND #1
(a) (b)
Figure 6 — Histograms of: (a) JND #1 JPEG quality factors, and (b) JND #1 BPG
quantization parameters for the subsets of the KondJND-1k database

Identification of the features for visually lossless
compression

In recent research (Pavlovi¢ et al, 2023), the relationship between
simple features derived from the original uncompressed image and the
position of the first JND point has been analyzed, with the aim of predicting
the values of PSNR JND #1 or bpp JND #1. Here, the analysis is
performed on both subsets of the KonJND-1k database, and for the first
time on BPG compressed images. The linear correlation coefficient (LCC),
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the root mean square error (RMSE) and the sum of the squared error
(SSE) are used in the analysis as quantitative indicators. These values are
calculated between the bpp/PSNR JND #1 predictions obtained from the
original image features and the ground truth bpp/PSNR values obtained in
subjective tests. The second-order mapping law is used to map feature
values into JND predictions.

To predict the boundary between visually lossless and visually lossy
compression, simple features that have already been used in the literature
as complexity measures or can be related to the complexity of the image
are chosen. Only one of the adopted features uses color information, while
the other features are calculated on grayscale versions of the original
images. The following features have been adopted:

e Entropy, E4; it quantifies the information content of the image and
can be used to characterize the randomness of the original image
intensity distribution.

e Standard Deviation, STD; it is a statistical measure of the pixel
intensity values variability.

e Spatial Information, SI, and Spatial Frequency, SF; these are
gradient-based features of the image, calculated on the basis of
local gradient magnitudes obtained by applying Sobel spatial
masks (Sl), i.e., differences of pixel intensity values along rows and
columns (SF) (Pavlovi¢ et al, 2023). The final values are calculated
as their mean value (mean), the root mean square value (rms) and
the standard deviation (std).

e Image Power Spectra Slope, IPSS; it is calculated as the slope of
the fitted line in the log-log plot of radially averaged spectral power
(Pavlovi¢ et al, 2023).

e Two-dimensional Entropy, E2, Contrast, Correlation, Energy and
Homogeneity; this feature set is calculated based on the gray level
co-occurrence matrix (GLCM), known in image texture analysis
and classification (Corchs et al, 2016). The frequencies of
occurrence of pairs of gray levels at the positions (m,n) and
(m+1,n+1) are used to determine the GLCM.

¢ Compression Ratio, CRy; as a feature, here, it is calculated as the
ratio of the size of the uncompressed image to the size of its JPEG
compressed version with a quality factor of QF=100 (Corchs et al,
2016).

e Edge Density, ED; represents the percentage of edge pixels in
relation to the dimensions of the image. The well-known Canny
detector is used to determine edge pixels.

Bondzuli¢, B. et al, JPEG and BPG visually lossless image compression via KonJND-1k database, pp.1214-1241



VOJNOTEHNICKI GLASNIK / MILITARY TECHNICAL COURIER, 2024, Vol. 72, Issue 3

e Shape, «, and scaling, g, parameters of the Generalized Gaussian
Distribution (GGD), which models the distribution of Mean
Subtracted Contrast Normalized (MSCN) coefficients. The MSCN
coefficients distribution parameters are used in the literature to
determine the type of degradation and image quality assessment
(Mittal et al, 2012).

e Mean Percentage Intensity Uniformity, mPIU; it is determined
based on the uniformity within 8x8 non-overlapping blocks of the
original image (Goerner et al, 2013).

e Colorfulness, CF; can be used as an estimator of the variety and
intensity of colors in an image. It is calculated based on the mean
values and standard deviations within the planes obtained after the
conversion of the RGB color image into the opponent color space
(Hasler & Suesstrunk, 2003).

Tables 2 and 3 show the degree of agreement between the
predictions and the ground truth PSNR and bpp values for both subsets of
the KonJND-1k database.

Table 2 — Agreement between the predicted and ground truth PSNR (PSNR JND #1) for
the KondND-1k image subsets

PSNR JND #1

Subset JPEG BPG

LCC | RMSE| SSE | LCC | RMSE | SSE
Entropy, E1 0.3943 | 3.049 | 4658 | 0.4663 | 2.389 | 2859
Standard Deviation, STD 0.3043 | 3.167 | 5024 | 0.2165 | 2.636 | 3482
Spatial Information, Slmean 0.9056 | 1.407 | 992.3 | 0.8585 | 1.385 | 960.7
Spatial Information, Slms 0.8628 | 1.681 | 1415 | 0.7268 | 1.855 | 1723
Spatial Information, Slstd 0.7807 | 2.077 | 2162 | 0.6065 | 2.147 | 2309
Spatial Frequency, SFmean 0.9178 | 1.32 873 | 0.8662 | 1.349 | 912.3
Spatial Frequency, SFms 0.9042 | 1.42 1010 | 0.7634 | 1.744 | 1524
Spatial Frequency, SFstd 0.8545 | 1.727 | 1495 | 0.6727 | 1.998 | 2000
Image Power Spectra Slope, | 0.7209 | 2.304 | 2660 | 0.5568 | 2.243 | 2521
PSS
Entropy, E2 0.7353 | 2.253 | 2543 | 0.7475 | 1.794 | 1612
Contrast 0.8438 | 1.784 | 1595 | 0.7059 | 1.913 | 1833
Correlation 0.6867 | 2.412 | 2914 | 0.5763 | 2.207 | 2440
Energy 0.1043 | 3.306 | 5477 | 0.2319 | 2.627 | 3457




PSNR JND #1

Subset JPEG BPG

LCC | RMSE| SSE | LCC | RMSE | SSE
Homogeneity 0.7446 | 2.219 | 2468 | 0.7878 | 1.663 | 1385
Compression Ratio, CRs 0.8246 | 1.881 | 1772 | 0.8508 | 1.419 | 1009
Edge Density, ED 0.7921 | 2.029 | 2063 | 0.8294 | 1.509 | 1140
GGD, shape a 0.4574 | 2.956 | 4378 | 0.4883 | 2.357 | 2782
GGD, scale o 0.7706 | 2.119 | 2249 | 0.7597 | 1.756 | 1545
mPIU 0.7253 | 2.289 | 2624 | 0.5818 | 2.196 | 2416
Colorfulness, CF 0.3036 | 3.167 | 5026 | 0.2605 | 2.607 | 3405

Table 3 — Agreement between the predicted and ground truth bpp (bpp JND #1) for the
KonJND-1k image subsets

bpp JND #1

Subset JPEG BPG

LCC | RMSE | SSE | LCC | RMSE | SSE
Entropy, E1 0.4620 | 0.2758 | 38.12 | 0.4422 | 0.2686 | 36.14
Standard Deviation, STD 0.2798 | 0.2986 | 44.67 | 0.2178 | 0.2923 | 42.79
Spatial Information, Slmean 0.9052 | 0.1322 | 8.759 | 0.9052 | 0.1273 | 8.116
Spatial Information, Slms 0.8255 | 0.1755 | 15.43 | 0.7934 | 0.1823 | 16.65
Spatial Information, Slstd 0.6974 | 0.2229 | 24.89 | 0.6439 | 0.2291 | 26.3
Spatial Frequency, SFmean 0.9006 | 0.1352 | 9.153 | 0.9302 | 0.1099 | 6.054
Spatial Frequency, SFms 0.8500 | 0.1638 | 13.44 | 0.8534 | 0.1561 | 12.21
Spatial Frequency, SFstd 0.7627 | 0.2012 | 20.27 | 0.7459 | 0.1994 | 19.93
Image Power Spectra Slope, | 0.6291 | 0.2418 | 29.28 | 0.6131 | 0.2366 | 28.04
PSS
Entropy, E2 0.7926 | 0.1897 | 18.02 | 0.7824 | 0.1865 | 17.43
Contrast 0.8275 | 0.1746 | 15.28 | 0.8218 | 0.1706 | 14.58
Correlation 0.6753 | 0.2294 | 26.36 | 0.6859 | 0.2179 | 23.79
Energy 0.1703 | 0.3065 | 47.06 | 0.2034 | 0.2932 | 43.07
Homogeneity 0.7861 | 0.1922 | 18.51 | 0.7854 | 0.1854 | 17.22
Compression Ratio, CR¢ 0.8131 | 0.181 | 16.42 | 0.8445 | 0.1604 | 12.89
Edge Density, ED 0.8061 | 0.1841 | 16.97 | 0.7975 | 0.1807 | 16.35
GGD, shape «a 0.5479 | 0.2602 | 33.91 | 0.4924 | 0.2606 | 34.03
GGD, scale o 0.7253 | 0.2141 | 22.97 | 0.7562 | 0.1959 | 19.23
mPIU 0.7670 | 0.1996 | 19.95 | 0.7415 | 0.2009 | 20.23
Colorfulness, CF 0.3430 | 0.2921 | 42.76 | 0.1247 | 0.2971 | 44.23
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It can be concluded that gradient-based spatial information (SI) and
spatial frequency (SF) are the two best features for prediction, with SF
performing better. Additionally, the earlier observation that the mean
gradient magnitude is a better predictor than the root mean square value
or the standard deviation is confirmed (see Slmean/SFmean VS. Slims/SFms
and Sls/SFst). If LCC is considered as a quantitative indicator, it can be
concluded that the performance of these two most reliable prediction
features is worse in predicting PSNR JND #1 within the BPG subset, and
in contrast, the success in predicting bpp JND #1 is observed within the
BPG subset.

Also, in earlier research related to JPEG compressed images, it has
been concluded that it is better to predict PSNR than bpp, which is also
confirmed here. However, it can be concluded here that, for BPG
compressed images, it is better to use bpp predictions than PSNR. By
predicting bpp based on SFnean, the degree of agreement with the ground
truth values is better than 90% for both subsets. Apart from the mentioned
two features, contrast, edge density and a compression ratio stand out as
good predictors.

As spatial frequency proved to be the best predictor, Figure 7
presents the relationship between SFmean and the ground truth positions of
JND #1 points. On both subsets, a linear relationship can be observed
between the feature values and the ground truth bpp JND #1 positions,
while the trends slightly deviate from the linear law at PSNR JND #1 points.
In this way, it is confirmed that the second-order mapping law is a good
choice in predicting the positions of JND #1 points.

Additionally, it can be observed that the positions of the first JND
points can be reached with lower bpp values, i.e., with a higher degree of
compression using BPG. In addition to a higher degree of compression,
the PSNR objective quality of BPG compressed images is also better.
Finally, it can be concluded that BPG compression at the JND threshold
provides both a higher degree of compression and a better PSNR
objective quality than JPEG compression.
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Figure 7 — Spatial frequency and: (a) PSNR and (b) bpp of the first JND points on the
KonJND-1k image subsets

The optimal functions for mapping the SFmean feature into PSNR JND
#1 and bpp JND #1 predictions determined on the KonJND-1k image
database results are given in Table 4. In this case, the second-order laws
used to map SFmean to PSNR JND #1 must be decreasing functions (see
Fig. 7(a)) which remain constant after reaching the minimum values (25.4
dB with JPEG and 29.5 dB with BPG compression). Without this restriction,
they would be U-shaped symmetric curves (parabolas). From the law of
mapping SFmean to bpp JND #1 of JPEG compressed images, it can be
concluded that when SFmean tends to zero, bpp JND #1 tends to 0.2504.
For BPG compressed images, it is necessary to introduce a prediction limit
(SFmean=0.75) because without it bpp JND #1 values would be negative as
SFmean @approaches zero (see Fig. 7(b)).

However, if the relationship between SFmean and PSNR-HVS-M of the
first JND points is analyzed, Figure 8, it can be concluded that the quality
of JPEG compressed images is better. This quality inversion can be
explained by the fact that PSNR is a simple measure that uses the
difference of the amplitudes between individual pixels in the quality
assessment, while PSNR-HVS-M additionally takes into account the
characteristics of the human visual system. Thus, there is a decorrelation
between SFmean and PSNR-HVS-M values, so that instead of an orderly
trend of scores there is a cloud of points in the 2D space SFmean Versus
PSNR-HVS-M.
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Table 4 — Optimal functions for mapping the SFmean feature into PSNR JND #1 and bpp
JND #1 predictions determined on the KonJND-1k subsets
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Figure 8 — Spatial frequency and PSNR-HVS-M of the first JND points on the KonJND-1k
image subsets

JPEG and BPG visually lossless compression
comparison

In several previous illustrations, it has been observed that, at the JND
threshold, a higher degree of compression can be obtained if BPG
compression is used instead of JPEG. This observation is further
illustrated in Figure 9, where the relationship between the achieved gain
(compression ratio, Gyf) calculated as the ratio of the size of the




uncompressed image and its visually lossless version and the SI/SF
feature is shown. These scatter plots confirm the previous observation,
whereby it can be additionally concluded that the degree of BPG
compression is significantly higher than JPEG for lower values of SI/SF,
i.e., with low complexity images (with large homogeneous and without
textured regions). The degree of compression in both cases is
approximately the same for images with higher SI/SF values (images rich
in details). On the average, Table 5, the degree of compression at the JND
threshold is two times higher if BPG is used instead of JPEG (80.5 vs.
39.4). From Table 5, in which the boundary values of compression are
given, it can be concluded that the BPG compression ratio Gs goes over
1000 times (in Figure 9 it is not visible because the dynamic range is
shown up to a value of 300) in images with uniform regions. The maximum
compression ratio using JPEG is approximately 130. From Figure 9, it can
be additionally concluded that Sl and SF can be used for reliable prediction
of the achieved gain. In this case, due to the large dynamic range and the
slope of the dependence of Gi on the mentioned characteristics, it is
desirable to use the mapping law of a higher order.
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Figure 9 — The gain achieved by applying visually lossless compression versus: (a)
spatial information and (b) spatial frequency

Table 5 — Gain boundary values of visually lossless compression for the KonJND-1k

subsets
Subset JPEG BPG
) minimum | 11.1996 | 12.4795
%f'”' maximum | 130.3536 | 1012.7

mean 39.3763 | 80.5105
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Conclusion

The conducted analysis on visually lossless image compression using
the KondJND-1k database confirmed some earlier observations about the
prediction of the first JND point position of JPEG compressed images, but
also brought new conclusions about the prediction of the first JND position
of BPG compressed images.

It has been confirmed that the prediction of the first JND point position,
as the boundary between visually lossless and visually lossy compression,
in JPEG compression can be achieved using simple features derived from
the original uncompressed image. The gradient-based features spatial
information and spatial frequency are singled out as reliable features for
prediction, where the degree of agreement with the results of subjective
tests is greater than 90% for both indicators, PSNR and bits per pixel.

The analysis conducted on the prediction of the first JND point
position of BPG compressed images has showed that spatial information
and spatial frequency can also be used for reliable prediction. The degree
of agreement between the predictions derived from these features and the
results of subjective tests is greater than 90% if the representation is
predicted in bits per pixel. If the PSNR of the first JND point is predicted,
the degree of agreement is worse and is around 86%. In addition to these
two features, good predictors are contrast, edge density and compression
ratio.

A special contribution of the paper is the comparative analysis of the
compression ratio on the boundary between visually lossless and visually
lossy JPEG and BPG compression. The analysis has showed that the
advantage in the degree of compression is on the side of BPG coding,
where on average the degree of compression is twice as high compared
to JPEG (80 versus 40). The degree of compression of BPG is significantly
higher than JPEG for low complexity images (with homogeneous regions),
slightly higher for medium complexity images, while for high complexity
images with pronounced texture, the degree of compression is
approximately the same for both codecs.

Due to the increasing use of images from the infrared part of the
spectrum, visually lossless compression in this spectral band will be
analyzed in further work. The goal is to conduct subjective tests and
additional analyzes using objective image quality assessment measures.
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Resumen:

Introduccion/objetivo: Este articulo presenta los resultados de la
investigacion sobre la compresion de imagenes sin pérdida visual, que
es de particular interés porque logra un alto grado de compresion,
mientras que la calidad visual de la imagen no se ve afectada, es decir,
los usuarios finales estan muy satisfechos con la calidad de la imagen.
El analisis se llevd a cabo utilizando la base de datos KondND-1k de




imagenes a gran escala disponible publicamente, que contiene los
resultados de pruebas subjetivas en imagenes comprimidas JPEG y
BPG.

Meétodos: Gracias a la disponibilidad de imagenes de la base de datos
KonJND-1k, se analiza la dependencia de las evaluaciones objetivas de la
calidad de la imagen en los parametros que controlan el grado de
compresion de las sefiales de origen (factor de calidad para JPEG y
paréametro de cuantificacion para BPG). Los resultados de las pruebas
subjetivas sin pérdida visual se utilizan para un analisis profundo de los
valores limite y tipicos de los parametros que controlan estos dos tipos de
compresion, asi como para el analisis de los valores correspondientes de
las puntuaciones de calidad objetivas. Ademas, se han identificado
caracteristicas fiables para predecir el limite entre la compresion visual sin
pérdida y la compresion visual con pérdida. Para ello, se utiliza el grado de
acuerdo entre las predicciones y los valores de verdad fundamental de la
relacion senhal-ruido (PSNR) de pico y la representacion de la imagen en
bits por pixel (bpp). La relaciéon de compresion visual sin pérdida se utiliza
para comparar las técnicas JPEG y BPG.

Resultados: Se muestra que el limite entre la compresién de imagenes
visual sin pérdida y visual con pérdida se encuentra en un amplio rango de
valores de PSNR (aproximadamente 20 dB para JPEG y 15 dB para BPG).
Los valores del factor de calidad de compresion de imagenes JPEG
correspondientes en este umbral también varian ampliamente de 31 a 79,
con una concentracion entre 40 y 45. Para el codificador BPG, los valores
del parametro de cuantificacion se agrupan alrededor de 30, y los valores
limite son 25 y 34. Ademas, se muestra que este limite se puede
determinar de forma fiable basandose en caracteristicas simples derivadas
de la imagen original sin comprimir. Las caracteristicas basadas en
gradientes conocidas como frecuencia espacial e informacion espacial
demostraron ser los mejores predictores. El grado de acuerdo entre las
predicciones obtenidas a partir de estas caracteristicas con los valores de
verdad fundamental de PSNR y bpp en ambos tipos de compresion es
superior al 86%. Un andlisis comparativo ha demostrado que, utilizando la
compresion BPG, es posible, en promedio, lograr una relacién de
compresion de compresion sin pérdida visual dos veces mayor que para
JPEG (80 frente a 40).

Conclusion: Aunque se logra un alto grado de acuerdo entre las
predicciones y los valores de verdad fundamental de PSNR y bpp del limite
entre la compresion sin pérdida visual y la compresion con pérdida visual,
existe la necesidad de desarrollar nuevos enfoques de prediccion,
especialmente con la técnica BPG, que a través de la relacion de
compresion demostro ser superior a la técnica JPEG. Las bases de datos
existentes utilizadas para el analisis de la compresion sin pérdida visual
contienen imagenes en color de la parte visible del espectro
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electromagnético. Considerando el uso creciente de imagenes de la parte
infrarroja del espectro, existe la necesidad de realizar pruebas similares en
este rango espectral.

Palabras claves: compresion BPG, compresion JPEG, diferencia
apenas perceptible (JND), relacién sehal-ruido maxima (PSNR),
compresion de imagenes sin pérdida visual.
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Pesrome:

BeedeHue/uenb: B daHHOU cmambe rnpedcmasiieHbl pe3yribmamal
uccriedosaHuli no cxamur u3obpaxeHuli 6e3 eusyarbHbIX [OMepb,
Komopoe rnpedcmaenisiem 0cobbili UHMEPEC, MOCKOMbKY 0380s5iem
docmuyb 8bICOKOU CMENeHU cxamusi, Mpu 3MoM 8u3yasibHOe Kayecmeo
u3obpaxeHusi He yxyouwiaemcsi, m.e. KOHEeYHbIe r10/1b308amesiu OYeHb
0080/1bHbI  Ka4ecmeoM  u3obpaxeHusi.  AHanu3  npoeodusnics ¢
ucrionib3o08aHueM obujedocmynHol  KpyrnHoMacwimabHol KapmuHHOU
6a3bl 0aHHbIX KondND-1k, colepxawel pesyribmambi CyObeKmueHbIX
mecmos usobpaxxeHul, cxxamsbix 8 popmamax JPEG u BPG.

Memodsi: bnazodaps Hanu4uro usobpaxeHuli u3 6a3bi daHHbIx KondJND-
1k npoaHanusuposaHa 3a8UCUMOCTb ObBBLEKMUBHLIX OUEHOK Kavyecmea
u3obpaxeHuss om napamempos, yrnpasssuux CMeneHbo Ccxamus
UCXOO0HbIX cu2Harnos (koaghguyueHma kadecmsa 0 JPEG u napamempa
keaHmosaHus 0ns BPG). Pe3ynbmamsl cybbekmusHbIXx mecmos 6e3
8u3yarsbHbIX NoOMepb Ucnonb3yomes 078 muwamesibHo20 aHasu3a
2paHUYHbIX U MUMUYHLIX 3HaYeHUl rapamempos, yrpasnsouwux amumu
dsymMsi munamu cxxamusi, @ makxe Ol aHasu3a COo0meemcmayuux
3Ha4veHUli 06beKmuBHbIX rnokasamernel Kadecmea. Kpome moeo, bbinu
udeHmucebuyupoeaHs! HadexHble GyHKUUU Orisi  NPOeHO3UpPOo8aHUs
epaHuubl MexOy cxamueMm 6e3 eusyarbHbIX Momepb U cxamuem C
susyarsbHbIMU riomepsmu. s amol yesiu ucrosnib3yemcsi cmerneHb




coanacusi Mex0y MPO2HO3UPYeMbIMU U (haKmUHeCcKUMU 3Ha4YeHUsMu
nukogoeo omHoweHus cuesHar/wym (PSNR) u npedcmasneHus
usobpaxerusi 8 bumax Ha nukcenb (bpp). CmeneHb cxamus 6e3
8u3yaribHbIX omepb Ucronb3yemcs 0ns cpasHeHusi memodoe JPEG u
BPG.

Pesynbmamei: [Noka3aHo, 4Ymo gpaHuya Mexoy cxamuem u3obpaxeHuli
6e3 gusyaribHbIX romepb U cxXamuem Uu306paxeHull C eusyarbHbIMU
rmomepsiMu Haxodumcsi 8 wupokom duarna3oHe 3HadeHuUl PSNR (okono 20
06 ons JPEG u 15 06 dna BPG). Coomeemcmeyrouue 3Ha4YeHusi
KoaghgbuyueHma kadecmea Cxamusi usdobpaxeHuss JPEG npu amowm
ropoze makxe Wupoko gapbupyromcesi om 31 do 79 ¢ HakorrieHueM om
40 0o 45. SnaueHus napamempa K8aHmMosaHus 2pyrinupyromcsi okosio 30,
a epaHuydHble 3HauyeHusi cocmaensiom 25 u 34. [NokasaHo, Yymo amy
epaHuly MOXHO HaldexHO ornpedenums Ha OCHOBE MPOCMbIX MPU3HaKO8,
rO1y4eHHbIX U3 UCXOO0HO20 Hecxkamoeo usobpaxkeHus. padueHmHbie
XapaKkmepucmuKu, U38eCMHbIE KaK pocmpaHCmeeHHass Yacmoma u
rpocmpaHcmeeHHasi UHghopMauusi, OKa3asuch JTyHLwumMu npedukmopamu.
CmenieHb coaniacusi Mex0y npoHO3UPYyeMbIMU U  (baKmuyecKumu
3HadveHusiMmu PSNR u bpp ripu oboux munax cxamusi npesbsiwaem 85%.
CpasHumenbHbIU aHanu3 rokasasn, 4Ymo rpu ucronb3osaHuu BPG
cxxamusi 8 cpedHeM MOXHO 0obumbcsi 808oe borbuwiel crmerneHu cxxamusi
6e3 susyarbHbIx nomeps, Yem rpu JPEG (80 npomus 40).

Bbigodbi: Hecmompsi Ha OocmueHymyro 8bICOKYH0 CmereHb coenacusi
Mex0y MPO2HO3UPYyEMbIMU U OCHOBHbIMU 3HadeHusmMu PSNR u bpp Ha
epaHuye Mex0y cxamuem 6e3 eusyarbHbIX OMepPb U CxXamuem C
8u3yasbHbIMU MomepsimMu, cyuecmesyem Heobxodumocms 8 pa3pabomke
HoBbIX M00X0008 K MPO2HO3UPOBaHUD, OCOBEHHO C UCMOoMb308aHUEM
memoda BPG, komopbili no KoaghguyueHmy cxamusi rnpesocxodum
memod JPEG. CospemeHHble 6a3bl OaHHbIX, UCMOb3yeMbie 015 aHau3a
Cxkamus 6e3 gusyarbHbIX omepb, codepxam usemHbie U30bpaxeHusi
8udumoUi Yyacmu 3r1eKmMPOMagHUMHO20 criekmpa. Yyumsbieas WUPOKOe
ucrionib308aHuUe  U3obpaxeHul  UHGpakpacHol 4Yacmu  CcrieKkmpa,
803HUKaem HeobxodumMocmb npoeedeHuUs1 aHai02u4HbIX UCMbiImaHull U 8
3MOoM criekmparnbHOM Ouana3oHe.

Krnrouesbie criosa: cxamue BPG, cxamue JPEG, edea 3amemwdasi
pasHuya (JND), nukosoe coomHoweHue cueHar/uwym (PSNR), cxamue
u3obpaxkeHusi 6e3 su3yarsibHbIX MOMepPb.
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Caxxemak:

YBod/uurn: Y oeom pady rnpedcmassbeHu Cy pe3ynimamu ucmpaxuearba
Komripecuje bes eybumka eusyenHux uHgopmauuja. OHa je 00 nocebHoz
3Hayvaja jep ce HOMe ocmeapyje 8UCOK cmerieH Komrpecuje, rnpu yemy
8U3yesnIHU Keanumem CriuKe Huje HapyweH, fa cy Kpajiu KOpUucHUYU
8eoma 3a0080sbHU. AHarnu3a je criposedeHa Kopuwherem obuMHe, jagHo
docmynHe 6ase KonJND-1k, koja cadpxu pesynmame CybjeKmueHUX
mecmosa Ha KomrpumosaHum criukama JPEG u BPG.

Memode: 3axearbyjyhu OocmynHocmu criuka 6ase KonJND-1k
aHanuaupaHa je 3asuCHOCT ObjeKmueHUX Mepa MpoueHe Keanumema
criuke 00 napamemapa Kojuma ce KOHMPOSuWe cmereH Komripecuje
U3BOpHUX cueHana (¢pakmop keanumema ko® JPEG, o00HOCHO
napamemap keaHmu3auuje ko0 BPG). Pesynmamu cyb6jekmugHux
mecmosa uckopuwheHu cy 3a OemarbHUjy aHanuay epaHUYyHuUxX U
munuyHUXx epedHocmu rnapamemapa Kojuma ce KoHmponuwy osa 0ea
muria Komripecuje, Kao U 3a aHanusy odzoeapajyhux epedHocmu
objekmusHux  ckoposa  Keanumema. Takohe,  u3sspweHa je
udeHmucpukayuja rnoyslaHux obenexja 3a npedukyujy epaHuue usmehy
Komrpecuje 6e3 u ca 2ybumkom eu3yesriHUX uHghopmauyuja. Y my cepxy
KopuwheH je cmeneH cnazar-a usmely npedukyuja u mayHux epedHocmu
8pLwiHo2 00Hoca cueHan/wym (PSNR) u peripeseHmauuje criuke y bumuma
rio nukceny (bpp). CmeneH Komrpecuje ocmeapeH NMpuMeHOM KoMrpecuje
6e3 eybumka eu3yenHUX UHgopmauyuja uckopuwheH je 3a ropefiere
mexHuka JPEG u BPG.

Pesynmamu: lNokasaHo je da ce spaHuua uameRy komrpecuje 6e3 u ca
2ybumkomMm eusyernHUX UHgopmayuja Hanasu y WUPOKOM oriceay
gpedHocmu PSNR (oko 20 dB kod JPEG u 15 dB k0d BPG). Odeosapajyhe
8pedHocmu chakmopa keanumema crnuka JPEG Ha o0eoj epaHuuyu ce,
makohe, Hana3se y wupokom oriceay 00 31 0o 79, ca epynucarem usmehy
40 u 45. BpedHocmu napamempa KeaHmusauuje epynuwy ce oko 30, a
epaHuyHe spedHocmu cy 25 u 34. Takohe, nomepheHo je da ce osa
epaHuya Moxe noysdaHo o0pedumu Ha OCHO8Yy jedHocmasHUX obenexja
u3gedeHUX U3 opuauHarHe HekomrpumosaHe criuke. lokasarno ce da cy




Hajbosbu npedukmopu egpadujeHmHa obernexja no3Hama Kao rpocmopHa
gpekseHyuja u npocmopHa uHgopmayuja. CmeneH crazarba npedukyuja
0dobujeHux u3 osux obernexja ca ma4yHum epedHocmuma PSNR u bpp kod
oba murnia Komnpecuje sehu je o0 85%. KomnapamueHom aHanusom
OokaszaHo je Oa ce npumeHom Komrpecuje BPG, y npoceky, Moxe
ocmeapumu Oynno eehu cmeneH Komrpecuje 6e3 aybumka eusyenHux
uHgopmayuja Hezo npumeHom Kommpecuje JPEG (80 Hacyripom 40).

Sakrpyvak: Mako je ocmeapeH 8UCOK cmereH crazarba usmehy
npedukyuja u mayHux epedHocmu PSNR u bpp Ha epaHuuu usmeRy
Komripecuje 6e3 u ca eybumkom eu3yeriHUX UHgbopmauyuja, rnocmoju
rnompeba 3a paseojeM HOBUX rnipucmyna npeduKkyuje, HapoYumo Koo
mexHuke BPG Koja ce kpo3 cmereH KoMrpecuje rnokasasna cyrnepuopHom
y 00Hocy Ha mexHuky JPEG. lNocmojehe 6a3e koje ce kopucme 3a
aHanusy Komripecuje 6e3 2ybumka eu3yenHux UHgopmayuja cy ca
criukama u3 eudrbueoz dena erfiekmpomMagHemHoe criekmpa. Mimajyhu y
8udy cee eehy ynompeby crnuka u3 uHgpaupseHoe Oena criekmpa,
rnocmoju rompeba 3a crposofieemM C/AUYHUX mecmosa y 080M
CrieKmparsiHoM oricegy.

KmbyuHe pedu: komnpecuja BPG, komnpecuja JPEG, jedsa yo4yrbuge
pasnuke (JND), epwHu odHoc cuesHan/wym (PSNR), komnpecuja 6e3
eybumka susyesiHuUxX uHghopmayuja.
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Abstract:

Introduction/purpose: The aim of this study is to examine the buckling and
free vibration behavior of laminated composite plates reinforced with carbon
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nanotubes when various sources of uncertainty are taken into account with
the main focus being the existence of porosity.

Methods: A porous laminated plate model is developed using a high order
shear deformation theory. Different configurations of functionally graded
aligned single-walled carbon nanotubes throughout the thickness of each
layer are being investigated. The effective properties of materials are
evaluated through the extended rule of mixture while considering an upper
bound for the effect of porosity. The governing equations are derived and
solved using the virtual work principle and Navier's approach. The validity
of the current formulation is confirmed by comparing the results with the
existing data from literature sources. The impact of numerous parameters
such as porosity, carbon nanotube volume fraction, reinforcement
distribution types, lamination scheme, and the number of layers on the
buckling and free vibration responses is investigated in detail.

Results: A key finding of this study is the significant reduction in buckling
resistance of laminated FG-CNTRC plates due to porosity, contrasting with
the minor impact on the free vibration response.

Conclusion: The results of this paper emphasize the critical role of porosity
in structural integrity and provide novel insights into the behaviour of
advanced composite materials.

Key words: buckling, free vibration, laminated composite plate, porosity,
functionally graded material, carbon nanotubes.

Introduction

Carbon nanotubes (CNTs) are recognized as excellent
reinforcements for advanced composites owing to their superior properties
and low density. In contemporary industries such as aeronautical,
mechanical and civil engineering, these advanced composite materials
integrated in the form of shells, plates or beams as structural components
have found significant applications. As required, the accurate evaluation
of the mechanical reactions of structures fabricated from CNTSs reinforced
composite materials (CNTRC) becomes crucial for engineering design and
manufacture.

Over recent years, significant attention has been devoted by
researchers to functionally graded CNTRC materials (FG-CNTRC)
featuring spatially varying characteristics based on a specific non-uniform
distribution of the reinforcement phase. The discovery of this interesting
feature led to different studies on the mechanics of CNTRC structures.
Shen (2009) has introduced the first study on FG-CNTRC. His findings
suggested that functionally graded reinforcement might increase the
bending moment. According to Kwon et al. (2011), FG-CNTRC can be
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achieved utilizing a powder metallurgy manufacturing method with a non-
uniform dispersion of CNTs throughout the layer. The bending and free
vibration of different kinds of FG-CNTRC plates were investigated by Zhu
etal. (2012). They discover that reinforcements distributed near the bottom
and top are more effective than those dispersed close to the mid-plane in
enhancing the stiffness of CNTRC plates. Lei et al. (2013) used the
element-free kp-Ritz method to study the buckling of FG-CNTRC plates.
They found that for all different distributions of CNTs, those closer to the
bottom and top exhibit larger buckling load values contrasted with other
types of reinforcement arrangements. Liew et al. (2015) conducted a
comprehensible review of the existing literature encompassing static,
buckling, dynamic and non-linear analyses of FG-CNTRC.

On the other hand, researchers assert that multi-layered composite
structures offer superior mechanical performance compared to single-
layer structures. Laminated composite plates are highly attractive for
structural applications due to their exceptional weight-to-stiffness ratio and
the capacity to tailor the lamination scheme to meet specific design
requirements. In conjunction with the expansion application of laminated
composites in engineering structures, numerous deformation plate
theories have been developed to precisely forecast their behavior.
Kirchhoff (1850) developed the simplest theory, known as the classical
plate theory (CLPT); however, it is not applicable to thick plates as it
ignores completely the effects of shear deformation. Mindlin (1951)
proposed the first-order shear deformation plate theory (FSDT) which
considers shear deformation effects and is applicable to both thin and
moderately thick plates. Nevertheless, the FSDT requires the use of a
shear correction factor to meet zero shear conditions on the surfaces of
the plate. Determining the correct value of this factor is challenging, which
is considered a shortcoming of the FSDT. Later, higher-order shear
deformation theories (HSDT) were developed (Reddy, 1984; Shimpi et al,
2003; Mantari et al, 2012) to overcome the limitations of the FSDT. These
theories avoid the need for shear correction factors by assuming non-
linear stress variation through the thickness. Subsequently, researchers
arrived at a class of the refined plate theory (RPT) by disassembling
transverse displacements into bending and shear components (Thai &
Choi, 2011; Thai & Vo, 2013). The HSDT is often desirable for its superior
accuracy over the CLPT and the FSDT. However, HSDTs with five or six
variables are even more accurate for analyzing laminated composite
plates than RPTs. Sayyad & Ghugal (2015) provided a synthesis of recent
research conducted on multi-layered composite plates that utilized various

shear deformation theories.
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Stimulated by the concept of FG-CNTRC and the benefits of multi-
layered composite structures, researchers have been inspired to study
FG-CNTRC multi-layered structures. This approach has the advantage of
arranging the CNTs where the reinforcement is most effective and the
ability to orient them in such a way as to obtain the highest mechanical
properties from the laminated composite structures. Malekzadeh &
Shojaee (2013) examined the buckling of CNTRC quadrilateral laminated
plates using the FSDT. Zhang & Selim (2017) incorporated Reddy’s HSDT
for free vibration analyses of FG-CNTRC thick laminated plates. Lei et al.
(2018) used the CLPT combined with the element-free method to analyse
the vibration behavior of matrix-cracked hybrid (FG-CNT/conventional
fiber) laminated composite plates. Alimoradzadeh et al. (2023) analysed
the thermo-mechanical buckling of FG-Fiber laminated composite beams
using the Euler-Bernoulli beam theory. Chiker et al. (2023) investigated
how the uncertainty caused by the non-ideal aligned distribution of FG-
CNTs nano-fillers affects the free vibration characteristics of laminated FG-
CNTRC plates. Fu et al. (2019) introduced a model based on the nth-order
shear deformation theory to conduct static analysis of FG-CNTRC
laminated plates supported by elastic foundations under thermal
conditions. Arani et al. (2021) used Reddy's shear deformation theory to
analyze the forced and free vibrations of FG-CNTRC laminated cylindrical
panels. Tran et al. (2020) devised a novel four-variable RPT to perform
static analysis on smart FG-CNTRC laminated plates incorporating a
piezoelectric actuator and subjected to electro-mechanical loads. Daikh et
al. (2023) analyzed the static bending response of composite laminated
beams reinforced with randomly oriented FG-CNTs and fiber
reinforcements on an elastic foundation, employing the finite element
method. An analytical model for examining the free vibration of thick
laminated plates reinforced with FG-graphene composites was introduced
by Ma & Jin (2023).

However, perfection remains elusive, and fiber composite materials
are no exception. During their manufacturing, there are many
imperfections that are created. These imperfections exert a considerable
influence on the mechanical characteristics of composite materials, often
causing them to deviate from expected values. Thoughtfully planned and
tightly controlled manufacturing processes can decrease the occurrence
of defects, thereby enhancing material properties, albeit typically resulting
in increased costs (Ciriscioli et al, 1991). This would change if one could
evaluate and quantify the effect of defects and, based on that, allow a
certain level of defects in composite materials parts as a means to estimate
the quality of a composite. In this way, the desired properties and safety
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factors can be achieved at a lower cost and with reduced manufacturing
energy.

As a result of its importance in fiber composite materials, porosity
stands out as the most extensively studied manufacturing defect. In
modern composite materials, removing pores has become increasingly
challenging, due to a higher complexity of parts and the heightened
viscosity of modified polymers (Lee et al, 2006). Mehdikhani et al. (2019)
conducted a review on porosity in fiber composite materials, including its
formation, characteristics, and effects.

The literature contains a considerable amount of research on the
impact of porosity on the inter-laminar shear strength of Fiber/epoxy
composites (Hernandez et al, 2011; Stamopoulos et al, 2016; Hayashi &
Takahashi, 2017). Others are keen on assessing how porosity affects the
physical and mechanical characteristics of unidirectional fiber plant
composites (Madsen & Lilholt, 2003; Madsen et al, 2009). However,
studies focusing on the effect of porosity on CNTRCs are rare, particularly
concerning the analysis of their mechanical responses. Guessas et al.
(2018) analytically studied the impact of matrix porosity on the buckling
response of a CNTRC porous plate via FSDT considering a semi-empirical
approach established by Phani & Niyogi (1987) describing the relationship
between porosity and Young's modulus in brittle solids. Medani et al.
(2019) employed identical assumptions to study the static and dynamic
behavior of an FG-CNTRC porous sandwich plate. In their studies, it was
found that porosity has an undeniable effect on the mechanical responses
of CNTRC structures.

From the aforementioned review, it is clear that a limited number of
studies have been conducted to analyze the structural responses of
CNTRCs with porosities. The literature currently available also indicates
that multi-layered FG-CNTRC structures have captured the interest of
numerous researchers, not only because of their intricate construction, but
also because they pose challenges.

The current study focuses on developing an analytical model to
analyze the buckling and free vibration performance of laminated FG-
CNTRC plates while accounting for the presence of porosity. The
extended rule of mixture is formulated to assess the effective material
properties of the resulting nanocomposites in the presence of porosity,
taking into account an upper limit for its influence. Four different distribution
types of CNTs along the thickness of the layers are being examined,
encompassing uniform distribution as well as three other functionally
graded distributions. The adopted shear deformation theory ensures the
appropriate distribution of transverse shear strains throughout the




thickness and imposes tangential stress-free boundary conditions on the
surfaces. The governing equations are derived through the virtual work
principle and solved using Navier’s solutions. The results obtained by the
present method are compared with the results from the existing literature.
Detailed parametric analyses are performed to investigate the influences
of porosity, CNTs distributions, CNTs volume fraction, the number of
layers, CNTs fiber orientation, stacking sequence and aspect ratio on the
buckling and free vibration characteristics of porous laminated FG-CNTRC
plates.

Theoretical formulations

Effective material properties

Consider a rectangular plate with the total thickness 7, the length a
and the width 5, composed of N perfectly bonded layers, with reference
to the coordinate system depicted in Figure 1.

The component layers are presumed to consist of a blend of single-
walled CNTs (SWCNTSs) and an isotropic matrix. In consideration, there
are four different types of CNT distribution throughout the layer thickness:
uniform distribution (UD) and functionally graded distributions denoted by
FG-O, FG-V and FG-X.
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Figure 1 — Different configurations of CNTs through the layer thickness

As a result, the volume fraction of CNTs can be expressed based on
their configuration throughout the thickness of each individual layer as:

7/ Tt ot Feees |
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